Some inequalities on Finsler manifolds with weighted
Ricci curvature bounded below *

Xinyue Cheng & Zhongmin Shen

Abstract

We establish some important inequalities under a lower weighted Ricci cur-
vature bound on Finsler manifolds. Firstly, we establish a relative volume com-
parison of Bishop-Gromov type. As one of the applications, we obtain an upper
bound for volumes of the Finsler manifolds. Further, when the S-curvature is
bounded on the whole manifold, we obtain a theorem of Bonnet-Myers type on
Finsler manifolds. Finally, we obtain a sharp Poincaré-Lichnerowicz inequality by
using integrated Bochner inequality, from which we obtain a sharp lower bound
for the first eigenvalue on the Finsler manifolds.
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1 Introduction

Similar to Riemannian case, Finsler manifolds with Ricci curvature bounded below
are always of some amazing properties. For example, the second author proved the
Gromov-Bishop volume comparison theorem in Finsler geometry under the condition
that Ric > (n—1)\. As an application, he obtained some precompactness and finiteness
theorems for Finsler manifolds ([10]). Later, Ohta proved a new version of the Gromov-
Bishop volume comparison theorem on Finsler manifolds with weighted Ricci curvature
bounded below, Ric" > K for some K € Rand N € [n,00) ([5]). On the other hand, by
using Bochner-Weitzenbdck type formula, Wang-Xia obtained a sharp lower bound for
the first (nonzero) Neumann eigenvalue of Finsler-Laplacian in Finsler manifolds with
weighted Ricci curvature Ric™ bounded below ([13]). Q. Xia gave an (integrated) p(>
1)-Bochner-Weitzenbock formula and the p-Reilly type formula on Finsler manifolds.
As applications, she obtained the p-Poincaré inequality on an n-dimensional compact
Finsler manifold without boundary or with convex boundary under the assumption
that RicY > K for N € [n,00] and K € R (see [16]).

In this paper, our main aim is to educe some important inequalities on Finsler
manifolds with weighted Ricci curvature Ric®™ bounded below. The paper actually
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consists of two parts: the first part is dedicated to the geometry of Finsler manifolds
and the second part is dedicated to the analysis on Finsler manifolds.

Let (M, F,m) be an n-dimensional Finsler manifold with a smooth measure m and
dmppy denotes the Busemann-Hausdorff volume form of F'. Then there is a positive
smooth function ¢ on M such that

dm = ¢(z)dmppy.

Now, let 0 < p, < to < +00 and X : (po,to) = (0,+00) be a C* function such that
lim; o+ x(t) = 0 if po = 0 and lim,_,,- x(t) = 0 if ¢, < +oo. Typical examples are
x(t) = sin""1(t) or x(t) = t""'. Fix p € M. Let p(x) := dp(p, ) be the distance
function and dj, := sup ¢ dr(p, ). From now on, we always assume that d, < t, in
our discussions. Then, under an upper bound on Ap controlled by a function x(p) of
p, we can obtain the following relative volume comparison of Bishop-Gromov type for
the geodesic balls with respect to m.

Theorem 1.1 Let (M, F,m) be an n-dimensional forward complete Finsler manifold
equipped with a smooth volume form dm = ¢(x)dmpn and p € M. Suppose that the
distance function p(x) = dp(p,x) satisfies

Ap(z) < dip[lnx(p)} lo=p(@), € 2\ Bp(po) (1.1)

for a function x(t) as above, where §, denotes the cut-domain at p. Then for p, <
r<R<t,,

VOI(By(R)\ By(po) _ Jyu X0t
VOl(B;D(T) \ Bp(pO)) - fro X(t)dt'

Moreover, if po =0 and x(t) = t" {1+ O(t)}, then for 0 <r < R < t,

(1.2)

R
Vol(By(R) \ By(r)) < é(p)wn 1 / x(ydt, (1.3)

where By(R) denotes the geodesic ball of radius R at the center p and w,—1 = Vol(S™~1(1))
denotes the volume of the standard unit sphere in R™.

We must point out that, under certain curvature bounds on the Ricci curvature and
the S-curvature, one can find x(¢) such that (II)) holds (e.g. [§][14][I5]). However, in
order to get an absolute upper bound on the volume of geodesic ball, one must get a
function y(¢) with the property x(t) = t"~1{1+ O(t)}.

Theorem 1.2 Let (M, F,m) be an n-dimensional forward complete Finsler manifold
equipped with a smooth volume form dm = ¢(x)dmpy and p € M. Suppose that there
are constants K >0 and § > 0 such that

Ric® > K >0, S| > 4, (1.4)




where S denotes the S-curvature of F. Then the volume of M is bounded by a constant
depending on n, K and 9,

Vol(M) < ¢(p)K—"/2c(n, \/%)

where c(n, \/%) s a constant depending only on n and \/%.

