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Thermal-Boundary-Layer
Response to Convected Far-Field
Fluid Temperature Changes
Fluid flows of varying temperature occur in heat exchangers, nuclear reactors,
nonsteady-flow devices, and combustion engines, among other applications with heat
transfer processes that influence energy conversion efficiency. A general numerical
method was developed with the capability to predict the transient laminar thermal-
boundary-layer response for similar or nonsimilar flow and thermal behaviors. The
method was tested for the step change in the far-field flow temperature of a two-
dimensional semi-infinite flat plate with steady hydrodynamic boundary layer and con-
stant wall temperature assumptions. Changes in the magnitude and sign of the fluid-wall
temperature difference were considered, including flow with no initial temperature dif-
ference and built-up thermal boundary layer. The equations for momentum and energy
were solved based on the Keller-box finite-difference method. The accuracy of the method
was verified by comparing with related transient solutions, the steady-state solution, and
by grid independence tests. The existence of a similarity solution is shown for a step
change in the far-field temperature and is verified by the computed general solution.
Transient heat transfer correlations are presented, which indicate that both magnitude
and direction of heat transfer can be significantly different from predictions by quasi-
steady models commonly used. The deviation is greater and lasts longer for large Prandtl
number fluids. �DOI: 10.1115/1.2953239�

Keywords: thermal boundary layer, transient heat transfer, nonsteady flow, wave rotor
ntroduction
Nonsteady heat convection occurs in many natural and engi-

eered systems. Of particular interest is the flow of gases of vary-
ng temperatures in energy conversion devices. In such practical
pplications, classical steady heat transfer correlations are widely
sed, with an assumption of quasisteadiness. This may cause sig-
ificant heat transfer prediction errors in both direction and mag-
itude due to the transient thermal response. For example, Annand
nd Pinfold �1� measured the heat transfer rate to the internal
urface of an operating internal combustion engine and found that
he heat transfer rate is out of phase with the bulk-gas wall tem-
erature difference. Kornhauser and Smith �2� derived a complex
usselt number for the in-cylinder heat transfer during the com-
ression and expansion to account for the unsteady thermal effect
n heat transfer. These studies of gross heat transfer did not ex-
mine details of the boundary-layer transients.

Accurate knowledge of the time-varying thermal response is
ecessary in the design and transient operation of unsteady sys-
ems, such as regeneration heat exchangers, nuclear reactors, com-
ustion engines, shock tubes, and wave rotors. Significant fuel
fficiency and emission reduction benefits are offered by ma-
hines that exploit nonsteady flow, such as wave rotors and pulsed
ombustion devices �3–5�. These machines require an accurate
rediction of heat transfer in passages with varying gas tempera-
ures.

The convection of nonuniform fluid with a moving
emperature-step contact surface has important engineering appli-
ation in the channels of regenerative heat exchangers and wave
otors. These machines are typically constructed as rotating drums
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with a number of flow channels that admit different gases alter-
nately. The wave rotor, in particular, has been shown to have
potential to improve aircraft and gas turbine energy efficiency and
to reduce emission of greenhouse gases by 10–25%. Regenerative
heat exchangers also have important energy conversion benefits
�6�.

Using pressure waves like a shock tube �7� and possibly con-
fined pressure-gain combustion, the wave rotor affects direct pres-
sure exchange and work transfer between inert or reacting fluids
�8�. By rotation, each channel is periodically charged from or
discharged to inlet and outlet partial annular ports. The alignment
of the rotating channel with an inlet port creates a pressure wave
that travels rapidly into the gas inside the channel, equalizing
pressure and velocity. More slowly, the channel ingests fresh gas
flow that has a different composition and temperature, but now
shares the same velocity as the gas inside the channel.

The fundamental behavior of such transient thermal problems
can be well modeled as an external boundary-layer problem on a
two dimensional �2D� semi-infinite flat plate using standard
boundary-layer assumptions. The present study is limited to lami-
nar flow conditions with a steady-flow velocity field.

