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Some inequalities on Finsler manifolds with weighted

Ricci curvature bounded below ∗

Xinyue Cheng & Zhongmin Shen

Abstract

We establish some important inequalities under a lower weighted Ricci cur-

vature bound on Finsler manifolds. Firstly, we establish a relative volume com-

parison of Bishop-Gromov type. As one of the applications, we obtain an upper

bound for volumes of the Finsler manifolds. Further, when the S-curvature is

bounded on the whole manifold, we obtain a theorem of Bonnet-Myers type on

Finsler manifolds. Finally, we obtain a sharp Poincaré-Lichnerowicz inequality by

using integrated Bochner inequality, from which we obtain a sharp lower bound

for the first eigenvalue on the Finsler manifolds.
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1 Introduction

Similar to Riemannian case, Finsler manifolds with Ricci curvature bounded below
are always of some amazing properties. For example, the second author proved the
Gromov-Bishop volume comparison theorem in Finsler geometry under the condition
that Ric ≥ (n−1)λ. As an application, he obtained some precompactness and finiteness
theorems for Finsler manifolds ([10]). Later, Ohta proved a new version of the Gromov-
Bishop volume comparison theorem on Finsler manifolds with weighted Ricci curvature
bounded below, RicN ≥ K for someK ∈ R andN ∈ [n,∞) ([5]). On the other hand, by
using Bochner-Weitzenböck type formula, Wang-Xia obtained a sharp lower bound for
the first (nonzero) Neumann eigenvalue of Finsler-Laplacian in Finsler manifolds with
weighted Ricci curvature RicN bounded below ([13]). Q. Xia gave an (integrated) p(>
1)-Bochner-Weitzenböck formula and the p-Reilly type formula on Finsler manifolds.
As applications, she obtained the p-Poincaré inequality on an n-dimensional compact
Finsler manifold without boundary or with convex boundary under the assumption
that RicN ≥ K for N ∈ [n,∞] and K ∈ R (see [16]).

In this paper, our main aim is to educe some important inequalities on Finsler
manifolds with weighted Ricci curvature Ric∞ bounded below. The paper actually
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consists of two parts: the first part is dedicated to the geometry of Finsler manifolds
and the second part is dedicated to the analysis on Finsler manifolds.

Let (M,F,m) be an n-dimensional Finsler manifold with a smooth measure m and
dmBH denotes the Busemann-Hausdorff volume form of F . Then there is a positive
smooth function φ on M such that

dm = φ(x)dmBH .

Now, let 0 ≤ ρo < to ≤ +∞ and χ : (ρo, to) → (0,+∞) be a C∞ function such that
limt→0+ χ(t) = 0 if ρo = 0 and limt→t−o

χ(t) = 0 if to < +∞. Typical examples are

χ(t) = sinn−1(t) or χ(t) = tn−1. Fix p ∈ M . Let ρ(x) := dF (p, x) be the distance
function and dp := supx∈M dF (p, x). From now on, we always assume that dp ≤ to in
our discussions. Then, under an upper bound on ∆ρ controlled by a function χ(ρ) of
ρ, we can obtain the following relative volume comparison of Bishop-Gromov type for
the geodesic balls with respect to m.

Theorem 1.1 Let (M,F,m) be an n-dimensional forward complete Finsler manifold
equipped with a smooth volume form dm = φ(x)dmBH and p ∈ M . Suppose that the
distance function ρ(x) = dF (p, x) satisfies

∆ρ(x) ≤ d

dρ

[
lnχ(ρ)

]
|ρ=ρ(x), x ∈ Ωp \Bp(ρo) (1.1)

for a function χ(t) as above, where Ωp denotes the cut-domain at p. Then for ρo <
r < R < to,

Vol(Bp(R) \Bp(ρo))
Vol(Bp(r) \Bp(ρo))

≤
∫ R
ρo
χ(t)dt

∫ r
ρo
χ(t)dt

. (1.2)

Moreover, if ρo = 0 and χ(t) = tn−1{1 +O(t)}, then for 0 < r < R < to

Vol(Bp(R) \Bp(r)) ≤ φ(p)ωn−1

∫ R

r

χ(t)dt, (1.3)

where Bp(R) denotes the geodesic ball of radius R at the center p and ωn−1 = Vol(Sn−1(1))
denotes the volume of the standard unit sphere in Rn.

We must point out that, under certain curvature bounds on the Ricci curvature and
the S-curvature, one can find χ(t) such that (1.1) holds (e.g. [8][14][15]). However, in
order to get an absolute upper bound on the volume of geodesic ball, one must get a
function χ(t) with the property χ(t) = tn−1{1 +O(t)}.

Theorem 1.2 Let (M,F,m) be an n-dimensional forward complete Finsler manifold
equipped with a smooth volume form dm = φ(x)dmBH and p ∈M . Suppose that there
are constants K > 0 and δ ≥ 0 such that

Ric∞ ≥ K > 0, S|
Bp(

π
2

√
n−1

K
)
≥ −δ, (1.4)
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where S denotes the S-curvature of F . Then the volume of M is bounded by a constant
depending on n, K and δ,

Vol(M) ≤ φ(p)K−n/2c
(
n,

δ√
K

)
,

where c
(
n, δ√

K

)
is a constant depending only on n and δ√

K
.

It is known that for a complete Riemannian manifold with a volume form, if Ric∞

is strictly positive, then the volume is finite. Theorem 1.2 shows that this is true
for Finsler manifolds and gives an estimate of upper bound of the volume. However,
the Ricci curvature bound Ric∞ ≥ K > 0 does not control the size of the Finsler
manifold and the volume of metric balls. Thus the lower bound on the S-curvature
cannot dropped. Further, if one assumes that |S| ≤ δ on the whole manifold, then
M must be compact with Diam(M) ≤ C(n,K, δ) and the volume is bounded too,
Vol(M) ≤ φ(p)K−n/2C(n, δ√

K
). See Theorem 4.1 below for details.