It is known that for a complete Riemannian manifold with a volume form, if Ric®™
is strictly positive, then the volume is finite. Theorem shows that this is true
for Finsler manifolds and gives an estimate of upper bound of the volume. However,
the Ricci curvature bound Ric™ > K > 0 does not control the size of the Finsler
manifold and the volume of metric balls. Thus the lower bound on the S-curvature
cannot dropped. Further, if one assumes that |S| < § on the whole manifold, then
M must be compact with Diam(M) < C(n, K,d) and the volume is bounded too,
Vol(M) < ¢(p)K~"/2C(n, \/%) See Theorem [l below for details.

Finally, let us consider an analytic problem on Finsler manifolds with weighted
Ricci curvature Ric™ bounded below. Starting from (B.3]), we can get the following
inequality.

Theorem 1.3 (Poincaré-Lichnerowicz inequality) Suppose that (M, F,m) is closed
and satisfies m(M) = 1 and Ric® > K > 0. Then, for any f € H'(M), we have
the following

Vara(f) < g [ P nim= [ ([T gtoe) am, (15)

where Var,,(f) denotes the variance of f and
9(t) := gvu, (VY F(Vuy), VV“F(Vuy))
(ut);>q is the global solution to the heat equation with uo = f.

In [6], Ohta obtained Poincaré-Lichnerowicz inequality under the condition that
Ric™ > K > 0 as follows

1 2
Var, (f) < 7 / F2(Vf)dm. (1.6)

M

Note that ([5) is stronger than (6.
For a closed Finsler manifold (M, F,m) with m(M) = 1, the first eigenvalue A; is
defined by ([2][12])
F2(Vf)d
A i ing Ju (VS dm
f o Var,(f)
Under the assumption that Ric™ > K > 0, we get from (L) that

A > K.



However, according to Theorem [[L3] the above estimate is not sharp, namely, we can
get from (L) that Ay > K + §, where

0= i?f ﬁ(f) /M (/OOO g(t)dt) dm.

The paper is organized as follows. In Section 2 we give some necessary definitions
and notations. Then we derive a relative volume comparison of Bishop-Gromov type
and give the proof of Theorem based on Theorem [[.1lin Section [Bl Further, when
the S-curvature is bounded on the whole manifold, we obtain a theorem of Bonnet-
Myers type on Finsler manifolds (that is, Theorem E.T) in Section El Finally, the
proof of a sharp Poincaré-Lichnerowicz inequality and a sharp lower bound for the first
eigenvalue on Finsler manifolds are given in Section

2 Preliminaries

Let M be an n-dimensional manifold. A Finsler metric F' on M is a non-negative
function on TM such that F is C* on TM\{0} and the restriction Fy := F|p s is
a Minkowski function on T, M for all x € M. For Finsler metric F' on M, there is
a Finsler co-metric F* on M which is non-negative function on the cotangent bundle
T*M given by

I _ ) .
(z,8) = sup ——, V€T M. (2.1)
y€T, M\{0} F(z,y)
We call F* the dual Finsler metric of F. Finsler metric F' and its dual Finsler metric
F* satisfy the following relation.

Lemma 2.1 (Lemma 3.1.1, [12]) Let F' be a Finsler metric on M and F* its dual
Finsler metric. For any vectory € T,M\{0}, x € M, the covector & = g,(y,-) € TAM
satisfies
£(y)
F(x,y) = F*(x,8) = . 2.2

(w0) = F(0.9) = o 2.2
Conversely, for any covector & € T M\ {0}, there exists a unique vectory € T, M\ {0}
such that & = gy (y,) € Ty M.

Naturally, by Lemma 2.1, we define a map £ : TM — T*M by

L(y) == { gvj(yv ), Zﬁg,

It follows from (Z2]) that
F(x,y) = F*(z, L(y))- (2:3)

Thus £ is a norm-preserving transformation. We call £ the Legendre transformation
on Finsler manifold (M, F).



Take a basis {b;}?; for TM and its dual basis {#'}" , for T*M. Express { =
L(y) = &0°. Then

fi = Gij (Ia y)yja (24)
where g;;(z,y) = 3 [F?] iy (z,y). Let
o, €) = 5 [F 2 (0,6, (25)

For any ¢ = L(y), differentiating F?(x,y) = F*?(z, L(y)) with respect to y* yields

1 1
5 7], (@) = 5 [F7] (2,09 (2, y),
which implies
M08 = 5 [F2 (0.6 = 56 @ n) [F] ) =o*. (26)

Then, we can get (see [2][12])

g*kl(x,g) :gkl('rvy)a (27)

where (g (z,y)) = (gri(z,y)) "

Given a smooth function u on M, the differential du, at any point x € M,
_ Ou
- Ot
is a linear function on T, M. We define the gradient vector Vu(z) of v at © € M by

Vu(z) := L7 (du(x)) € T, M. In a local coordinate system, by (2.6]), we can express
Vu as

duy, (z)dx’

Vula) = { gjij(;v, du) % 25, i 2 %u\, . (2.8)
where M, = {z € M | du(z) # 0}. Further, by Lemma [2.1] we have the following
duy(v) = gvu, (Vug,v), Yo eT,M (2.9)
and dus (V)
F(z,Vug) = F*(z,duy) = % (2.10)

We must be careful when du(z) = 0, because g*/ (du(z)) is not defined and the Legen-
dre transform £7! is only continuous at the zero section. Besides, if u € C'(M), then
Vu is C'=1 on M, whereas only continuous on M\ M,,.