Changes in a thermal boundary layer can be induced through
different actions, such as imposing a heat flux at the wall �9–11�,
change in wall surface temperature �12�, or change in fluid tem-
perature �13,14�. This paper focuses on the transient laminar ther-
mal boundary layer due to a moving incompressible fluid of vary-
ing temperatures. A general methodology was developed for the
simulation of unsteady thermal-boundary-layer behavior subject
to uniform or nonuniform flow and thermal boundary conditions
�15�. The method is illustrated for the cases of an initial steady
state subject to a sudden step temperature change as the fluid of
different temperature sweeps over the plate, with unchanged ve-
locity. As the contact surface between the two fluids travels down
the plate, the upstream boundary layer asymptotically approaches
a new steady state.
The cases studied here include flows with and without an initial
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hermal boundary layer, subject to a step change in far-field fluid
emperature. A range of Prandtl number is considered to illustrate
he effect of the relative size of the thermal boundary layer, which

ust be accommodated in the numerical method.
The governing incompressible laminar 2D unsteady-boundary-

ayer equations were solved using Keller’s box method �16�. This
s an implicit finite-difference method with second-order accuracy
or both spatial and temporal variables and can be improved to
igher orders of accuracy �17�. The method has been applied to
orced-convection problems such as two-dimensional �18� and
hree-dimensional steady flows �19,20� as well as two-
imensional time-dependent flow �21�, in addition to thermal-
oundary-layer problems �22�. It has also been applied to free-
onvection flow �23� and combined forced and free-convection
ow �24�. According to the Keller-box method, the high-order
ifferential equations are rewritten as a system of first-order equa-
ions by introducing new dependent variables. The system is then
inearized using Newton’s method, and the resulting system is
olved effectively by using the block-elimination method �25�. A
arching procedure along the flow direction �x� at each time step

equires iteration at each x-station until some convergence crite-
ion is satisfied.

eneral Equations
A steady hydrodynamic boundary layer is established, the fluid
oving with constant velocity u� far from the plate. At time t
0, the bulk fluid temperature is constant at T�1. In the general

ase when T�1 is different from the plate temperature Tw, a steady
nitial thermal boundary layer is also established. At time t=0, the
ncoming far-field fluid temperature at the leading edge is sud-
enly changed to T�2. For t�0, the far-field fluid at T�2 is con-
ected down the plate at speed u�. The appropriate far-field tem-
erature boundary condition is applied on each side of the contact
urface between the fluids, while the plate temperature remains
onstant. The fluid is assumed incompressible, and the density and
ther fluid properties are assumed constant, so that the 2D
oundary-layer equations are uncoupled. Viscous dissipation is
eglected and the Eckert number is assumed small due to low
uid velocity �26�.
The boundary-layer continuity and momentum equations for

he 2D laminar incompressible flow have the following time-
teady form:

�u

�x
+

�v
�y

= 0 �1�

u
�u

�x
+ v

�u

�y
= �

�2u

�y2 �2�

The boundary conditions applied to Eqs. �1� and �2� are

u�x,0� = v�x,0� = 0 and u�x,�� = u� �3�
The time-dependent energy equation

�T

�t
+ u

�T

�x
+ v

�T

�y
= �

�2T

�y2 �4�

s subject to the initial condition

T�x,y � 0,t � 0� = T�1

nd boundary conditions

T�x � u�t,y → �,t � 0� = T�2

T�x � u�t,y → �,t � 0� = T�1 �5�

T�x,y = 0,t� = Tw

here T�2 can be equal to, greater than, or less than T�1.

Equations �2� and �4� are nondimensionalized as
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Ū
�Ū

�X
+ V̄

�Ū

�Y
=

�2Ū

�Y2 �6�

��

�	
+ Ū

��

�X
+ V̄

��

�Y
=

1

Pr

�2�

�Y2 �7�

where

X =
x

L
, Y =

y

L
�ReL, Ū =

u

u�

, V̄ =
v
u�

�ReL

�8�

� =
T − T�

Tw − T�

, 	 =
tu�

L

T� is T�1 if a thermal boundary layer exists initially. T� is T�2 if
T�1=Tw.

Using the standard definition of the stream function, 
 �Ū
=�
 /�Y, V̄=−�
 /�X�, the boundary layer similarity transforma-
tion is introduced,

� =
Y
�X

, f�X,�� =



�X
�9�

where � is the similarity variable and f is the nondimensional
reduced stream function. Unlike for some steady boundary layers
with constant velocity or power-law velocity variation, the
X-dependence is not eliminated by this step for a general far-field
temperature variation, only reduced.

The nondimensional momentum equation and the time-
dependent energy equation can be written as

f� +
1

2
f f� = X� f�

�f�

�X
− f�

�f

�X
� �10�

1

Pr
�� +

1

2
f�� = X� f�

��

�X
− ��

�f

�X
+

��

�	
� �11�

The number of prime marks on f and � denotes the degree of
differentiation with respect to �, the first derivative being f�. The
boundary conditions for the steady momentum equation are re-
written as

f�X,0� = f��X,0� = 0, f��X,�� = 1 �12�

With the above definition of �, when the initial fluid tempera-
ture is different from the wall temperature, the boundary condi-
tions are

