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COMMUTATIVE SUBALGEBRA OF A SHUFFLE ALGEBRA ASSOCIATED
WITH QUANTUM TOROIDAL gl,,,

B. FEIGIN, M. JIMBO, AND E. MUKHIN

ABSTRACT. We define and study the shuffle algebra Sh,,, of the quantum toroidal algebra &,,,
associated to Lie superalgebra gl,,,,. We show that Shypn contains a family of commutative subalge-
bras B, (s) depending on parameters s = (s1,...,8mn), [ [; i = 1, given by appropriate regularity
conditions. We show that B,,,(s) is a free polynomial algebra and give explicit generators which
conjecturally correspond to the traces of the s-weighted R-matrix computed on the degree zero part
of &), modules of levels +1.

1. INTRODUCTION

We continue the study of integrable systems of XXZ-type related to quantum toroidal algebras,
see [FHHSY], [FT], [EIMM2], [EJMMS3], [FJMI]-[EJM4], [EJMV]. In this paper we make the first
steps in the case of quantum toroidal algebra &,,,, of type gl,,,,.

The quantum toroidal algebra &,,,, of type gl,,,, was introduced and studied in [BM1], [BM2]. The
algebra &,,, depends on parameters qi, ¢2, q3, ¢1¢g2q3 = 1, and has several presentations depending
on the choice of the Dynkin diagram for gl,,,,. In this paper we use only the standard parity. It is
expected that &,,),, has a universal R-matrix and therefore one could construct a quantum integrable
system generated by the transfer matrices.

In the even case, (that is in the case of n = 0), the corresponding integrals of motion can be
written explicitly in the form of multidimensional contour integrals, [FJM3]. These formulas can
be used to find interesting generalizations, see [FJMV], [FJM4], to prove dualities, [FJM2], to look
for connections to other models, [EJMV]. The spectrum of integrals of motion is known to be
given in terms of the Bethe ansatz, [FJMMI], [FJMM?2], [AO]. All of that is missing so far in the
supersymmetric case.

In this paper we take the shuffle algebra approach developed in the even case in [E'T]. The shuffle
algebra is a remarkable realization of the nilpotent part of a quantum group by spaces of rational
functions symmetric in several groups of variables with explicit poles and satisfying explicit vanishing
wheel conditions, see [N1], [N2], [E'T], [T1], [T2], Sections[Adland 22l The product of such functions
in the shuffle algebra is given by the shuffle star product, see (Z.2). The exchange functions in the
star product come from the quadratic relations, and the wheel conditions from the Serre relations.

We introduce the shuffle algebra Sh,,, associated to &,,,. The definition Shy,, is rather standard.
However, the isomorphism of the shuffle algebra and the nilpotent part of &,,, is not trivial, and
we do not pursue it here, see [N1], [N2] for the even case. Instead, we find a family of commutative
subalgebras By, (s) of €, depending on parameters s = (s1,...,Smin), 5152 Smin = 1, which
we call the Bethe algebras. We use two main ideas. First, it is expected that the Bethe algebra is
characterized by the ratio of two limits when some of the variables in the rational function F' € Shyy,
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go to zero and when the same variables go to infinity, see (42]). Second, we can compute a few
of elements of the Bethe algebra explicitly using the trace of the hypothetical R-matrix, see the
Appendix. This happens to be sufficient to conjecture the answer, and then we prove it.

Our arguments often follow the even case of [F'T]. However, there are several technical differences
worth mentioning.

First, in the bosonic realization of the &,,,, level one modules, part of the generators E;(z) act
not as a single vertex operator but as a sum of two, see [BMI]. As the result, in contrast to the
even case, the matrix coefficients of the R-matrix do not factorize. Instead they are given in terms
of products of functions If, v of two groups of variables:

Toye — q_Cquyla) (Hi<j(yi - yj))

q—qt Hi,j(yi — %) ’
where (T, ,, f) (Y15, ym) = f(Y1, -+ @Yas - -, Yar)- The functions 5,  satisfy a number of identities
and curious properties, see Lemmas B.IH5.4, ([A.4)), and seem to be an important ingredient.