Let (M, F,m) be a Finsler manifold equipped with a measure m on M. Given
an open set Q C M, let H! () be the space of weakly differentiable functions u
on © such that both u and F*(du) belong to L? (). Define the energy functional
Eq: HE () — [0, 00] by

Eolu) = Jo F*(x,du)*dm 7 fQF(Vu)Qdm
Q)= fﬂuzdm - fQu2dm '

(2.11)



Further, define the Sobolev space H!(Q) := W12() as a space of functions u € L*(M)
with [,,[F(Vu)]?dm < oo, which is a Banach space with respect to the (absolutely
homogeneous) Sobolev norm

1 1 1/2
llull g1 (q) = {||u||L2(Q) + §HF(VU)HL2(Q) + §||F(V(—U)) |L2(Q)} .

Let H}(Q) be the closure of C2°(Q) in H'(2), where C°(2) denotes the set of C*°-
functions on 2 with compact support.

Associated with the measure m on M, we first decomposed the volume form dm of
m as dm = e®dx'dz? - - - dz™. Then the divergence of a differentiable vector field V on
M is defined by

ov' ; 0P 0

One can also define div,,V in the weak form by following divergence formula:
/ ¢ div,,V dm = —/ do(V') dm (2.13)
M M
for all ¢ € C°(M).
Now we define the Finsler Laplacian Au of u € H\ (M) by
Au = div,, (Vu). (2.14)
Equivalently, we can define Laplacian Au on the whole M in the weak sense by
/ ¢ Au dm = —/ do(Vu)dm (2.15)
M M

for all ¢ € CZ°(M).

From (2I4), Finsler Laplacian is a nonlinear elliptic differential operator of the
second order. Moreover, since the gradient vector field Vu is merely continuous on
M\M,, even when u € C*(M), it is necessary to introduce the Laplacian in the weak

form as ([2.15]).

By the definitions, we have the following for any smooth function ¢ on M,
div,, (pVu) = pAu + de(Vu). (2.16)

Let V = Via%k be a nonzero measurable vector field on M. One can introduce a
weighted Riemannian metric gy on M via

gv(X,Y) = gij(z, V)XY, for X,Y € T, M.

In particular, gv(V,V) = F?(z,V). For u € HL (M) such that du = 0 almost every-
where on {x € M | V(z) = 0} (in other words, V' # 0 almost everywhere on M,, ), we
can define the linearized gradient vector and the linearized Laplacian on the weighted
Riemannian manifold (M, gy, m) by

ij u 9
vvu = { -g (.I,V) OxJ Ox? EE %’u\}w AV’U, = lem (vvu) . (217)



It is easy to get the following by @I7): for any u € HL (M), we have
VViy = Vu, AV% = Au. (2.18)

Further, for any fi,f» € H (M) satisfying df; = dfs = 0 almost everywhere on
M\M,,, we have
dfy (VY f1) = dfs (VV"f2) . (2.19)

Finsler geometry is just Riemannian geometry without the quadratic restriction
([B]). The Ricci curvature in Finsler geometry is just a natural extension of the Ricci
curvature in Riemann geometry. However, we have a difficulty on the choice of a
measure in Finsler geometry, because it is impossible to choose a unique canonical
measure like the volume measure in the Riemannian setting. Naturally, by choosing
an arbitrary measure m on a Finsler manifold, Ohta modified the Ricci curvature and
defined the weighted Ricci curvature in Finsler geometry ([5]). Concretely, for an n-
dimensional Finsler manifold (M, F,m) equipped with a smooth measure m and for
any v € T, M\{0}, let n : (—&,e) — M be the geodesic with 7(0) = v and decompose
the volume form dm of measure m along 7 as

dm = eV /det (gij(n,n)) de'da?-- - dz",

where ¥, = ¥, (n(t),n(t)) : (—e,e) — R is a C*°-function. Then, for N € R\{n},
define the weighted Ricci curvature

(02
N-—n’

Ric" (v) == Ric(v) + ¢ (0) (2.20)

As the limits of N — oo and N | n, we define the weighted Ricci curvatures as follows.