Finally, let us consider an analytic problem on Finsler manifolds with weighted
Ricci curvature Ric∞ bounded below. Starting from (5.3), we can get the following
inequality.

Theorem 1.3 (Poincaré-Lichnerowicz inequality) Suppose that (M,F,m) is closed
and satisfies m(M) = 1 and Ric∞ ≥ K > 0. Then, for any f ∈ H1(M), we have
the following

Varm(f) ≤ 1

K

∫

M

F 2(∇f)dm− 2

K

∫

M

(∫ ∞

0

g(t)dt

)
dm, (1.5)

where Varm(f) denotes the variance of f and

g(t) := g∇ut

(
∇∇utF (∇ut),∇∇utF (∇ut)

)
,

(ut)t≥0 is the global solution to the heat equation with u0 = f .

In [6], Ohta obtained Poincaré-Lichnerowicz inequality under the condition that
Ric∞ ≥ K > 0 as follows

Varm(f) ≤ 1

K

∫

M

F 2(∇f)dm. (1.6)

Note that (1.5) is stronger than (1.6).
For a closed Finsler manifold (M,F,m) with m(M) = 1, the first eigenvalue λ1 is

defined by ([2][12])

λ1 := inf
f

∫
M
F 2(∇f)dm
Varm(f)

.

Under the assumption that Ric∞ ≥ K > 0, we get from (1.6) that

λ1 ≥ K.
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However, according to Theorem 1.3, the above estimate is not sharp, namely, we can
get from (1.5) that λ1 ≥ K + δ, where

δ := inf
f

2

Varm(f)

∫

M

(∫ ∞

0

g(t)dt

)
dm.

The paper is organized as follows. In Section 2, we give some necessary definitions
and notations. Then we derive a relative volume comparison of Bishop-Gromov type
and give the proof of Theorem 1.2 based on Theorem 1.1 in Section 3. Further, when
the S-curvature is bounded on the whole manifold, we obtain a theorem of Bonnet-
Myers type on Finsler manifolds (that is, Theorem 4.1) in Section 4. Finally, the
proof of a sharp Poincaré-Lichnerowicz inequality and a sharp lower bound for the first
eigenvalue on Finsler manifolds are given in Section 5.

2 Preliminaries

Let M be an n-dimensional manifold. A Finsler metric F on M is a non-negative
function on TM such that F is C∞ on TM\{0} and the restriction Fx := F |TxM is
a Minkowski function on TxM for all x ∈ M . For Finsler metric F on M , there is
a Finsler co-metric F ∗ on M which is non-negative function on the cotangent bundle
T ∗M given by

F ∗(x, ξ) := sup
y∈TxM\{0}

ξ(y)

F (x, y)
, ∀ξ ∈ T ∗

xM. (2.1)

We call F ∗ the dual Finsler metric of F . Finsler metric F and its dual Finsler metric
F ∗ satisfy the following relation.

Lemma 2.1 (Lemma 3.1.1, [12]) Let F be a Finsler metric on M and F ∗ its dual
Finsler metric. For any vector y ∈ TxM \{0}, x ∈M , the covector ξ = gy(y, ·) ∈ T ∗

xM
satisfies

F (x, y) = F ∗(x, ξ) =
ξ(y)

F (x, y)
. (2.2)

Conversely, for any covector ξ ∈ T ∗
xM \{0}, there exists a unique vector y ∈ TxM \{0}

such that ξ = gy(y, ·) ∈ T ∗
xM .

Naturally, by Lemma 2.1, we define a map L : TM → T ∗M by

L(y) :=
{
gy(y, ·), y 6= 0,
0, y = 0.

It follows from (2.2) that
F (x, y) = F ∗(x,L(y)). (2.3)

Thus L is a norm-preserving transformation. We call L the Legendre transformation
on Finsler manifold (M,F ).
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Take a basis {bi}ni=1 for TM and its dual basis {θi}ni=1 for T ∗M . Express ξ =
L(y) = ξiθ

i. Then
ξi = gij(x, y)y

j , (2.4)

where gij(x, y) :=
1
2

[
F 2

]
yiyj

(x, y). Let

g∗kl(x, ξ) :=
1

2

[
F ∗2]

ξkξl
(x, ξ). (2.5)

For any ξ = L(y), differentiating F 2(x, y) = F ∗2(x,L(y)) with respect to yi yields

1

2

[
F 2

]
yi
(x, y) =

1

2

[
F ∗2]

ξk
(x, ξ)gik(x, y),

which implies

g∗kl(x, ξ)ξl =
1

2

[
F ∗2]

ξk
(x, ξ) =

1

2
gik(x, y)

[
F 2

]
yi
(x, y) = yk. (2.6)

Then, we can get (see [2][12])

g∗kl(x, ξ) = gkl(x, y), (2.7)

where (gkl(x, y)) = (gkl(x, y))
−1.

Given a smooth function u on M , the differential dux at any point x ∈M ,

dux =
∂u

∂xi
(x)dxi

is a linear function on TxM . We define the gradient vector ∇u(x) of u at x ∈ M by
∇u(x) := L−1 (du(x)) ∈ TxM . In a local coordinate system, by (2.6), we can express
∇u as

∇u(x) =
{
g∗ij(x, du) ∂u∂xi

∂
∂xj , x ∈Mu,

0, x ∈M \Mu,
(2.8)

where Mu = {x ∈M | du(x) 6= 0}. Further, by Lemma 2.1, we have the following

dux(v) = g∇ux
(∇ux, v), ∀v ∈ TxM (2.9)

and

F (x,∇ux) = F ∗(x, dux) =
dux(∇ux)
F (x,∇ux)

. (2.10)

We must be careful when du(x) = 0, because g∗ij(du(x)) is not defined and the Legen-
dre transform L−1 is only continuous at the zero section. Besides, if u ∈ Cl(M), then
∇u is Cl−1 on Mu whereas only continuous on M\Mu.

