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ON AN IDENTITY OF SYLVESTER

BOGDAN NICA

ABSTRACT. We discuss an algebraic identity, due to Sylvester, that is not as
well-known as it should be.

EULER’S IDENTITY. The starting point is an identity first documented in
a letter of Leonhard Euler to Christian Goldbach, dated September 25th 1762 [5]
p.1123-1124]. Euler goes on to say that the identity appears “to be more than a little
curious; however, it seems to me that you may have been so kind as to communicate
something similar to me a long time ago.” So it may be that Goldbach is the true

originator.
Theorem 1 (Euler’s identity). Let x1,...,xz, be distinct elements of a field F.
Then
- xd 0 ifd=0,....,n—2,
o D 1
im1 L g (T = L fd=n-1

In a subsequent letter, dated November 9th 1762, Euler proves the identity ()
by using a partial fraction decomposition.
A modern approach to Euler’s identity is via Lagrange interpolation. Recall,

this says the following: given n distinct inputs z1,...,z, € F, and n outputs
Y1,.-.,Yn € F, there exists a unique polynomial f € F[X] of degree less than n
satisfying f(z;) = y; for i = 1,...,n. In a formulation more pertinent for our needs,
Lagrange interpolation is the polynomial identity
- X —xz;
2 = : L
@) F=> s [ ===
i=1 i J
valid for any polynomial f € F[X] of degree less than n. In particular
- X —z;
3 XT=) af .
@) 2ot 11 2=
i=1 jig#i J
ford =0,...,n — 1. Now the weighted power sum appearing in Euler’s identity

@) is precisely the coefficient of X"~! on the right-hand side of ([@); but, visibly,
the coefficient of X"~ ! on the left-hand side of @) is 0 when d = 0,...,n — 2,
respectively 1 when d = n — 1. This completes the proof of Theorem [l

As a pleasing application of Theorem [Il we mention the integral identity

- n 0 ifd=0,....n—1
4 _1 n—u 'd: ? ) )
) > (=1 (z)l {n! ifd=n
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which arises by applying () to x; = i, for i = 0,...,n. We refer to Henry Gould’s
nice article [7] for a detailed historical discussion of the identity ().

THE EXTENDED EULER IDENTITY. The monomial interpolation iden-
tity (3]) has more to offer. We obtained Euler’s identity () by reading off the leading
coefficients; what identities are encoded in the remaining coefficients? According
to Vieta’s formula, we may expand

n—1

I & —2)=> (-Drex(@r, ... &, 20) X" 7F,
ji j#i k=0
for each ¢ = 1,...,n. Here the hat denotes omission, and e; us the elementary
symmetric function of degree k which, on m variables x1, ..., 2, is given by

er(T1,. .., xm) = Z Ly oo Ty

1<i1 << <m

By convention, eg(x1,...,%m,) =1, and eg(z1,...,2,) = 0 for k > m.
Consequently, the coefficient of X”~!=* on the right-hand side of () equals

n ~
kzx ek xl,...,xi,...,:cn)

i=1 [Tz (@i = 2j)
We deduce the following.

Theorem 2 (Extended Euler identity). Let x1,...,x, be distinct elements of a
field F. Then, for d,k=0,...,n— 1, we have

vdep(Tr, .o Tiyenn Ty) (-1)*  ifd+k=n—1,
CHED o -

H] ]751( i —Tj) 0 otherwise.

We note that Theorem [l is the case k = 0 of Theorem
As an application of Theorem 2| we prove the identity

riz; )1 if nisodd,
© ORI

if n is even.
i=1 j: j#i S

The identity (@) was shortlisted for the 2019 edition of the International Mathe-
matical Olympiad [I]. We start with the expansion

n—1
I = mizy) =D (2 enl@r,... B, 20),
Ve k=0

and we rewrite the left-hand side of (@) as

n ~
Z —z) ¥ er(Ty,. . Ty )
k=0 i=1 I1;. js (@i = z5)
By (@), the inner sum vanishes except when 2k = n — 1. Thus, the above double

sum vanishes when n is even; when n is odd, it has a single term, corresponding to
k = (n —1)/2, and that term equals 1. This completes the proof of (@]).
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SYLVESTER’S IDENTITY. We come to the main result of interest.