Ric™ (v) := Ric(v) + ¢ (0),

i 4 if 4’ = 2.21
Ric™ (v) Ric(v) + 4;/(0) }f w7(0) 0, (2.21)
—00 if 47,(0) # 0.
Note that the quantity 1y (0) = S(z,v) is just the S-curvature with respect to the
measure m and 9, (0) = S(z,v) = Sim (2, v)v™ in Finsler geometry, where “|” denotes

the horizontal covariant derivative with respect to the Chern connection ([4][5]). Hence
we can rewrite Ric (v) as

S(x,v)?

j— n '

Ric™ (v) := Ric(v) 4+ S(z,v) — (2.22)

From (Z22]), we can get the following further description about the weighted Ricci
curvature in Finsler geometry. Let (M, F,m) be an n-dimensional Finsler manifold
with dm = o(z)dz' - da™. Let Y be a C* geodesic field on an open subset U C M
and § = gy. Let

dm := e ¥Voly, Vol = \/det (g;j (x,Y,))dz" - - da™.



It is easy to see that v is given by

Y(x) =In = (5?17%:17, =) =7(2,Yz),

which is just the distortion along Y, at « € M ([4]). Let y :=Y, € T, M (that is, Y is
a geodesic extension of y € T, M). Then, by the definitions of the S-curvature and the
Hessian ([11][12]), we have

S(xvy) = y[T(x, Yac)] = d‘/’(y)v
S(z,y) = y[S(x,Y)] = y[Y (¢)] = Hessi)(y).

Hence,

d 2
Ric" (y) = Ric(y) + Hessy(y) — ]\zfﬂﬂ (2.23)
—-n
Obviously, [2:23)) is an analogue of the weighted Ricci curvature in Riemannian geom-

etry.

3 A relative volume comparison of Bishop-Gromov
type and its applications

In this section, firstly we will derive a relative volume comparison of Bishop-Gromov
type and prove Theorem [I.11

Let (M, F,m) be an n-dimensional forward complete Finsler manifold with a smooth
measure m. Let dmpy denote the volume form of the Busemann-Hausdorff measure
mppy of F. Then the volume form dm of m is a multiple of dmpyy,

dm = ¢(z)dmppy.

These measures induce measures on hypersurfaces if a normal vector field is chosen.
Let p € M. The volumes of a small geodesic sphere Sp(r) and a small geodesic ball
B, (r) with respect to m are given by

Vol(Sp(r)) = ¢(p)wn-1r"‘1{1+0(r)}, (3.1)
Vol(B,(r)) = o(p) {1+ 0() . (3.2)

where w,—1 = Vol(5"71(1)) and S,(r) denotes the geodesic sphere of radius r at center
p. See [12].

Let €2, be the cut-domain — the open domain enclosed by the cut-locus Cut(p) at
p. The distance function p(x) = dp(p, z) is C°>° on Q, \ {p}. Then S,(t) := S,(t) N Q,
is a C*° hypersurface in M for ¢t > 0. The volume form dm induces a volume form dA;
on Sp(t). On the other hand, the volume form dm determines the volume form dm,, on
T,M. dm, induces the volume form dA, on S,M = {y € T,M | F(p,y) = 1}. Define
a map ¢; : S,M — M by

ei(y) == exp,(ty), y € SpM. (3.3)



Set
(SDt)*dAt = nt(y)dAp- (3-4)

The function n:(y) is positive for 0 < t < i, (the cut-value of y). For a small s > 0,

Vol(S,(s)) = /S ( )dAs: /S Mm(y)clAp-

Further, the Laplace of p(z) with respect to F and dm can be expressed by

d
Bpls, = = | )] (3.5)
This is the link between the volume of geodesic spheres S,(r) and the Laplace of the
distance function Ap(x) (see (16.6) and Proposition 14.3.1 in [12]).

Let 0 < p, < tp < 00 and x : (po,to) — (0,00) be a C* function such that
limy o+ x(t) = 0 if p, = 0 and lim, .+ x(t) = 0 if t, < co. Assume that d, :=
sup,en dr(p, ) <t, and

| =

Ap(@) < S X(B)] izt Vo € 2\ Bylpo). (3.6)

Qu

t

By (83) and (B.6]), we get

d X'(t) :
< .
dt[lnnt(y)} = X(t)v p0<t<7’y
This implies that
d 0t (y) .
— 1 <0 o < t .
dt[nx(t)}_ » PestShy

Me(y) = 0 for ¢ > i,. Then 7;(y)/x(t) is non-increasing monotonically for p, < t < t,,
that is,

Thus 7;(y)/x(t) is non-increasing monotonically. Let 7, (y) := n:(y) for p, < ¢ < i, and

7t (y) < s (y)

x(t) 7 x(s)’
Integrating it over S, M with respect to dA,, we get

Po <8<t <t

Vol(S, (1) _ Vol(S,(s))

NORE x(:) . P < s<t<t,. (3.7)

Rewrite (B.1) as
Vol (S, (t))x(s) < Vol(S,(s))x(t), Po < 5 <t <t (3.8)

Let p, < r < R < t,. Fix t € [r, R]. Integrating (B.8) with respect to s € [p,, r], we get

VOI(S,(0) [ x(s)ds < Vol B, )\ Bylpo (), r<e<R

o



Then integrating it with respect to ¢ € [r, R], we get

R

VOI(B,(R) \ Byr) [ x(s)ds < Vol(By() \ Byoa)) [ x.