Let (M,F,m) be a Finsler manifold equipped with a measure m on M. Given
an open set Ω ⊂ M, let H1

loc(Ω) be the space of weakly differentiable functions u
on Ω such that both u and F ∗(du) belong to L2

loc(Ω). Define the energy functional
EΩ : H1

loc(Ω) −→ [0,∞] by

EΩ(u) :=
∫
Ω F

∗(x, du)2dm∫
Ω
u2dm

=

∫
Ω F (∇u)2dm∫

Ω
u2dm

. (2.11)

5



Further, define the Sobolev space H1(Ω) :=W 1,2(Ω) as a space of functions u ∈ L2(M)
with

∫
M [F (∇u)]2dm < ∞, which is a Banach space with respect to the (absolutely

homogeneous) Sobolev norm

‖u‖H1(Ω) :=

{
‖u‖L2(Ω) +

1

2
‖F (∇u)‖L2(Ω) +

1

2
‖F (∇(−u)) ‖L2(Ω)

}1/2

.

Let H1
0 (Ω) be the closure of C∞

c (Ω) in H1(Ω), where C∞
c (Ω) denotes the set of C∞-

functions on Ω with compact support.
Associated with the measure m on M , we first decomposed the volume form dm of

m as dm = eΦdx1dx2 · · · dxn. Then the divergence of a differentiable vector field V on
M is defined by

divmV :=
∂V i

∂xi
+ V i

∂Φ

∂xi
, V = V i

∂

∂xi
. (2.12)

One can also define divmV in the weak form by following divergence formula:
∫

M

φ divmV dm = −
∫

M

dφ(V ) dm (2.13)

for all φ ∈ C∞
c (M).

Now we define the Finsler Laplacian ∆u of u ∈ H1
loc(M) by

∆u := divm(∇u). (2.14)

Equivalently, we can define Laplacian ∆u on the whole M in the weak sense by
∫

M

φ ∆u dm := −
∫

M

dφ(∇u)dm (2.15)

for all φ ∈ C∞
c (M).

From (2.14), Finsler Laplacian is a nonlinear elliptic differential operator of the
second order. Moreover, since the gradient vector field ∇u is merely continuous on
M\Mu, even when u ∈ C∞(M), it is necessary to introduce the Laplacian in the weak
form as (2.15).

By the definitions, we have the following for any smooth function ϕ on M ,

divm(ϕ∇u) = ϕ∆u + dϕ(∇u). (2.16)

Let V = V i ∂
∂xk be a nonzero measurable vector field on M. One can introduce a

weighted Riemannian metric gV on M via

gV (X,Y ) = gij(x, V )X iY j , for X,Y ∈ TxM.

In particular, gV (V, V ) = F 2(x, V ). For u ∈ H1
loc(M) such that du = 0 almost every-

where on {x ∈ M | V (x) = 0} (in other words, V 6= 0 almost everywhere on Mu ), we
can define the linearized gradient vector and the linearized Laplacian on the weighted
Riemannian manifold (M, gV ,m) by

∇V u :=

{
gij(x, V ) ∂u∂xj

∂
∂xi on Mu,

0 on M\Mu,
∆V u := divm

(
∇V u

)
. (2.17)
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It is easy to get the following by (2.17): for any u ∈ H1
loc(M), we have

∇∇uu = ∇u, ∆∇uu = ∆u. (2.18)

Further, for any f1, f2 ∈ H1
loc(M) satisfying df1 = df2 = 0 almost everywhere on

M\Mu, we have
df2

(
∇∇uf1

)
= df1

(
∇∇uf2

)
. (2.19)

Finsler geometry is just Riemannian geometry without the quadratic restriction
([3]). The Ricci curvature in Finsler geometry is just a natural extension of the Ricci
curvature in Riemann geometry. However, we have a difficulty on the choice of a
measure in Finsler geometry, because it is impossible to choose a unique canonical
measure like the volume measure in the Riemannian setting. Naturally, by choosing
an arbitrary measure m on a Finsler manifold, Ohta modified the Ricci curvature and
defined the weighted Ricci curvature in Finsler geometry ([5]). Concretely, for an n-
dimensional Finsler manifold (M,F,m) equipped with a smooth measure m and for
any v ∈ TxM\{0}, let η : (−ε, ε) −→M be the geodesic with η̇(0) = v and decompose
the volume form dm of measure m along η as

dm = e−ψη

√
det (gij(η, η̇)) dx

1dx2 · · · dxn,

where ψη = ψη (η(t), η̇(t)) : (−ε, ε) −→ R is a C∞-function. Then, for N ∈ R\{n},
define the weighted Ricci curvature

RicN (v) := Ric(v) + ψ′′
η (0)−

ψ′
η(0)

2

N − n
. (2.20)

As the limits of N → ∞ and N ↓ n, we define the weighted Ricci curvatures as follows.

Ric∞(v) := Ric(v) + ψ′′
η (0),

Ricn(v) :=

{
Ric(v) + ψ′′

η (0) if ψ′
η(0) = 0,

−∞ if ψ′
η(0) 6= 0.

(2.21)

Note that the quantity ψ′
η(0) = S(x, v) is just the S-curvature with respect to the

measure m and ψ′′
η (0) = Ṡ(x, v) = S|m(x, v)vm in Finsler geometry, where “|” denotes

the horizontal covariant derivative with respect to the Chern connection ([4][5]). Hence
we can rewrite RicN (v) as

RicN (v) := Ric(v) + Ṡ(x, v)− S(x, v)2

N − n
. (2.22)

From (2.22), we can get the following further description about the weighted Ricci
curvature in Finsler geometry. Let (M,F,m) be an n-dimensional Finsler manifold
with dm = σ(x)dx1 · · · dxn. Let Y be a C∞ geodesic field on an open subset U ⊂ M
and ĝ = gY . Let

dm := e−ψVolĝ, Volĝ =
√
det (gij (x, Yx))dx

1 · · · dxn.
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It is easy to see that ψ is given by

ψ(x) = ln

√
det (gij (x, Yx))

σ(x)
= τ (x, Yx) ,

which is just the distortion along Yx at x ∈M ([4]). Let y := Yx ∈ TxM (that is, Y is
a geodesic extension of y ∈ TxM). Then, by the definitions of the S-curvature and the
Hessian ([11][12]), we have

S(x, y) = y[τ(x, Yx)] = dψ(y),

Ṡ(x, y) = y[S(x, Y )] = y[Y (ψ)] = Hessψ(y).