Second, in the proof we make use of the fusion homomorphism which maps the subalgebra of Sh,,,
of weight zero to a subalgebra of weight zero in Shp,,—1 ® Shyp (with different parameters g, ¢2),
see Proposition B.2 cf. [FJMI]. It allows us to use the induction on the rank of the algebra. This
homomorphism is not present in [F'T].

Third, unlike [F'T], we are not able to show that our commutative subalgebra coincides with the
algebra of transfer matrices restricted to degree zero. We do expect this to be true, see the Appendix.

Fourth, similar to [F'T], we show that the Bethe algebra B,,, is a free polynomial algebra with
explicit generators which we expect to correspond to the first m skew-symmetric powers of the vector
representations and first n skew-symmetric powers of the covector representations of gl,,,,,.

Finally, it is desirable to give the elliptic deformation of B,,,, corresponding to the full trace of the
R-matrix (not restricted to the degree zero) as in [E'T] for the even case and translate this knowledge
into explicit integrals of motion as in [F.JM3] in the even case.

. 1 q°
[M,N(yla~~->yM;Zl>---aZN):41—[ (y—y)H<
1<gAI? I a=1

Note also, that the case m = n is excluded from our considerations. While many definitions make
sense in that case too, the proofs seem to fall apart. This case was not treated in [BMI], [BM2]
either.

The paper is constructed as follows. In Section 2l we describe the generalities about the gl,,,
shuffle algebra. In Section [3] we give the fusion homomorphism of shuffie algebras which is used
later for the induction with respect to the rank. The main results of this section are Proposition
and Proposition [3.4l In Section 4l we define the Bethe subalgebra of the shuffle algebra. We prove
an upper estimate for the size of the Bethe algebra, Proposition 4.4l In Section [, we give explicit
generators of the Bethe algebra. We finally prove that the Bethe algebra is commutative in Theorem
In the Appendix, we give examples of computation with traces of R-matrices which illustrates
the origin of our formulas.

Notation. Throughout the paper we fix ¢,d € C* and set
@n=q'd, @=q¢, @=q'd".

We have ¢1q2q3 = 1. We assume that ¢ ¢3°¢3* = 1, ny,n9,ng € Z, holds only if n; = ny = ns.
Fixing a branch of logarithm log ¢; we set ¢/ = e"'°8% for r € Q.

If a statement P is true we set 0(P) = 1, and 0(P) = 0 otherwise.
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2. SHUFFLE ALGEBRAS

2.1. Algebra Sh,,,,. Let m,n be positive integers with m # n. In this section we define the shuffle
algebra Shyy, for the quantum toroidal algebra of type gl,,,,,.
Let Shy,, be a graded complex vector space:

Shm\n = @ Shm|n,N>

NezZ "
where each graded component Sh,,, n of degree N = (Ni,..., Npip) is the space of all rational
functions F(z1;--+ ;Tpmtn) in the variables z; = (z;1,...,2;n,), 1 < @ < m + n, satisfying the

following conditions (i)—(iii) below.

Here and after the index ¢ of z; is to be read modulo m + n, i.e. Zitmina = Tiq. We call this
index the color of the variable. We call variables x,, 4, yn . fermionic, all other variables bosonic.
We say that a bosonic variabel z;, is before the equator if ¢ = 1,...,m — 1 and after the equator if
t1=m-+1,....m+n—1

(i) F has the form

f(xl; T ;xm+n)
Fay: 3 Tman) =
( 1, ) m—l—n) H:i—ll—nn 1<a<n, (l’i@ _ ZIZ'H_Lb) )
1<b<Ni
where f(x1;-+ ;Tpmin) is a Laurent polynomial.