Theorem 3 (Sylvester’s identity). Let x1,...,x, be distinct elements of a field F.
Then, for any mon-negative integer d, we have
n

wi‘i A A
(7) S —5 Y ok

el I1j. joi (wi = 5) M+t An=d—n+1

Let us comment on the right-hand side of [@). Firstly, A1,..., A, are understood
to be non-negative integers. Thus the right-hand side of () is a polynomial function
in x1,...,2,, whereas the left-hand side of () is, a priori, a rational function in
Z1,...,Zn. Secondly, we note that the right-hand side of (7)) is an empty sum for
d < n —1, respectively a single term of 1 when d = n — 1. This means that Euler’s
identity () is accounted for by Sylvester’s identity in low degrees. Thirdly, we
recall that the complete symmetric function of degree k in n variables is given by

A An
hi(x1,...,xn) = Z xtoann,
Attt An =k
and so the right-hand side of (@) can be expressed concisely as hg—nt1(Z1,- .., Tn).

By convention, ho(x1,...,2,) =1, and hg(z1,...,z,) =0 for k < 0.

The attribution of the identity (@) to James Joseph Sylvester is explained by
Gaurav Bhatnagar in [2, Sec.1]. It seems however that the identity (), and the
Sylvester attribution, are not quite absorbed in the mathematical canon. On the
one hand, Donald Knuth [8, p.472-473, Notes to Exer.33] states both the identity
and the attribution; Richard Stanley [12] Exer.7.4 on p.450] gives the identity (),
but attributes it to Carl Gustav Jacob Jacobi—a precursor of Sylvester [12], p.490].
On the other hand, Sylvester’s identity was rediscovered by James Louck, cf. [9]
App.A] and [3, Thm.2.2], and then again by Volker Stehl and Herbert Wilf [13]
Sec.4].

As a further illustration of this point, that Sylvester’s identity is relatively un-
known, consider the following result from a recent and very interesting work of
Stephan Ramon Garcia, Mohamed Omar, Christopher O’Neill, and Samuel Yih [6,
Thm.3]: for distinct z1 ...,2, € C, and z € C, it holds that

o0 n

hp(T1.. 5 Tn)  pin—1 e
—_— = _
Z (p—i-n—l)! ;Hj:j#(xi—xj)

T,z

p=0

This is a key identity for the purposes of [6]. The proof given therein is quite lengthy,
occupying well over three pages, and it ultimately relies on a more sophisticated ap-
paratus involving Schur polynomials. The following three-line manipulation shows
that the above identity is, essentially, a restatement of () as a power series identity:

n eTiz

; I1;. js (i = 25) - é I (1331 — ;) (di_o;) (xz;)d>
0 n d d
S (Tt )

Z ha—nyr(x1...,20) a

d=n—1
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Our own interest in Sylvester’s identity was prompted by a recent work, [IT].
Specifically, Sylvester’s identity is used in the proof of the Complete Coefficient
Theorem [I1, Thm.6.2]. The present note expands an appendix to the preprint
version of [I1] (arXiv:2110.05616). For other applications of Sylvester’s identity,
the reader is invited to follow the trail of references indicated by Bhatnagar [2,
Sec.3] and by Stephen Milne [I0, p.7]. Here, we content ourselves with the following
concrete illustration. By using (@) on x; = 1/i, fori =1,...,n, and with d+n —1
in place of d, one quickly reaches the rational identity

" i\ 1 1 1
(8) ;( 1) (i)id_hd(l’z"”’n)’
valid for any positive integer d. This counterpart of Boole’s formula (@) was first
obtained by Karl Dilcher [4, Cor.3], as the limiting case of certain g-identities. The
observation that () is an instance of Sylvester’s identity () appears to be new.