Hence,

RicN (y) = Ric(y) + Hessψ(y)− dψ(y)2

N − n
. (2.23)

Obviously, (2.23) is an analogue of the weighted Ricci curvature in Riemannian geom-
etry.

3 A relative volume comparison of Bishop-Gromov

type and its applications

In this section, firstly we will derive a relative volume comparison of Bishop-Gromov
type and prove Theorem 1.1.

Let (M,F,m) be an n-dimensional forward complete Finsler manifold with a smooth
measure m. Let dmBH denote the volume form of the Busemann-Hausdorff measure
mBH of F . Then the volume form dm of m is a multiple of dmBH ,

dm = φ(x)dmBH .

These measures induce measures on hypersurfaces if a normal vector field is chosen.
Let p ∈ M . The volumes of a small geodesic sphere Sp(r) and a small geodesic ball
Bp(r) with respect to m are given by

Vol(Sp(r)) = φ(p)ωn−1r
n−1

{
1 +O(r)

}
, (3.1)

Vol(Bp(r)) = φ(p)
ωn−1

n
rn

{
1 +O(r)

}
, (3.2)

where ωn−1 = Vol(Sn−1(1)) and Sp(r) denotes the geodesic sphere of radius r at center
p. See [12].

Let Ωp be the cut-domain – the open domain enclosed by the cut-locus Cut(p) at

p. The distance function ρ(x) = dF (p, x) is C
∞ on Ωp \ {p}. Then S̃p(t) := Sp(t) ∩Ωp

is a C∞ hypersurface in M for t > 0. The volume form dm induces a volume form dAt
on S̃p(t). On the other hand, the volume form dm determines the volume form dmp on
TpM . dmp induces the volume form dAp on SpM := {y ∈ TpM | F (p, y) = 1}. Define
a map ϕt : SpM →M by

ϕt(y) := expp(ty), y ∈ SpM. (3.3)
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Set
(ϕt)

∗dAt = ηt(y)dAp. (3.4)

The function ηt(y) is positive for 0 < t < iy (the cut-value of y). For a small s > 0,

Vol(Sp(s)) =

∫

Sp(s)

dAs =

∫

SpM

ηs(y)dAp.

Further, the Laplace of ρ(x) with respect to F and dm can be expressed by

∆ρ|S̃p(t)
=

d

dt

[
ln ηt(y)

]
. (3.5)

This is the link between the volume of geodesic spheres Sp(r) and the Laplace of the
distance function ∆ρ(x) (see (16.6) and Proposition 14.3.1 in [12]).

Let 0 ≤ ρo < to ≤ ∞ and χ : (ρo, to) → (0,∞) be a C∞ function such that
limt→0+ χ(t) = 0 if ρo = 0 and limt→t+o

χ(t) = 0 if to < ∞. Assume that dp :=
supx∈M dF (p, x) ≤ to and

∆ρ(x) ≤ d

dt

[
lnχ(t)

]
|t=ρ(x), ∀x ∈ Ωp \Bp(ρo). (3.6)

By (3.5) and (3.6), we get

d

dt

[
ln ηt(y)

]
≤ χ′(t)

χ(t)
, ρo < t < iy.

This implies that
d

dt

[
ln
ηt(y)

χ(t)

]
≤ 0, ρo < t < iy.

Thus ηt(y)/χ(t) is non-increasing monotonically. Let η̃t(y) := ηt(y) for ρo ≤ t < iy and
η̃t(y) = 0 for t ≥ iy. Then η̃t(y)/χ(t) is non-increasing monotonically for ρo < t < to,
that is,

η̃t(y)

χ(t)
≤ η̃s(y)

χ(s)
, ρo < s < t < to.

Integrating it over SpM with respect to dAp, we get

Vol(S̃p(t))

χ(t)
≤ Vol(S̃p(s))

χ(s)
, ρo < s < t < to. (3.7)

Rewrite (3.7) as

Vol(S̃p(t))χ(s) ≤ Vol(S̃p(s))χ(t), ρo < s < t < to. (3.8)

Let ρo < r < R < to. Fix t ∈ [r, R]. Integrating (3.8) with respect to s ∈ [ρo, r], we get

Vol(S̃p(t))

∫ r

ρo

χ(s)ds ≤ Vol(Bp(r) \Bp(ρo))χ(t), r ≤ t ≤ R.

9



Then integrating it with respect to t ∈ [r, R], we get

Vol(Bp(R) \Bp(r))
∫ r

ρo

χ(s)ds ≤ Vol(Bp(r) \Bp(ρo))
∫ R

r

χ(t)dt. (3.9)

By adding Vol(Bp(r) \Bp(ρo))
∫ r
ρo
χ(t)dt to both sides of (3.9), we get

Vol(Bp(R) \Bp(ρo))
∫ r

ρo

χ(t)dt ≤ Vol(Bp(r) \Bp(ρo))
∫ R

ρo

χ(t)dt.

Then, we obtain

Vol(Bp(R) \Bp(ρo))
Vol(Bp(r) \Bp(ρo))

≤
∫ R
ρ0
χ(t)dt

∫ r
ρ0
χ(t)dt

.