(ii) F' is symmetric in bosonic variables z;, i # m,m + n, and skew-symmetric in fermionic
variables X,,, Tyin-
(iii) F' vanishes if one of the following holds for some a, b, ¢, d:
(8) Tip = @3Ti—1,0 and Tie = @uip, 1 <0 <m—1;
(b) Tip = q2¥ia and Tiy1 o = @3Tip, 1 <7 <m —1;
(€) Tmp = G3Tm-1,a> Tmste = G5 Tmp, AN Ly g = ¢ Ting1ci
(d) z;p = qg_lzvi_l,a and z; . = qglzi,b, m+1<i<m-+n-—1;
(€) Tip =y ' @ig and Tip1e = g5 ' Tip, m+1<i<m+n—1;
(f) Tm4nb = qglxm—i-n—l,aa T1,c = 43Tm+n,b, and Tm4n,d = q1T1,c-

We call (iii) wheel conditions. The wheel conditions are schematically shown in Figure [I] below. In
that figure, for simplicity, we omitted the second indices of variables.

Note that all cubic wheel conditions contain two bosonic variables of the same color. The quartic
relations contain two fermionic variables of the same color.

Note also that, due to skew-symmetry, F' has obvious zeroes at

(2.1) Tma = Tmp O Tminag = Tminp, aFDb.
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Ti—1 . q2 .
T K

q3 q1 q3 q1

T X
q2 Lit1

(a) (b) (c)

FIGURE 1. Wheel conditions (a), (b), (¢). Here i is bosonic before the equator. Con-
ditions (d), (e), (f) are obtained by reversing all arrows. In these conditions m is
replaced with m + n and ¢ is bosonic after the equator.

Define structure functions w; j(x,y) by
T — q2y
Ty,
T—q Y
r—y
(T — q1Y
l’ —
\ x—y
¢ x—
d a3y
Ty
d—lx — 43y
\ T —y

if1<i<m-—1,

wi,i(x>y):
iftm+1<i<m+n-—1,

if1<i<m,

iftm+1<i<m+n,

if1<i<m,

wi,i—1($€,y):<
Itm+1<i<m-+n.

We set w; j(z,y) = 1 in all other cases.
For I € Shyyjpm and G € Shy,, N, we define their shuffle product F' + G by setting

(2.2) (FxG) (@i iTmen) = Yo Y 580(Lny ) 580 (Lo, Tonsn)

117J1 I77L+7L7J77L+7L

m-+n

X F(@1n: g ) G@n  Tmsngn) [ [T @i @i zis) -

1,j=1a€cl;,beJ;
Here the sum is taken over all subsets I;, J; of {1,..., M; + N;} such that

For a subset I = {ay,...,ar}, a; < -+ < ag, we write ;1 = (Tiay,. .., Tig,). I I = {a,...,ax},
a; < - < ag, and J = {by,..., b}, by < --- < by, then sgn(7,J) stands for the signature of the
permutation (ay, ..., ag, by, ..., b).

Then we have the following standard lemma.

Lemma 2.1. The space Shy,, with the shuffle product is an associative Zgar"-gmded algebra.
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Proof. Associativity is obvious from the definition. It is straightforward to check that if F' € Shy,pnm
and G € Shy, N, then the shuffle product F' x GG also satisfies the wheel conditions and therefore
FxGe Shm|n,M—|—N- O

As necessary, the dependence of shuffle algebras on parameters will be exhibited explicitly as

Sh’m|n(Ql> q2, q3)
We have an isomorphism

(2.3) Shunfn (@1, @2, 43) — Sham(ar ', a5 1 057,

F(xl;"' ;xm+n>'_>F(xm+1§"' y TmA4ny L1y ;xm)-

We expect that as algebra Sh,,, is generated by @7 +" Shyjn.1,, where 1; = (0,...,0,1,0,...,0)
with 1 in the i-th position.