By adding Vol(B,(r) \ Bp(po) f X (t)dt to both sides of (3.9), we get

R

VOI(B,(R)\ By(p) [ x(0)dt < VoI(B,(r)\ Bylp) [ x(o)ar

o o

Then, we obtain

It is just (T2).
From (B3], we also get

Vol(By(R) \ By(r)) _ Vol(By(r )\B (po))'
[xwae  — [ x(
Now, assume that p, = 0. It follows from (BI0) that
VOB \ ) Vo)

T = T X

Further, assume that
x(t) =t""H1+ O(t)}.
By (B2)), we have

Vol(B,(r)) _
}13% fxi = ¢(p)wn—1-
Letting » — 0% in (B.II) yields
Vol(B,(R) _
Jiixydt Ppons

Replacing R by 7 in (812) and applying the result to BI]), we get

Vol(B,(R )\B (r))
S x()

This gives rise to (I3). This completes the proof of Theorem [[1]

S (b(p)wn—l-

(3.10)

(3.11)

(3.12)

(3.13)

In the following, we will show that we can find some x(¢) satisfying the conditions

in Theorem [Tl Firstly, define

% sin(y/ct) for ¢ > 0,
sc(t) =4 t for ¢ =0,

ﬁ sinh(y/—ct) for ¢ < 0.

10

(3.14)



Note that s.(t) is the solution to the differential equation

f"+ef=0, f(0)=0, f(0)=1
Further, define

s (1) V¢ - cotan(y/ct) for ¢ > 0,
cto(t) = S22 =¢ 1 for ¢ =0, (3.15)

t
se(t) v/ —c - cotanh(y/—ct) for ¢ < 0.

Let g := gv, denote the induced Riemannian metric on 2, and A denote the
Laplacian on (M, g, Voly). Let dm = e~7Vol,. It is proved in [12] that Vp = Vp is a
geodesic field of F' and § and

S(x,Vps) = dfa(Vps), Ric(z,Vpr) = Ric(w, Vp,), Hessf(Vp,) = Hessf(Vpy).

(3.16)
Then
Ric™(z,Vp,) = Ric (2,Vps) i= EE(:E, Vp.) + Hessf(Vps)
Ric¥(2,Vp,) = Ric (z,Vp,) = Ric(z, Vp,) + Hessf(Vp,) — A (Vs
Further, R . R . .
Ap=Agp:=Ap—df(Vp)=Ap—dfe(Vps). (3.17)

Under the lower Ricci curvature bound Ric > (n—1)c¢, we have P/{E(:zr, Vpz) > (n—)e.
Then .
Ap < (n—1)cte(p).

Under the lower S-curvature bound S > —§, we have df, (@pm) > —§. Then
Ap < (n—1)cte(p) + 6.
This leads to the following

Lemma 3.1 (Laplacian comparison, [12][I5]) Let (M, F,dm) be an n-dimensional
Finsler manifold with Ricci curvature satisfying Ric > (n — 1)c and S > —§. Then the
following holds whenever the distance function p = p(x) is smooth

d
Ap < o [ln x(t)} lt=p(a) (3.18)
where x(t) = s.(t)""1e’, 0 < t < d,.

Then, by Theorem[I.T]and Lemma[3.Il we can obtain a volume comparison theorem
of Bishop-Gromov type given in [10].

Assume the lower Ricci curvature bound Ric™ > (n — 1)c, then Ric (x,Vps) >
(n — 1)c. Then we obtain the following lemma by applying a result in [I4].

11



Lemma 3.2 (Laplacian comparison, [14][17]) Let (M, F,m) be an n-dimensional Finsler
manifold with weighted Ricci curvature satisfying Ric™ > (n — 1)c. Then the following
bound on Ap holds.

(a) If S > —0, then the following holds on 2, N By(r,),
d
2p < =[x limpte:

where x(t) = [s.(t)]" e, 0 <t < r,. Herer, =400 when ¢ <0 and r, = NG
when ¢ > 0.

(b) If the distortion T satisfies that |7| < k, then the following holds on Q, N By(1),

Ap < % {ln X(t)] lt=p(x)

where x(t) = [s.(t)]"***~1 0 < t < r,. Herer, := +o0 when ¢ < 0 and
ro = 7/(44/c) when ¢ > 0.