It is just (1.2).
From (3.9), we also get

Vol(Bp(R) \Bp(r))∫ R
r
χ(t)dt

≤ Vol(Bp(r) \Bp(ρo))∫ r
ρo
χ(t)dt

. (3.10)

Now, assume that ρo = 0. It follows from (3.10) that

Vol(Bp(R) \Bp(r))∫ R
r
χ(t)dt

≤ Vol(Bp(r))∫ r
0 χ(t)dt

. (3.11)

Further, assume that

χ(t) = tn−1{1 +O(t)
}
.

By (3.2), we have

lim
r→0

Vol(Bp(r))∫ r
0
χ(t)dt

= φ(p)ωn−1.

Letting r → 0+ in (3.11) yields

Vol(Bp(R))∫ R
0
χ(t)dt

≤ φ(p)ωn−1. (3.12)

Replacing R by r in (3.12) and applying the result to (3.11), we get

Vol(Bp(R) \Bp(r))∫ R
r χ(t)dt

≤ φ(p)ωn−1. (3.13)

This gives rise to (1.3). This completes the proof of Theorem 1.1.

In the following, we will show that we can find some χ(t) satisfying the conditions
in Theorem 1.1. Firstly, define

sc(t) :=





1√
c
sin(

√
ct) for c > 0,

t for c = 0,
1√
−c sinh(

√
−ct) for c < 0.

(3.14)
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Note that sc(t) is the solution to the differential equation

f ′′ + cf = 0, f(0) = 0, f ′(0) = 1.

Further, define

ctc(t) :=
s′c(t)

sc(t)
=





√
c · cotan(√ct) for c > 0,

1
t for c = 0,√
−c · cotanh(

√
−ct) for c < 0.

(3.15)

Let ĝ := g∇ρ denote the induced Riemannian metric on Ωp and ∆̂ denote the

Laplacian on (M, ĝ,Volĝ). Let dm = e−fVolĝ. It is proved in [12] that ∇ρ = ∇̂ρ is a
geodesic field of F and ĝ and

S(x,∇ρx) = dfx(∇̂ρx), Ric(x,∇ρx) = R̂ic(x, ∇̂ρx), Hessf(∇ρx) = Ĥessf(∇̂ρx).
(3.16)

Then

Ric∞(x,∇ρx) = R̂ic
∞
(x, ∇̂ρx) := R̂ic(x, ∇̂ρx) + Hessf(∇ρx)

RicN (x,∇ρx) = R̂ic
N
(x, ∇̂ρx) := R̂ic(x, ∇̂ρx) + Hessf(∇ρx)−

1

N − n
[dfx(∇̂ρx)]2.

Further,
∆ρ = ∆̂fρ := ∆̂ρ− df(∇̂ρ) = ∆̂ρ− dfx(∇̂ρx). (3.17)

Under the lower Ricci curvature bound Ric ≥ (n−1)c, we have R̂ic(x, ∇̂ρx) ≥ (n−)c.
Then

∆̂ρ ≤ (n− 1) ctc(ρ).

Under the lower S-curvature bound S ≥ −δ, we have dfx(∇̂ρx) ≥ −δ. Then

∆ρ ≤ (n− 1) ctc(ρ) + δ.

This leads to the following

Lemma 3.1 (Laplacian comparison, [12][15]) Let (M,F, dm) be an n-dimensional
Finsler manifold with Ricci curvature satisfying Ric ≥ (n− 1)c and S ≥ −δ. Then the
following holds whenever the distance function ρ = ρ(x) is smooth

∆ρ ≤ d

dt

[
lnχ(t)

]
|t=ρ(x), (3.18)

where χ(t) = sc(t)
n−1eδt, 0 < t < dp.

Then, by Theorem 1.1 and Lemma 3.1, we can obtain a volume comparison theorem
of Bishop-Gromov type given in [10].

Assume the lower Ricci curvature bound Ric∞ ≥ (n − 1)c, then R̂ic
∞
(x, ∇̂ρx) ≥

(n− 1)c. Then we obtain the following lemma by applying a result in [14].
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Lemma 3.2 (Laplacian comparison, [14][17]) Let (M,F,m) be an n-dimensional Finsler
manifold with weighted Ricci curvature satisfying Ric∞ ≥ (n− 1)c. Then the following
bound on ∆ρ holds.

(a) If S ≥ −δ, then the following holds on Ωp ∩Bp(ro),

∆ρ ≤ d

dt

[
lnχ(t)

]
|t=ρ(x),

where χ(t) = [sc(t)]
n−1eδt, 0 < t < ro. Here ro = +∞ when c ≤ 0 and ro =

π
2
√
c

when c > 0.

(b) If the distortion τ satisfies that |τ | ≤ k, then the following holds on Ωp ∩Bp(ro),

∆ρ ≤ d

dt

[
lnχ(t)

]
|t=ρ(x),

where χ(t) := [sc(t)]
n+4k−1, 0 < t < ro. Here ro := +∞ when c ≤ 0 and

ro = π/(4
√
c) when c > 0.

Remark 3.3 Lemma 3.2(a) is similar to Lemma 3.1. However, in the case when
c > 0, it might be possible that ro < dp. Thus Theorem 1.1 holds only for 0 ≤ ρo < r <
R < ro. By Theorem 1.1 and Lemma 3.2, we can obtain a volume comparison theorem
of Bishop-Gromov type for metric balls of radius less than ro. See [17].

Lemma 3.4 (Laplacian comparison, [8]) Let (M,F,m) be forward or backward com-
plete and assume that RicN ≥ (N − 1)K for some K ∈ R and N ∈ [n,∞). Then, for
any p ∈M, the distance function ρ(x) := dF (p, x) satisfies the following on Ωp

∆ρ(x) ≤ d

dt

[
lnχ(t)

]
|t=ρ(x) (3.19)

where χ(t) := [sK(t)]N−1, 0 < t < ro. Here ro = π/
√
K when K > 0.

By Theorem 1.1 and Lemma 3.4, we can obtain a volume comparison theorem of
Bishop-Gromov type given in [5].