The quantum toroidal algebras €,,, associated to gl,,,, were defined and studied in [BMI], [BM2].
These algebras have generators E; i, F; x, Kfol, H;,C,i=1,....m+n,keZ,jecZ\{0}

We expect that the shuffle algebra Sh,,, is isomorphic to the subalgebra of &,,,, generated by
F; . Under this isomorphism F; j is related to xﬁl € Shpn,1,-

In this text we work with the standard parity, where we have only two fermionic colors m and
m + n. The shuffle algebras in other parities are defined similarly.

2.2. Shuffle algebra Sh,,. We shall use also the shuffle algebra Sh,, for the quantum toroidal
algebra of type gl,,. We recall the definition below. Further information can be found in the
literature |[N1J, [N2], [ETJ.

Assume m > 3.

Let Sh,, be the graded complex vector space

Shi = B Shmx .

Nezz,
where Sh,, N is the space of all rational functions F'(z1;- -+ ;2m), @ = (Ti1, - - ., Tin,), such that
(i) F has the form

fxe; 5 2m)
2.4 F(zi52m) = =m ;
( ) ( ' ) Hi:lH 1<a<N; (xi,a _xi—l—l,b)

1<b<Njtq

where f(xy;-+;2,,) is a Laurent polynomial;

(i) F is symmetric in z; for all 1 <i < m;

(iii) F vanishes if one of the following holds for some a, b, c:
(@) Tip = @3Ti—1,4 a0d T 0 = Gap, 1 <0 <My
(b) @iy = @2%iq and Tip1c = @3xip, 0 <7 <m — 1.
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Here %t o = ;4. The shuffle product is defined by the same formula (2.2]), wherein the sgn factors
are dropped and the structure functions w; ;(x,y) are replaced by

T —q2y
wi,i(zay) = )
r—y
r—qy
wi—l,i(zay) = Tz —y )
T — g3y
sz—l(xuy): r—y 9

and w; ;(z,y) = 1 in all other cases.
In this case all variables are bosonic. The wheel conditions correspond to triangles in Figure [l

When m = 1, 2 the definition of Sh,, needs a slight modification.
In both cases the wheel conditions (a),(b) apply under the convention ;i . = ;o (m = 1,2).
For m = 2, the structure functions are changed to

T —q2y
wi,i (l’, y) = )
r—y
(= — ay)(z — gsy)
wii—1(z,y) = :
(z —y)?
For m = 1, the pole condition (2.4]) reads
Fa)= LD
H1§a<b§N(xa — )
where f(x) is a symmetric Laurent polynomial in x = (x,...,zy). The structure functions are

modified to

(v = qy)(r — y) (v — g3y)
“11(e:y) = (z —y)? '

In what follows we write Sh,, = Shy)o.

3. FUSION HOMOMORPHISM

Consider the subalgebra of Sh,, consisting of subspaces of degree Ny = -+ - = Ny,
S =D Shmn . Shn = Shup,..v -
N>0

The aim of this section is to introduce homomorphisms of algebras of the form

Shgn\n(qh qo, Q3) — Sh?n\n—l(@h qo, st) ® Shl (ql_lq?,_m+n_17 q2_17 qgn_n> )
Sh‘fn(ql, q2, Q3) — Sh?n—l(dh q2, 53) X Sh1(Q1Q3_m+la q2, qé”)

with appropriate parameters ¢, ¢s. We call them fusion homomorphisms.

We are motivated by the constructions of [FJMMI]. In that work, fused currents were used to
construct subalgebras &,,_1 ® &; C &,, which is the quantum toroidal version of the Lie subalgebra
inclusion gl,,,_; ® gl; C gl,,.
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3.1. Fusion homomorphism for Sh,,,. In this subsection we assume that m >n+1,n > 1. We

set
1 1
m—n+1 m—n—+1

(3.1) G = qq , 33 = @39y
Fix L, N with 0 < L < N. We introduce new variables y;

2z = (%) L+1<b<n, and consider the following specialization of the variables z; = (x; 1,