��X � 	,�,	 � 0� =
T�2 − T�1

Tw − T�1
= R

�13�
��X � 	,�,	 � 0� = 0, ��X,0,	� = 1

When the initial fluid and wall temperatures are equal, the
boundary conditions become

��X � 	,�,	 � 0� = 0
�14�

��X � 	,�,	 � 0� = 1

Regional Self-Similar Solution
Although Eqs. �10� and �11� indicate the solution dependency

on X and 	, the thermal boundary layer can be shown to be self-
similar with respect to a dimensionless ratio, 	+=	 /X=u�t /x, for
any far-field temperature variation that is purely convected at a
constant u�, given a uniform wall boundary condition. The solu-
tions with respect to � collapse to a single curve for a given value
of 	+, which, in the case of a step change in far-field temperature,
represents the distance traveled by the contact surface from the

leading edge, relative to the distance x of any location of interest.
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he elapsed time after the contact surface passes a given location
s represented by 	+−1. This self-similar character can be shown
y introducing a similar transformation with the definition of 	+,
educing Eqs. �2� and �4� to

f� + 1
2 f f� = 0 �15�

nd

1

Pr
�� +

1

2
f�� =

��

�	+ �1 − f�	+� �16�

The transformation in Eqs. �15� and �16� now eliminates the
-dependency in the equations. If the boundary conditions are
lso independent of X, the solutions will be functions of � and 	+

nly. In the undisturbed region with 	+�1, the self-similar
oundary-layer solution remains as a function of � alone.
Note that when the temporal coefficient �1− f�	+� changes sign

rom positive for locations close to the plate �where f��1� to
egative for locations close to the upper boundary layer, a com-
ination of different finite-difference schemes is required. Equa-
ions �15� and �16� have been solved for other X-independent
oundary conditions, using appropriate numerical methods �12�.

umerical Discretization and Method Validation
In this study, a general methodology is presented for problems

ith similar or nonsimilar flow and thermal behaviors. The simi-
arity character for the special case above is verified. The Keller-
ox numerical discretization is based on the idea of expressing all
unctions and derivatives in terms of quantities at the corners of
ne computational block. All derivatives are approximated by
imple centered-difference and two-point averages using only val-
es at the corners of the three-dimensional box �or rectangle
esh� �16�. The box schematic is shown in Fig. 1, with Xi=Xi−1

Xi, 	n=	n−1+
	n, and � j =� j−1+
� j. The spacings 
Xi, 
� j,
nd 
	n are independently variable.

New dependent variables g, h, and e are introduced to eliminate
ll higher-order derivatives, and a system of first-order partial dif-
erential equations is formed. The transformed Eqs. �10� and �11�
re rewritten as

g =
�f

��
= f� �17�

h =
�g

= g� �18�

Fig. 1 Finite-difference grid for the Keller-box scheme
��

ournal of Heat Transfer
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e =
��

��
= �� �19�

h� +
1

2
fh = X�g

�g

�X
− h

�f

�X
	 �20�

1

Pr
e� +

1

2
fe = X�g

��

�X
− e

�f

�X
+

��

�	
	 �21�

The first-order partial differential equations �Eqs. �17�–�19�� are
discretized about the point �xi, � j−1/2�, Eq. �20� is discretized at
�xi−1/2, � j−1/2�, and Eq. �21� is discretized at �xi−1/2, � j−1/2, 	n−1/2�.

The transformed laminar boundary-layer thickness is nominally
constant; the computation domain extends to �max=8, and the
velocity attains 0.999 of its freestream value around �=6. The
velocity and temperature field were calculated using uniform grid
spacings 
	=0.001, 
X=0.001, and 
�=0.01 for smooth high-
resolution solutions. Grid sensitivity was examined by choosing
successively finer grids, and they showed no significant improve-
ment on the solution accuracy.

The time accuracy of the described methodology and its com-
puter coding were validated by a comparison with the known
analytical solution of a problem with a sudden temperature change
of an infinite flat plate. At time t=0, the plate temperature has a
sudden change, while the far-field fluid temperature remains con-
stant. This problem is mathematically expressed as the heat diffu-
sion equation

��

�t
= a

�2�

�y2 �22�

with initial and boundary conditions

� = �w = 1 at y = 0, t � 0

� = �� = 0 at y → �, t � 0 �23�

� = �� = 0 at 0 � y � �, t � 0

The analytical solution �27� is

� = 1 − erf� y
�4at

	 = 1 − erf���X Pr

4	
	 �24�

using the error function

erf��� =
2

��



0

�

e−z2
dz �25�

The numerical solution for Pr=1, shown in Fig. 2, matches the

Fig. 2 Present-method numerical „dots… and analytical „line…
solutions of the heat equation for a range of �+
analytical solution quite well, using 
�=0.1 and 
	=0.001.
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olution for Nonuniform Convected Flow
The convected nonuniform fluid or moving contact-surface

roblem is governed by a different mechanism from previous tran-
ient heat transfer analyses for uniform plate or fluid temperature
hanges �13�. The far-field temperature disturbance is convected
ith freestream velocity and diffuses across the boundary layer

28,29� only after the disturbance travels to a given position, so
hat locally 	+�1.