Assume that
Ric∞ ≥ K.

This implies that R̂ic
∞
(x, ∇̂ρx) ≥ K. By Theorem 3.1 in [14], along a minimal geodesic

γ(t), 0 ≤ t ≤ to from γ(0) = p, for any 0 < ρo < r < to,

∆̂fρ|γ(r) ≤ ∆̂fρ|γ(ρo) −K(r − ρo). (3.20)

Then
∆ρ(x) ≤ ∆ρ(x′)−K{ρ(x)− ρo}, ρ(x) > ρo,

where x′ ∈ Sp(ρo) is on the minimal geodesic from p to x. We assume that 0 < ρo < ip.
Then Sp(ρo) is a smooth hypersurface in Ωp. Let

mo := sup
ρ(x′)=ρo

∆ρ(x′) < +∞.

12



Then
∆ρ(x) ≤ mo −K{ρ(x)− ρo}, ρ(x) > ρo.

This leads to the following

Lemma 3.5 (Laplacian comparison, [14][17]) Let (M,F,m) be an n-dimensional
Finsler manifold with weighted Ricci curvature satisfying Ric∞ ≥ K. Then, for any
p ∈ M , the following holds whenever the distance function ρ(x) := dF (p, x) is smooth
and ρ(x) > ρo

∆ρ ≤ d

dt

[
lnχ(t)

]
|t=ρ(x), (3.21)

where χ(t) = emo(t−ρo)− 1
2
K(t−ρo)2 , ρo < t <∞.

Proof of Theorem 1.2: We assume that

Ric∞ ≥ K > 0, S|
Bp(

π
2

√
n−1

K
)
≥ −δ.

Then Ric∞ ≥ (n− 1)c with c = K/(n− 1).
Let

r :=
π

2

√
n− 1

K
.

By Lemma 3.2 (a), the following holds on Bp(r),

∆ρ ≤ d

dt

[
lnχo(t)

]
|t=ρ(x), ρ(x) < r (3.22)

where χo(t) := [sc(t)]
n−1eδt where c = K

n−1 . Note that χo(t) = tn−1{1 + O(t)}. By
(3.12),

Vol(Bp(r)) ≤ φ(p)ωn−1

∫ r

0

[sc(t)]
n−1eδtdt

= φ(p)ωn−1

(n− 1

K

)n/2 ∫ π/2

0

sinn−1(s)eδ
√

n−1

K
sds, (3.23)

Suppose that
dp ≤ r.

Then

Vol(M) = Vol(Bp(r)) ≤ φ(p)K−n/2c
(
n,

δ√
K

)
.

We now assume that

dp > r =
π

2

√
n− 1

K
.

In this case, the manifold might noncompact, i.e. dp = +∞. Let ρo := r/2. By (3.22),
we have

mo = sup
ρ(x)=ρo

∆ρ ≤ d

dt

[
lnχo(t)

]
t=ρo

=
√
(n− 1)K + δ.

13



Let
χ(t) := e(

√
(n−1)K+δ)(t−ρo)−K

2
(t−ρo)2 . (3.24)

Then by Lemma 3.5, the following holds on M \Bp(ρo),

∆ρ ≤ d

dt

[
lnχ(t)

]
|t=ρ(x), ρ(x) > ρo. (3.25)

It follows from Theorem 1.1 that for ρ0 < r < R ≤ dp,

Vol(Bp(R)) ≤ Vol(Bp(ρo)) +
Vol(Bp(r) \Bp(ρo))∫ r

ρo
χ(t)dt

∫ R

ρo

χ(t)dt. (3.26)

It follows from (3.26) that

Vol(M) ≤ Vol(Bp(ρo)) +
Vol(Bp(r) \Bp(ρo))∫ r

ρo
χ(t)dt

∫ ∞

ρo

χ(t)dt. (3.27)

We now estimate each term in (3.27). Similar to (3.23), we have

Vol(Bp(ρo)) ≤ φ(p)ωn−1

∫ ρo

0

[sc(t)]
n−1eδtdt

= φ(p)ωn−1

(n− 1

K

)n/2 ∫ π/4

0

sinn−1(s)e
δ

√
n−1√
K

s
ds. (3.28)

Further, by (1.3), we have

Vol(Bp(r) \Bp(ρo)) ≤ φ(p)ωn−1

∫ r

ρ0

[sc(t)]
n−1eδtdt

= φ(p)ωn−1

(n− 1

K

)n/2 ∫ π/2

π/4

sinn−1(s)e
δ

√
n−1√
K

s
ds. (3.29)

By substitution, we have
∫ r

ρo

χ(t)dt =
1√

(n− 1)K + δ

∫ h

0

es−
1
2
Kos

2

ds,

∫ ∞

ρo

χ(t)t =
1√

(n− 1)K + δ

∫ ∞

0

es−
1
2
Kos

2

ds,

where h = π
4

√
n− 1

(√
(n− 1) + δ/

√
K
)
and Ko := 1/(

√
n− 1 + δ/

√
K)2. Then by

(3.27), we get

Vol(M) ≤ φ(p)ωn−1

(n− 1

K

)n/2{∫ π/4

0

sinn−1(s)e
δ

√
n−1√
K

s
ds

+

∫ π/2
π/4 sinn−1(s)e

δ
√

n−1√
K

s
ds

∫ h
0 e

s− 1
2
Kos2ds

∫ ∞

0

es−
1
2
Kos

2

ds
}

=: φ(p)K−n/2c
(
n,

δ√
K

)
.

This completes the proof of Theorem 1.2.
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4 A Theorem of Bonnet-Myers type

Let (M,F,m) be an n-dimensional forward complete Finsler manifold with a smooth
volume form dm = φ(x)dmBH . The classical Bonnet-Myers Theorem in Finsler geom-
etry says that, if Ric ≥ (n− 1)K > 0, then M is in fact compact and Diam(M) ≤ π√

K

([1], Theorem 7.7.1). If the weighted Ricci curvature satisfies RicN ≥ (N − 1)K >
0, N ∈ [n,∞), then Diam(M) ≤ π√

K
([5]).