(Yia)icasr, 1 <0 < m+n—1,
<o >Ii,N), see

Figure 2 below:
019'Yia if 1 <i<m,
(3.2) 1<a<L: Tig =1 Q" o fm+1<i<m-+n-—1,
A1Ym+n—1,a ifi=m + n,
i1 . -
z if0<i<m-—1,
(33) L+1 < b < N : Tip = qgm—ib—l : .
q; z m<i<m+n-—1.
where q = ¢, 'q1 = q; 1/m=n+1) “\We have in particular
1<a< L: T1,0a = q_lyl,au Tm4n—1,a = Ym4+n—1,a0  Tm+n,a = Q1Ym4n—1,a,
L+1<b<N: Tip =2, Tmin-1b=05 "2, Tminb=0q5 2.
m4mn m-+n
1 m+n—1 m+n—1
1 1 O

FIGURE 2. Specialization (3.2)), (33).

For a function F'(zq;---

the substitution (B.2))-(3.3).
Lemma 3.1. For an element

f($1§"'

F(l’l; . ;xm+n)

i Tman), let py L (F)(y1; -+ 5 Yman—1; 2) denote the function obtained by

e Sh®

; Im-‘,—n) -
’ gl

define
F’N,L(yl; e ;ym+n—1|z)

JFN,L(yl; T ;ym+n—1\2)

nga,bgjv(xi,a — Tit1p

m|n,N »

- Fn—2
L5

as follows.

H1ga,b§N(yi,a — Yir1h) - H1ga,ng(ym+n—1,a —Y1p) H1§a<b§N(Za — 2)?
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If n > 1 we define fn.r by

PNz (@0 5 Tmyn)) = const. fn L(yn; -+ 5 Ymin-1]2)
X (ym+n l,a — Q2ym+n—1,b> : H (Za - Q2Zb>m+n_2 H (Za — Zb>2
1<a bgL L+1<a,b<N L+1<a<b<N
m—
H I (@dvie— @ 2)(@dvia—a'd5 ' 2)
=1 1<a<L
L+1<b<N
m+n—1
< T TI @@ e ea™ " a) (@™ v — 6 ¢™ " 2)
i=m4+1 1<a<L
L+1<b<N
< ] (09" ¥ma — @B 2) (@0 Yma = & 2) Ymin-1.a — 2) Ymin-1.a — %) -
LATSheN

If n =1, we replace the factor nga,bgL(?/Wrn—La — 2Ymtn—1,) in the second line of the right hand

. L
side by Ha:l Ym,a H1§a<b§L(ym,a - ym,b)2'
Then Fnp(yii--+ ; Ymen—1]|2) belongs to

Shm|n lL(qlaQQaQ?))@Sth L(ql Q3m+n 1>q2_1>q§n_n)‘

Proof. The zero conditions (a)—(f) along with (Z.1]) imply that fx (Y15 ; Ymsn_1|2) defined as above
is a Laurent polynomial. It is straightforward to check that the latter has the (skew-)symmetry in
y; or z, and that it satisfies the wheel conditions for Shu,n—1(q1,¢2, @) in (y1,- .., Ymin—1) and for
Shi(ey ™" gyt gy in 2 O

In the definition of fN7 1, the overall constant multiple is at our disposal. We choose it so that in
terms of Fy 1 the formula reads as follows.