The final steady-state solution was separately calculated
hrough the steady energy equation, so as to provide an indepen-
ent verification of the asymptotic approach of the transient solu-
ion to the steady solution for large 	+. When Pr=1.0, the steady
omentum equation serves as an additional verification, as the

umerical solution of 1− f� and � are then identical.
Qualitatively, there are four possible nontrivial transitions: �1�

o initial thermal boundary layer, �2� increase or �3� decrease in
agnitude of fluid-plate temperature difference, but with the same

irection of heat transfer, and �4� change in direction of fluid-plate
emperature difference and heat transfer. Case �2� is not presented
or brevity.

The transient temperature profile is shown in Fig. 3 for a step
hange in incoming fluid temperature when there is no initial ther-
al boundary layer and Pr=1.0 for increasing 	+�1. A steep

emperature gradient occurs in the middle range of the developed
hermal boundary layer, but the temperature gradient at the wall
oes not change significantly until after 	+ exceeds 1.2. The final
teady solution computed directly from the steady form of the
quations is indistinguishable from the solution computed from
he unsteady equations for 	+=2.5. The solution was computed at
ifferent X locations away from the leading edge and was verified
o be similar for given 	+�1.

It is more general for the initial fluid and wall temperatures to
iffer, with an initial existing thermal boundary layer subject to a
tep change in incoming fluid temperature. The change in tem-
erature difference is expressed as a ratio R, as defined in Eq.
13�. The transient thermal response for a step change R=0.5 is
hown in Fig. 4. For the early transient states, the temperature
hanges rapidly in the outer region of the boundary layer,
symptotic to the changed upper boundary value, but near the wall
emains asymptotically close to the initial steady state. A tempera-
ure extremum appears at some location along the � direction, and
idirectional heat conduction exists temporarily within the bound-
ry layer. As time passes, the extremum moves toward the wall
nd disappears; thereafter heat transfer is unidirectional and the
emperature ultimately reaches a new steady state.

At the wall, the direction of heat transfer remains the same, but
he magnitude changes; the conventional heat transfer coefficient
s defined by the far-field temperature remains positive.

ig. 3 Temperature response to the step change in incoming
uid temperature, with no initial thermal boundary layer
The temperature history for a step change of incoming fluid

01001-4 / Vol. 130, OCTOBER 2008
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temperature, with R=2.0, is shown in Fig. 5, so that the fluid-wall
temperature difference changes sign. Similar to the R=0.5 case,
the transient temperature profile has an extremum at some � but
becomes monotone again in the final steady state as the extremum
reaches the wall and disappears. In this case, both the magnitude
and direction of the heat transfer change, and the conventional
heat transfer coefficient based on the local far-field temperature
becomes temporarily negative.

The local Nusselt number is defined as Nux=qw�x�x /��Tw

−T�2�, where the heat flux is expressed as qw�x�=−����T /�y��y=0.
After nondimensionalization and application of the similarity
transformation, the local Nusselt number is expressed as

Nux Rex
−1/2 = −

��

��
�x,0,	�

Tw − T�1

Tw − T�2
= −

e�x,0,	�
1 − R

�26�

This common definition of Nu using the local far-field tempera-
ture T�2 anticipates a Newtonian heat transfer direction, which
may sometimes be negated by the temperature gradient at the wall
during the transient. Thus for R=2.0, the initial heat transfer di-
rection is dominated by the prior far-field temperature, and Nu is
initially negative.

The relative thickness of momentum and thermal boundary lay-
ers in the steady parallel laminar flow is related to the Prandtl
number by � /�t=Pr1/3 �26� for large Pr. For a given flow condi-
tion, Pr has a direct effect on temperature profile. In the transient
boundary layer, Pr also determines the response time of the
change as it expresses the rate of thermal diffusion relative to the
momentum diffusion. The transition of the local Nusselt number

Fig. 4 Temperature response to a step change in incoming
fluid temperature, with an initial thermal boundary layer „R
=0.5…

Fig. 5 Temperature response to a step change in incoming
fluid temperature with an initial thermal boundary layer „R