In this section, we will consider the case when the S-curvature is bounded on the
whole manifold and give a theorem of Bonnet-Myers type.

Theorem 4.1 Let (M,F,m) be an n-dimensional forward complete Finsler manifold
with a smooth volume form dm = φ(x)dmBH and p ∈M . Suppose that

Ric∞ ≥ K > 0, |S| ≤ δ.

Then the diameter and the volume is bounded.

Diam(M) ≤ π√
K

( δ√
K

+

√
δ2

K
+ n− 1

)
, (4.1)

Vol(M) ≤ φ(p)K−n/2C
(
n,

δ√
K

)
, (4.2)

where C
(
n, δ√

K

)
is a constant depending only on n and δ√

K
.

Proof: Firstly let N be an arbitrary number with

N > n+
δ2

K
.

Let

H :=
K(N − n)− δ2

(N − 1)(N − n)
> 0.

Then

RicN = Ric∞ − 1

N − n
S2 ≥ K − 1

N − n
δ2 = (N − 1)H > 0. (4.3)

By a theorem of Bonnet-Myers type proved by S. Ohta in [5],

Diam(M) ≤ π√
H
.

Then

Diam(M) ≤ fK,δ(N) := π

√
(N − 1)(N − n)

K(N − n)− δ2
.

The minimum value of fK,δ(N) over n+ δ2/K < N < +∞ is

min fK,δ =
πγ√
K
,
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where

γ :=
δ√
K

+

√
δ2

K
+ n− 1.

The minimum value is achieved when

N = n+
δγ√
K
.

This gives (4.1). In this case,

H =
K

γ2
.

It is tricky to estimate the volume of the manifolds since there is no upper bound
on Vol(B(p,R)) only under the weighted Ricci curvature bound RicN ≥ (N−1)H . We
shall use (3.26) to get an upper bound on Vol(M) = Vol(Bp(R)) with R = π/

√
H .

Let

r :=
π

2

√
n− 1

K
.

Firstly suppose that
dp ≤ r.

Then by (3.23), we get

Vol(M) = Vol(Bp(r)) ≤ φ(p)K−n/2C
(
n,

δ√
K

)
,

where C
(
n, δ√

K

)
:= (n− 1)n/2

∫ π/2
0 sinn−1(s)eδ

√
n−1

K
sds.

We now assume that r < dp ≤ πγ/
√
K. Let ρo = r/2. By Lemma 3.2 (a), we have

got two bounds (3.28) and (3.29) on Vol(Bp(ρo)) and Vol(Bp(r)\Bp(ρo)), respectively.
On the other hand, from (4.3) and by Lemma 3.4 and Theorem 1.1, we can get an
upper bound on Vol(Bp(R)) for χ(t) := [sH(t)]N−1 and R = π/

√
H by (3.26). Then

we obtain an upper bound on Vol(M) = Vol(Bp(R)) as following

Vol(M) ≤ Vol(Bp(ρo)) +
Vol(Bp(r) \Bp(ρo))∫ r

ρo
χ(t)dt

∫ R

ρo

χ(t)dt

≤ φ(p)ωn−1

(n− 1

K

)n/2{∫ π/4

0

sinn−1(s)eδ
√

n−1

K
sds

+

∫ π/2
π/4

sinn−1(s)eδ
√

n−1

K
sds

∫ 2h

h
sinN−1(s)ds

∫ π

h

sinN−1(s)ds
}
,

where

h :=
π

4

√
n− 1

γ
.

Thus there is a constant C(n, δ√
K
) depending only on n and δ√

K
such that

Vol(M) ≤ φ(p)K−n/2C
(
n,

δ√
K

)
.
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Note that when δ = 0, γ =
√
n− 1, N = n and H = K/(n− 1). Then

Vol(M) ≤ φ(p)ωn−1

(n− 1

K

)n/2 ∫ π

0

sinn−1(s)ds.

Clearly, this is a sharp bound. This completes the proof of Theorem 4.1. Q.E.D.

5 Poincaré-Lichnerowicz inequality

Let (M,F,m) be a Finsler manifold equipped with a measure m on M . In order
to prove Theorem 1.3, we need some necessary lemmas. Firstly, we have the following
lemma.

Lemma 5.1 ([7]) If (M,F,m) satisfies that ΛF < ∞, m(M) < ∞ and is complete,
then the constant function 1 belongs to H1

0 (M), where ΛF denotes the reversibility
constant of F .

In our discussions, (M,F,m) always satisfies that ΛF < ∞. Further, we have the
following result.

Lemma 5.2 For any f, u ∈ H1
loc(M) satisfying df = 0 almost everywhere on M\Mu,

we have
∆∇uf2 = 2f∆∇uf + 2g∇u

(
∇∇uf ,∇∇uf

)
, (5.1)

equivalently,

f∆∇uf =
1

2
∆∇uf2 − g∇u

(
∇∇uf ,∇∇uf

)
. (5.2)

Proof. By (2.17), we have
∇∇uf2 = 2f∇∇uf.

Further, by (2.16) and (2.17), we have

∆∇uf2 = divm
(
∇∇uf2

)
= divm(2f∇∇uf)

= 2f∆∇uf + 2df(∇∇uf).

It is easy to see that
df(∇∇uf) = g∇u

(
∇∇uf ,∇∇uf

)
.

Thus we get (5.1). Q.E.D.

In the following, we say that Ric∞ ≥ K for some K ∈ R if Ric∞(v) ≥ KF 2(x, v)
for all x ∈ M and v ∈ TxM . The following integrated form of the improved Bochner
inequality is important for our discussion in this section.