/JN,L(F(Il; T ;$m+n)) = Fn(y1;° 3 Ymin-1]2) X ABC,
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where for n>1
—y m4n—2 —
A= i+1,b i+1,b
zll 1<];>[<L Yia = QYit1b Zl_,[% 1<£,[<L Yia — A4 Yir1p
H d— (ym—i-n l,a — ©2Ym+n— 1b) (ym—i-n l,a — q2 ym-i-n 1b)
1<a<b<L (ym—l—n La — @1Ym+n-1 b) (ym—l—n l,a ym+n 1 b) ’
_ —2
B= [[ a ( — 02— b)’" (20 — %) (20 — )
L<a<b<N Za = Q3% 20 — 3 2 (20 — @32) (20 — 45 2) (20 — G5 " 20) (20 — 5™ 20)
-1 _i—1
O H I] « (19'Yia — 45 ' 2) (09 Yia — @& 65 )
i 2
i=1 1<a<L (QIq Yia — Q3Zb)<(hq Yija — Zb)
L<bIN
> H d! (019" Ym,a — a5~ ' )(Q1qmyma Q2q3" lzb)
1<a<L (qlq ym a q3 )(Cﬂqmym,a - qgl 2Zb)
L<bIN
+n—2 _ _
x mﬁ I] @ (9" ia — 6" ) (@™ Yo — @ " )
i=m41 1<a<L q1q2m Zy - Q3q?2>m -t )(Q1q2m Zy i,a — 43 1(]32,m =1y
L<bIN
% H ym+n 1,a Q2Q3 - )(ym—l—n—l,a - QQ_lqgn_an) (ym—l—n—l,a - q2zb)<ym+n—1,a - Zb)
A e = @) Wi — 06 ) Wontntia — G5 20) Wit — 055

L<b<N

For n =1, B is the same and A, C' are modified as

A H H yz-‘,—l b X H d_l (ym,a

- ym,b)2

=0 1<a,b<L yl a — QYit1p

121

C— H H dChq yza Q2Q3 Zb)(qu Yia — CI2 Q3
Pl (190 — G32) (1970 — G5 )

L<b<N

1<a<b<L (ym7“ - Q1ym,b)(ym,a -

& Ymp)

- —1 m—2 m—l - -
y H (Ym.a qg %) (Yma — ) (Yma — ©22) Yma — 2b)

lml

1<a<L ym l,a — Q3 )(yma - Q1 qs ) (ym,a - q;lzb)(ym,a - ql_lzb

L<b<N

Denoting Fy.;, by mn.(F), we set wrrz“z_l = Zijzo TN.L-

Proposition 3.2. The linear map

m|n 1

m Shm\n(qlaQ%Qi’)) — Shm\n 1(511aQ2>Q3) ® Sh'l(

1 1
T m— m—n+1

41 = 14, . Q3 =q3q" ",

is a homomorphism of Z>o-graded algebras.

m+n 1

>q2_1aQ3

7

m—n)
Y

Proof. Let F € Shm‘n v G € Shm|n - First we examine the effect of the specialization (3.2),([33])

in the shuffle product (2.2]). Let 0 < L < M + N. For each partition [; U J; = {1,...,

M + N} such

Y
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that |I;| = M, |J;| = N, set
I'=rn{t,....,L}, I'=Ln{L+1,....,M+ N},
Ji=Jn{l,...,L}, J'=JnNn{L+1,....M+ N},
so that
rruJ ={1,...,L}y, I'uJ'={L+1,...,M+ N},
Ll + L =M, [+ =N
In order that the factor

H wm—l—n—l,m—l—n(xm—i-n—l,aa qlxm—i-n—l,b)
ae[':nJrn 1 ’bEJ':nJrn
o , D
be non-vanishing, we must have 1/, ;N J, ., =0, which implies
/ /
Im+n Im+n :
Similarly,
i1 i—2 »
H wi,i—l(qg Zay 43 Zb) ;é 07 1 S 2 S m,
acl] beJ!
2m—i—1 2m—i .
H wzz 1(Q3 ZaaQ?, b)%oa m+1§2§m+n_17
acl! beJ!
implies
1 1 2 1
Iyin 1 Clyp o C---CIiCI,,.
Since |I]| + |I}'| = M for all i, we must have that
/ / " _ R 2/
m+n—1 7 [m-l—n’ [1 - [m-l—n :

Writing I” = I/ and J” = J!, we see that parin,r (F * G) is reduced to the sum over partitions
ruJ,={1,....,.L}, i=1,....m+n—1,
I"oJ"={L+1,...,.M + N},
=k, |J|=L—k, |I"|=M—Fk, |J'|=N—L+k.