=2.0…
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s shown in Fig. 6 for incoming fluid temperature-step changes of
=0.5 and R=2.0 for a range of Prandtl numbers. For R=0.5, the

ocal Nusselt number decreases over time until the final steady
tate while remaining positive. This corresponds to the change in
emperature gradient seen in Fig. 4. For R=2.0, the local Nusselt
umber is negative initially as the heat transfer rate at the wall
emains in the initial direction, but the wall-fluid temperature dif-
erence that defines Nu changes sign. For the Pr=1 case of Fig. 5,
he location of the temperature extremum reaches the wall at ap-
roximately 	+=1.6, whereupon the direction of heat transfer at
he wall changes sign. Thus, there is a period of time for which the
eat transfer predicted here differs in direction �not just in mag-
itude� from any quasisteady model that follows the classical
ewton cooling law. There will be a serious qualitative prediction

rror if the steady heat transfer correlation is applied immediately
fter the far-field temperature changes, especially for larger Pr.

This error may be important in unsteady-flow device models,
uch as a widely used quasi-one-dimensional model for wave ro-
or flows �30�. In this code, the steady-state Reynolds–Colburn
nalogy is invoked to model heat transfer based on the local bulk-
as temperature without regard to the changing temperature his-
ory of the flow.

The effect of the Prandtl number on local Nusselt numbers is
hown in Fig. 6. For larger Pr, the transition from an initial to a
nal steady state occurs later and takes longer than that for
maller Pr due to the smaller diffusivity of heat relative to mo-
entum. A range of Pr is explored from 0.7 for typical gases and

ir to 60 for some oils, which includes many useful fluids such as
iquid water �Pr�5� and water vapor �Pr�1�. For Pr=0.7, the
all heat transfer change occurs over a range of 	+ from near 1 to
.5, whereas for Pr=60, the change occurs over a range of 	+ from
to 9 approximately. The larger Pr also results in a higher abso-

ute value of the local Nusselt number. The Nu curves for R
0.5 and R=2.0 asymptotically reach the same value, as the final

emperature profile only depends on the final temperatures and
uid properties.

onclusions
The transient thermal boundary-layer response due to a con-

ected nonuniform temperature fluid was numerically investigated
or an incompressible laminar flow under the assumption of a
teady hydraulic boundary layer on a semi-infinite plate. Far-field

Fig. 6 Transitions of the local Nusselt nu
different Pr
emperature changes that result in changes in the magnitude

ournal of Heat Transfer
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and/or direction of the fluid-plate heat transfer were considered,
including the case where no thermal boundary layer exists ini-
tially. Unlike the problems of uniform change of fluid or plate
temperature, the boundary layer experiences no changes until the
convected far-field variation or contact surface arrives at a given
plate location. A time-accurate boundary-layer flow and tempera-
ture computation methodology was developed, verified against
some analytical solutions and prior work, and then applied to
predict the boundary-layer temperature profiles in response to a
convected step change in fluid temperature. The analysis of the
local instantaneous Nusselt number shows that the use of steady-
state heat transfer correlations in transient thermal states can cause
both magnitude and direction of heat transfer rate to be incorrectly
predicted during the transition. The response time and thermal
boundary-layer thickness are correlated with the fluid Prandtl
number.

It is anticipated that the numerical methodology developed here
will be extended to compressible and turbulent flows. The errors
related to quasisteady assumptions may be less significant for tur-
bulent flow in gases but must be quantified for either justification
or relaxation of this assumption. Practical nonsteady devices such
as the wave rotor subject to complex temperature variations of a
flowing gas may then be modeled with a realistic transient heat
transfer prediction. This will enable important technologies to be
improved for energy conversion efficiency and other benefits.
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Nomenclature
e � dependent differential variable
f � nondimensional reduced stream function
g � dependent differential variable
h � dependent differential variable
L � characteristic length

Nu � Nusselt number
Pr � Prandtl number

er for step changes R=0.5 and R=2.0 at
mb
q � heat flux
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R � temperature difference ratio
Re � Reynolds number

T � temperature
t � time

Ū � nondimensional velocity
u � longitudinal velocity

V̄ � nondimensional velocity
v � transverse velocity
X � nondimensional streamwise distance
x � streamwise distance from the leading edge
Y � nondimensional transverse distance
y � transverse distance from the plate

reek Symbols
� � thermal diffusivity
� � similarity variable
� � dimensionless temperature
� � thermal conductivity
	 � dimensionless time

	+ � dimensionless ratio of 	 to X
� � kinematic viscosity

 � stream function

ubscripts
i � grid index in the longitudinal direction
j � grid index in the transverse direction
n � grid index in the temporal direction
w � wall
� � far-field flow
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