Remark 3.3 Lemma [32(a) is similar to Lemma [31l However, in the case when
¢ > 0, it might be possible that v, < dp. Thus Theorem L1l holds only for 0 < p, <1 <
R < r,. By Theorem [l and Lemmal32, we can obtain a volume comparison theorem
of Bishop-Gromov type for metric balls of radius less than r,. See [T7].

Lemma 3.4 (Laplacian comparison, [8]) Let (M, F,m) be forward or backward com-
plete and assume that Ric™ > (N — 1)K for some K € R and N € [n,o0). Then, for
any p € M, the distance function p(x) := dr(p,x) satisfies the following on Q,

Ap(r) < S ()] syt (3.19)

where x(t) == [sg(t)]N"', 0 <t <r,. Herer,=n/VK when K > 0.

By Theorem [[LT] and Lemma [3.4] we can obtain a volume comparison theorem of
Bishop-Gromov type given in [5].

Assume that
Ric*™ > K.

This implies that Ric (z,Vpe) > K. By Theorem 3.1 in [14], along a minimal geodesic
~¥(t), 0 <t < t, from v(0) = p, for any 0 < p, < r < t,,

Asplyiry € Applyipn) — K(r = po).- (3.20)

Then

Ape) < Ap(a) — K{pl@) — po},  pla) > pon
where 2’ € S,(p,) is on the minimal geodesic from p to z. We assume that 0 < p, < .
Then Sy,(po) is a smooth hypersurface in Q,. Let

me:= sup Ap(z') < +oo.
p(@’)=po

12



Then
Ap(z) <mo — K{p(z) — po},  p(x) > po.
This leads to the following
Lemma 3.5 (Laplacian comparison, [I4][17]) Let (M,F,m) be an n-dimensional
Finsler manifold with weighted Ricci curvature satisfying Ric™ > K. Then, for any

p € M, the following holds whenever the distance function p(x) := dr(p,z) is smooth
and p(z) > po

d
Ap < = [ x(®)]li=pio: (3:21)

where x(t) = eMe(t=p)=3K(t=po)® ' <t < o0,

Proof of Theorem[I.Z2 We assume that

Ric™® > K > 0, S|B (25T > —4.
P\2 K

Then Ric™ > (n —1)c with ¢ = K/(n — 1).

Let
N A 1
S 2V K
By Lemma [3.2] (a), the following holds on B,(r),
d
Ap < = mxo(®)] iz pl@) <7 (3.22)

where o (t) := [s.(t)]" e’ where ¢ = £<. Note that x,(t) = t""'{1+ O(t)}. By

VOU(B,(r)) < (p)wnr /()T[Sc(t)]nleat o

— n /2 T
¢(p)wn_1(n 1) /2/ sin"1(s)e®V E *ds, (3.23)
0

K
Suppose that
dp, <.
Then

Vol(M) = Vol(B,(r)) < ¢(p)K*n/2c(n, i)

VK
™ In—1
d = — .
p > T 5 K

In this case, the manifold might noncompact, i.e. d, = +oo. Let p, :=r/2. By (3.22),
we have

‘We now assume that

me = sup Apg%[lnxo(t)}t =+/(n—-1)K +5¢.

p(x)=po =po

13



Let
x(t) := e(\/eré)(tfpo),%(tipo)z '

Then by Lemma 3.5 the following holds on M \ By(p,),

d
8p < = [mxO|lizpws  2@) > pon
It follows from Theorem [[T] that for pg < r < R < dp,

VOl(B, () < VollBy () + PR A Delee)) | "yt

J;;"O X(t) dt Po
It follows from (B.26]) that

Vol(By(r) \ By(po)) [
Vol(M) < Vol(B,(p,)) + pro 0 /po x(t)dt.

We now estimate each term in [B.27). Similar to (3.23]), we have

Vol(By(p) < opancs [ 0] ear

—1\n/2 /4 o
= 6P () / sin” 1 (s)e’ VE “ds.
0

K
Further, by (3], we have

Vol(B,(r) \ Bp(po))

IN

P(p)wn—1 /T[sc(t)]"‘le‘”dt

n—1
K

= Qb(p)wnfl( /1

By substitution, we have

1 2
s—5Kos
e’ 2% (s,

/ :X“W - ﬁ /oh

1 2
s—5Kos
e’ 2% dg,

oo el

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

n/2 /2 @
) / sin"_l(s)66 VE *ds. (3.29)

where h = Zv/n —1 (\/(n— 1) +5/\/E) and K, :=1/(v/n —1+4 6/vVK)?. Then by

B2, we get

_ n/2 /4 g
Vol(M) < (b(p)wn,l(n 1) {/ sin"_l(s)e‘s VR *ds
0

K
. PRI
/4 S (s)e” VE °ds oo,
+ / e 2 ko8 ds}
0

0
) \/E .