Lemma 5.3 (Integrated form, [7]) Assume that Ric∞ ≥ K for some K ∈ R. Then,
given u ∈ H2

loc(M) ∩ C1(M) such that ∆u ∈ H1
loc(M), we have

−
∫

M

dφ

(
∇∇u

[
F 2(∇u)

2

])
dm

≥
∫

M

φ
{
d(∆u)(∇u) +KF 2(∇u) + d[F (∇u)]

(
∇∇u[F (∇u)]

)}
dm (5.3)
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for all nonnegative functions φ ∈ H1
0 (M) ∩ L∞(M).

The following lemma is derived from Lemma 5.3 and is necessary for the proof of
Theorem 1.3.

Lemma 5.4 Assume that (M,F,m) is compact and satisfies Ric∞ ≥ K > 0. Then ,
for any u ∈ H2(M) ∩ C1(M) such that ∆u ∈ H1(M), we have

∫

M

F 2(∇u)dm ≤ 1

K

{∫

M

(∆u)2dm−
∫

M

g∇u
(
∇∇uF (∇u),∇∇uF (∇u)

)
dm

}
. (5.4)

Proof. From (5.3) and by taking test function φ ≡ 1 according to Lemma 5.1, we have
the following

∫

M

{
d(∆u)(∇u) +KF 2(∇u) + d[F (∇u)]

(
∇∇u[F (∇u)]

)}
dm ≤ 0. (5.5)

Noticing that
∫

M

d(∆u)(∇u)dm = −
∫

M

(∆u)2dm = −‖∆u‖2L2,

∫

M

d[F (∇u)]
(
∇∇u[F (∇u)]

)
= −

∫

M

F (∇u)∆∇u [F (∇u)] dm,

(5.5) becomes

K

∫

M

F 2(∇u)dm ≤
∫

M

(∆u)2dm+

∫

M

F (∇u)∆∇u [F (∇u)] dm.

Further, by Lemma 5.2, we have

K

∫

M

F 2(∇u)dm ≤
∫

M

(∆u)2dm+

∫

M

∆∇u
[
F 2(∇u)

2

]
dm

−
∫

M

g∇u
(
∇∇uF (∇u),∇∇uF (∇u)

)
dm

=

∫

M

(∆u)2dm−
∫

M

g∇u
(
∇∇uF (∇u),∇∇uF (∇u)

)
dm.

From this, we obtain (5.4). Q.E.D.

In the following, normalizing m as m(M) = 1, we define the variance of f ∈ L2(M)
as

Varm(f) :=

∫

M

(
f −

∫

M

fdm

)2

dm =

∫

M

f2dm−
(∫

M

fdm

)2

. (5.6)

Further, for any f ∈ H1(M), let (ut)t≥0 be the global solution to the heat equation
∂tut = ∆ut with u0 = f . By the properties of the linearized heat semigroups, we have
the mass conservation ∫

M

utdm =

∫

M

fdm (5.7)
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and ergodicity

lim
t→∞

ut =

∫

M

fdm (5.8)

in L2(M) (see [6][7]).
Now we are in the position to prove Theorem 1.3.

Proof of Theorem 1.3. Let (ut)t≥0 be the global solution to the heat equation with
u0 = f . Put Φ(t) := ‖ut‖2L2 =

∫
M
u2tdm. Then the ergodicity (5.8) implies that

lim
t→∞

Φ(t) = lim
t→∞

∫

M

u2tdm =

(∫

M

fdm

)2

and

Varm(f) =

∫

M

f2dm−
(∫

M

fdm

)2

= Φ(0)− lim
t→∞

Φ(t) = −
∫ ∞

0

Φ′(t)dt.

On the other hand, by the definition of Φ(t) , we know that

Φ′(t) = 2

∫

M

ut∆utdm = −2

∫

M

dut(∇ut)dm

= −2

∫

M

F 2 (∇ut) dm. (5.9)

By (4.2) in [9], we have the following

∂

∂t

[
F 2 (∇ut)

]
= 2d (∆ut) (∇ut) (5.10)

for all t > 0. Hence, from (5.9) and by (5.10), we have

Φ′′(t) = −4

∫

M

d (∆ut) (∇ut) dm = 4

∫

M

(∆ut)
2
dm = 4 ‖∆ut‖2L2

for all t > 0. Thus, from (5.4) for ut and by (5.9), we get the following

−1

2
Φ′(t) ≤ 1

4K
Φ′′(t)− 1

K

∫

M

g∇ut

(
∇∇utF (∇ut),∇∇utF (∇ut)

)
dm,

that is,

−Φ′(t) ≤ 1

2K
Φ′′(t)− 2

K

∫

M

g∇ut

(
∇∇utF (∇ut),∇∇utF (∇ut)

)
dm.

Then,

Varm(f) = −
∫ ∞

0

Φ′(t)dt

≤ 1

2K

(
lim
t→∞

Φ′(t)− Φ′(0)
)
− 2

K

∫

M

(∫ ∞

0

g(t)dt

)
dm,
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where
g(t) := g∇ut

(
∇∇utF (∇ut),∇∇utF (∇ut)

)
.

From (5.9), Φ′(0) = −2
∫
M F 2(∇f)dm. Further, it is not difficult to prove that

lim
t→∞

E(ut) = 0 (e.g. see [6][8]), and then, lim
t→∞

Φ′(t) = 0. Thus, we get the follow-

ing

Varm(f) ≤ 1

K

∫

M

F 2(∇f)dm− 2

K

∫

M

(∫ ∞

0

g(t)dt

)
dm. (5.11)

This completes the proof of Theorem 1.3. Q.E.D.

As an application of Theorem 1.3, the following result is natural.

Corollary 5.5 Suppose that (M,F,m) is closed and satisfies m(M) = 1 and Ric∞ ≥
K > 0. Let λ1 be the first (nonzero) eigenvalue of the Finsler Laplacian. Then

λ1 ≥ K + δ, (5.12)

where

δ := inf
f

2

Varm(f)

∫

M

(∫ ∞

0

g(t)dt

)
dm.
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