Sylvester’s identity deserves to be better known. The goal of this note is two-
fold: to promote it, and to give three self-contained proofs-one by an argument
that Euler himself could have given. Both Stehl - Wilf [I3] and Chen - Louck [3]
sketch elegant proofs of (7)) by means of generating functions. Another proof can
be found in [2, Sec.2]. Over the complex numbers, Sylvester’s identity can also
be proved using the residue theorem; see Louck - Biedenharn [9] and Knuth [g].
But the natural habitat of Sylvester’s identity is the theory of symmetric functions;
Stanley [12, p.490] suggests a proof of () via a more general identity pertaining to
Schur functions.

1. THREE PROOFS OF SYLVESTER’S IDENTITY

We now proceed to proving Theorem Bl In each of the following arguments, the
strategy is to obtain a recurrence relation for the rational function
(9) CHETTPUIPSS [ o . S—
" ; [1: jzi (@i — 5)
First proof. We start, very much like Euler did for his proof of the identity (),

with a putative partial fraction decomposition of the form
1 c Cn—
= 1 4+ "71'
(X—.Il)...(X—xn,1> X—xl X—In,1

By clearing out the denominators, this amounts to the polynomial identity

n—1
(10) 1= "¢ [[ & -2

i=0  j:ji
The unknown coeflicients ¢y, ..., c,—1 can be found by evaluating the desired iden-
tity (I0) at x1,...,2,—1. The coefficients thus obtained do turn (I0) into a poly-
nomial identity: the two sides are polynomials of degree less than n — 1 that agree
on n — 1 distinct nodes, and so they agree as polynomials. In summary, we have
the partial fraction decomposition

1 n—1 n— 1 1
(11> (X—wl)...(X—CL'n_l)_Z<H.’L’i—$]‘>X—xi'
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Evaluating (1)) at the remaining node, x,,, we infer that

n 1 n—1 n 1

12) =21l
j=1"" J i=1j=1" J
J#n i

Multiplying () through by x¢ yields

-1
Ty — X4 T; — T4
j=1"" J i=1 \j=1"" J

J#n i
and so, adding n — 1 terms on both sides,
n n 1 n—1 n 1
d _ d d
Z (H CUi—CUj)Ii - Z <H »Ti—xj)(xi — ).
=1 7j=1 =1 7j=1
i i
The left-hand side of the above identity is Sq(x1,...,2,). The right-hand side can
be rewritten, after dividing z¢ — z¢ by z; — x,, as

n—1 n—1 1 d—1 d—1 n—1 n—1 1
g H g xfxflfefl = g xffe*l g H x5,
T — Ty g Ty — Ty

i=1 \ j=1 e=0 i=1 \ j=1
J#i J#i
The inner sum is Se(x1,...,2,—1). All in all, we have obtained the recurrence
d—1
(13) Sd(xl,...,xn)zzse(xl,...,:vn_l)x‘i_e_l.
e=0
On the other hand, the complete symmetric function hq—n11(21,...,z,) satisfies
the same recurrence relation. Indeed:
ha—n+1(x1,. .., xn) = Z xi‘l .. a:f;"

At AAn=d—n+1

d—1
A1 An—1 d—e—1
g ( g AR )xn

e=n—2 *Ai+-+A,_1=e—n+2

d—1

E d—e—1
= he—n+2(x17'--7xn—1)xn .

e=0

The last step exploits the fact that he_pio(z1,...,2p—1) =0 for e <n — 2.

The desired identity, Sq(z1,...,Tn) = hdg—ny1(x1,...,2,) for all integers d > 0
and n > 2, easily follows from these recurrences. In fact, we are afforded the choice
of inducting on d, or on n! Let us check the base cases. The base case d = 0
amounts to So(z1,...,z,) = 0; this is, in effect, a rewriting of (IZ). The base case
n = 2, amounts to

xé xd
:1:1—1:E2+:172—2:171 B Z :vi‘l:ng,
A+Ao=d—1

which is obviously true. O
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The above proof deals with any degree d > 0. In particular, it accounts for
Euler’s identity (), and it does so by an argument that circumvents Lagrange
interpolation. It requires, in exchange, a closely related algebraic fact—the partial
fraction decomposition ({IIl). The proof is what Euler would have written had he
considered the higher degree case of his Theorem [} as far as I know, he did not.
Although Sylvester did not record a proof of the identity (), previous writings
suggest that he might have also started from the partial fraction decomposition
@@, cf. [2, p.433].