This completes the proof of Theorem
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4 A Theorem of Bonnet-Myers type

Let (M, F, m) be an n-dimensional forward complete Finsler manifold with a smooth
volume form dm = ¢(z)dmpp. The classical Bonnet-Myers Theorem in Finsler geom-
etry says that, if Ric > (n — 1)K > 0, then M is in fact compact and Diam (M) < \/LF
([, Theorem 7.7.1). If the weighted Ricci curvature satisfies Ricy > (N — 1)K >
0,N € [n,00), then Diam(M) < 7= ([BD).

In this section, we will consider the case when the S-curvature is bounded on the
whole manifold and give a theorem of Bonnet-Myers type.

Theorem 4.1 Let (M, F,m) be an n-dimensional forward complete Finsler manifold
with a smooth volume form dm = ¢(x)dmpp and p € M. Suppose that

Ric® > K >0, [S|<é.

Then the diameter and the volume is bounded.

. ™ 4] 62
Dlam(M)S\/—E(\/—K—i— ?—i—n—l), (4.1)

Vol(M) < ¢(p)K*"/20(n, \%) (4.2)

where C(n, %) is a constant depending only on n and %.

Proof Firstly let N be an arbitrary number with

52

N —.
>n+ K

Let K(N )5
) —

H=-—" """ _>).
N-DWN—-n)
Then 1 1
Ric" = Ric™ — mS2 > K = n52 =(N-1)H > 0. (4.3)

By a theorem of Bonnet-Myers type proved by S. Ohta in [5],

Diam (M) < \/—ﬁ
Then
Diam(M) < fxs(N) =7 %

The minimum value of fx s(N) over n+ §2/K < N < 40 is

in f ™y
min fx s = —=,
’ VK

15



where

1) 5?2
v = \/—E + Ve +n—1.
The minimum value is achieved when
oy
N=n+ \/—K
This gives [@I)). In this case,
H = %

It is tricky to estimate the volume of the manifolds since there is no upper bound
on Vol(B(p, R)) only under the weighted Ricci curvature bound Ric”¥ > (N —1)H. We
shall use ([:26) to get an upper bound on Vol(M) = Vol(B,(R)) with R = n/vH.

Let

n—1

Firstly suppose that

Then by [B.23]), we get
0

Vol(M) = Vol(B,(r)) < é(p )K’"“C(n,\/—?),

where C’( , f) (n —1)"/? f0”/2 sinn—l(s)eéw’%lsds'

We now assume that 7 < d, < my/VK. Let p, = r/2. By Lemma 2] (a), we have
got two bounds (3:28) and (3:29) on Vol(B(p,)) and Vol(B,(r) \ By(ps)), respectively.
On the other hand, from (£3) and by Lemma [B4] and Theorem [[LI] we can get an
upper bound on Vol(B,(R)) for x(t) := [sg(t)]¥ "' and R = 7/vH by [B:26). Then
we obtain an upper bound on Vol(M) = Vol(B,(R)) as following

R
Vol(M) < Vol(By(p0) + N f(>)<\B — / X(t)dt
n— n O /4 n—1
< ¢(p)wn—1(71) /2{/0 sin"_l(s)e5v & Sds

fﬂ//f sin™ )edV = "8 ds N1
T / sin™ ~ (s)ds},
S smN 1( )ds h

h

where

Tvn—1

4y
Thus there is a constant C(n, \/%) depending only on n and % such that

Vol(M) < qs(p)K*"/?c(n, \%)
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Note that when § =0,y =+n—1, N=nand H = K/(n —1). Then
—1\n/2 [T
Vol(M) < ¢(p)wn—1 (n_) / sin" 1 (s)ds.
K 0
Clearly, this is a sharp bound. This completes the proof of Theorem .11 Q.E.D.

5 Poincaré-Lichnerowicz inequality

Let (M, F,m) be a Finsler manifold equipped with a measure m on M. In order
to prove Theorem [[L3] we need some necessary lemmas. Firstly, we have the following
lemma.

Lemma 5.1 ([7]) If (M, F,m) satisfies that Ap < 0o, m(M) < oo and is complete,
then the constant function 1 belongs to HE(M), where Ap denotes the reversibility
constant of F.

In our discussions, (M, F,m) always satisfies that Ap < co. Further, we have the
following result.

Lemma 5.2 For any f,u € H} (M) satisfying df =0 almost everywhere on M\M,,
we have
AVUF2=2f AV f 4 299, (VYU ,VVSf), (5.1)

equivalently,
fAVYf = %AWF —gvu (VVUf VYY) (5.2)
Proof. By (2.I1), we have
VVEfE=2fVV S,
Further, by (ZI0) and ([ZI7), we have
AVEf2 = divy, (VVf?) = divin (2f VYV f)
2f AV f 4 2df (VVUf).

It is easy to see that
df(VVf) = gvu (VVUF,VV4S).
Thus we get (G.1]). Q.E.D.

In the following, we say that Ric™ > K for some K € R if Ric™(v) > KF?(x,v)
for all x € M and v € T, M. The following integrated form of the improved Bochner
inequality is important for our discussion in this section.

Lemma 5.3 (Integrated form, [7]) Assume that Ric®™ > K for some K € R. Then,
given u € HE (M) NCYM) such that Au € HL (M), we have

A eV

> /M ¢ {d(Au)(Vu) + KF?(Vu) + d[F (V)] (VVY[F(Vu)]) }dm  (5.3)

17



for all nonnegative functions ¢ € HL(M) N L>(M).

The following lemma is derived from Lemma [5.3] and is necessary for the proof of
Theorem [[3

Lemma 5.4 Assume that (M, F,m) is compact and satisfies Ric™ > K > 0. Then ,
for any w € H*(M)NC*(M) such that Au € H*(M), we have

/M F%(Vu)dm < % {/M(Au)2dm - /M gvu (VVYF(Vu), VV“F(Vu)) dm} . (5.4)

Proof. From (B3 and by taking test function ¢ = 1 according to Lemma 5.1 we have
the following

/ [d(Au)(Vu) + KF2(Va) + d[F(V)] (VW F(Va)]) ) dm <0, (5.5)
M
Noticing that
/ d(Au)(Vu)dm:—/ (Au)2dm = —| A2,
M M
/ d[F(Vu)] (VV*[F(Vu)]) = — / F(Vu)AV" [F(Vu)] dm,
M M
(E3) becomes
2(Vu)dm w)2dm u)AVY u)] dm.
K/MF (Vu)d g/M(A )2d +/MF(V YAV [F(Vu)] d
Further, by Lemma [5.2, we have
2 2 Vu F2(VU) m
K/MF (Vu)dm < /M(Au) dm—|—/MA [72 }d
— / gvu (VVYF(Vu), VV“F(Vu)) dm
M
— / (Au)?dm — / gvu (VV“F(Vu), VV“F(Vu)) dm.
M M

From this, we obtain (&.4]). Q.E.D.

In the following, normalizing m as m(M) = 1, we define the variance of f € L?(M)

) Var,,(f) := /M (f - /M fdm)Qdm = /M f2dm — (/M fdm)2. (5.6)

Further, for any f € H'(M), let (u;);>0 be the global solution to the heat equation
Orur = Auy with ug = f. By the properties of the linearized heat semigroups, we have

the mass conservation
/ ugdm = / fdm (5.7)
M M
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and ergodicity
tlggo Ug = /M fdm (5.8)

in L2(M) (see [6][7]).
Now we are in the position to prove Theorem [[.3l

Proof of Theorem [.3. Let (ut)i>0 be the global solution to the heat equation with
ug = f. Put ®(t) := ||ue||7. = [,, uidm. Then the ergodicity (5.8) implies that

2
. T 2 -
thﬁr& O(t) = thﬁr& Mutdm = </M fdm>

fron(f )

®(0) — tlggo O(t) = — /Ooo &' (t)dt.

and

Var,,(f)

On the other hand, by the definition of ®(¢) , we know that

(1) = 2/ uAugdm = —2/ du(Vuy)dm
M M
= —2/ F?(Vug) dm. (5.9)
M
By (4.2) in [9], we have the following
% [F? (Vug)] = 2d (Aug) (Vuy) (5.10)

for all ¢ > 0. Hence, from (5.9) and by (510), we have
o"(t) = —4/ d (Aug) (Vug) dm = 4/ (Aug)® dm = 4 || A}
M M

for all ¢ > 0. Thus, from (5.4) for u, and by (5.9), we get the following

—%(I)'(t) < %@”(t) - % gV (VY F(Vu), VYV F(Vug)) dm,
that is,
—d'(t) < icb”(t) - 3/ gvu, (VYU F(Vu,), VY F (V) dm.
2K K Ju
Then

3
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where
9(t) = gvu, (VV“F(Vuy), VYV F(Vay)) .

From (53), ®'(0) = —2 f,, F>(Vf)dm. Further, it is not difficult to prove that
tlim E(ut) = 0 (e.g. see [6][8]), and then, tlim ®'(t) = 0. Thus, we get the follow-
—00 —00

ing
1 2 °
Var,, (f) < —/ F%(Vf)dm — —/ </ g(t)dt> dm. (5.11)
K Jur K Ja \Jo
This completes the proof of Theorem Q.E.D.

As an application of Theorem [[.3] the following result is natural.

Corollary 5.5 Suppose that (M, F,m) is closed and satisfies m(M) =1 and Ric™ >
K > 0. Let A\ be the first (nonzero) eigenvalue of the Finsler Laplacian. Then

A > K 46, (5.12)

0:= i?f ﬁ(f) /M (/000 g(t)dt) dm.

where
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