In the next two proofs, we take Euler’s identity () for granted and we only deal
with the higher degree case, d > n. We introduce some convenient notation. Given
an n-tuple A = (\1,...,\,) of nonnegative integers, we put 2* for the multinomial
' .. a)n, and |A| for Ay + --- 4+ \,. Thus, the complete symmetric function of
order k can be written in shorthand as

Additionally, the support supp(A) is the index subset {j : A; # 0}.

Second proof. Weighted power sums of the form
Wy = Zwi(:vl, o) T
i=1

satisfy a recurrence relation of order n. Indeed, consider the Vieta expansion

n n

H (X —z)=X"+ Z (—1)Fep X"

i=i k=1
where ey, is shorthand for the elementary symmetric function ey (z1,...,2,). As z;
is a root of the left-hand side, we infer that z* = S"1_, (=1)*‘eza? " for each i.
We multiply each such relation by w;(z1,...,x,) x‘ii_"
up. We conclude that, for each integer d > n, we have

, where d > n, and we add

n

(14) Wa =Y (D" texWa .
k=1
On the other hand, the complete symmetric functions satisfy a similar recurrence
relation: for each integer d > 0 we have

n

(15) hg = Z(—l)kilekhd,k.

k=1
This is a fundamental identity relating the two families of symmetric functions, cf.
[12] Eq.(7.13) on p.296]. Indeed, by inclusion-exclusion we can write

(16) ha = Z = Z(_l)lsl—l Z Y

[A|=d 0#S [X=d
SCsupp(})

For a subset S of cardinality k, we have

3 xA_(H@) 3 xA_<Hxi>hdk.

IA|=d ies IN=d—k ies
SCsupp(A)
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Splitting the summation according to cardinality, we may rewrite (I6]) as

=Y (1 # (I - k_i< D Y [

k=1 S:|S|=k = = S:|S|=k i€S

The latter sum is the elementary symmetric function ey, and (I3 is proved.
Consider now the weighted power sums S, defined by (@), for which we know

that Sg = hg—n41 for d = 0,...,n — 1, by Theorem [[I The recurrences (I4) and

(@3 imply, by induction on d, that Sq = hg—pn1 for each d > n. O

Third proof. We prove that Sq(z1,...,2,) = hg—nt1(x1,...,2,) by induction on
d. The cases d = 0,...,n — 1 are covered by Theorem [I so let us assume that
d>n. Weputd=n+ 9 — 1, where § > 1.

We start by writing

Sn+§_1(.%'1,..., ZH

Now, for each 7, we expand as follows:

Z; X X

n+5 1 n

Lg
|
Jﬁéz(xz—x] o T

Jr j#i Jij#i SC{1,...n}\{i} j€S
Therefore
i X
8 J
S’n-‘ré—l(mlu e 7x’ﬂ) = sz
Ty — Ij

i=1  SC{1,..,n}\{i} jES

_ 1
- Y (Oo)(Z« I -2
0A£TC{1,...,n} > JET ieT jer\{i} " J

In the last step, we set T'= SU{i}. The inner parenthesized sum is Ss_1(z; : ¢ € T)
which, by the induction hypothesis, equals h(;,m(:vi :4 € T). In other words, for

each non-empty subset T' C {1,...,n}, we have
1
5—1 _ A
YD | QIS S
€T JeT\{i} IA|=6—|T]
supp(A)CT
whence
1
S—
(Do) (e I 25 )- ¥
JET ieT jer\{i} " 7 [A|=6
supp(\)=T
Therefore
Swriaerm)= Y P =Y P =)
0ATC{1,....,n}  |A[=6 [A|=0
supp(A)=T
as desired. [l

Sylvester’s identity is thereby thrice proved. The first proof is comprehensive
and historically-motivated. The second and the third proofs are shorter, and the
second proof could be shortened further by taking the identity (I3 for granted;
however, they rely on Euler’s identity. Of the three proofs, we find the second one
to be the most elegant, and the third one to be the most unexpected.
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