It remains to show that, after cancelling out the factors ABC in the Lemma from both sides,
this sum reduces to the shuffle product mps ;. (F) * mn 1, (G). This is a lengthy but straightforward
computation. [

Iterating the map in Proposition B.2] we obtain

Corollary 3.3. There exists a homomorphism of Z>o-graded algebras

(34)  Tonpn S (41, G2, G5) — SEO(01y ™, 4o, 447" ) ((X) Shi(d g™ a0 g g "))-
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3.2. Fusion homomorphism for Sh,,. The fusion homomorphism can be defined also for Sh,,.
Since the argument is quite similar, we state only the result.

Let m > 2. As before, we fix N, L with 0 < L < N. Consider the specialization of variables from
T = (Tia)i<a<n, 1 < <m, 10 Y = (Yia)1<a<r, 1 <@ <m —1, and 2 = (24) L11<a<n, given by

(3.5) 1<a<L: Tig=q " Yia forl<i<m,
(3.6) L+1<b<N: Tip=qs 'z for1<i<m.

Here we set §m.q = y1,a- Let gy, (F) denote the substitution given by 3.3) and B.6). For ' € Shj,
we define F N, by

pnL(F) = FN,L(yl; e Yme1]2)

(yl a — @21 b)

X d-—== :
H ( (yl,a - Q1y1,b)
)

-1
Yi,a — 92 Y1p Yia — Yi+1b
-1 ) H H 1/(m—1)

(
1<a<b<L (Y10 = 41 Y1) 1<ap<L i=1 Yia — 1 Yit1,b
% H (d(za — ¢22) (% — Q2_1Zb)>m_1 H d(zq — 2p)*
Liizachen (o = 83%) (70 — ) LiZapen (Fa ™ @ ) (20 — g3 )
m—1 m—1)/(m— m—1 i
H <Hd —(m—i)/( )yza—qlqub) (q (m—14)/( )ym_q1 1q3 2 ))
—i)/(m—1 m—1)/(m—1 G—
L}jijfj\r i=2 )yi,a — qub) (ql ( M )yi,a — (43 2Zb)
« I @ (10 — Gas2) Wi — @5 ' %) Wia — @ qg 22) (Y10 — 045 ")
1<a<L (yl a QIQ3zb)(y1 a Zb) (yl a qgn )(yl a Q1Q3 )
L+I<b<N

Proposition 3.4. The map sending F' € Sh® m.N L0 ZL 0 FNL gwes a homomorphism of Zxq-graded
algebras

7t ShY (g1, qa, g3) — SRS, (41, G2, G3) ® Sh1(Q1Q§m+17Q27Q§n) )

where
1 1

(3.7) G=qq" ", G=qgq ™!

Corollary 3.5. There exists a homomorphism of Z>q-graded algebras

m—1

(38) Tm - Sh'gn,(qla 42, Q3) — ® Shl (Q%Q{na q2, qg]_1Q1_m) .
7=0

4. SUBALGEBRA B,,,,(s)

4.1. Subalgebra B,,,(s). We introduce a family of subspaces B,,,,(s) of Shy,p, defined by certain
regularity conditions at 0 and oo depending on parameters s = (s1,...,Smin). We will show in
Section [B] that for each s, B,,n(s) is a free commutative subalgebra of Shy,,,. We call B,,,,(s) the
Bethe algebra. We expect that in relation to the quantum toroidal algebras, B,,,(s) is a deformation
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of the Cartan half currents of the affine U,gl
Remark 3.11 [FT].
To this end, we prepare some notation.
Quite generally, for an element F' € Shy,, v and k = (ki, ..., knyn) € Zm+" with 0 < k; < N;, we
set

mjn € €mjn Which corresponds to si, ..., Spin-1 — 0, cf.

Kk .
Ff = F(fxll, xll/a " gxm-i-n’ m+n) )
where
2= (@ Tin) s T = @it TN
We shall write
4.1 FX = lim FX, FX=IlimFX
(4.1) T e £ T0 T g6

provided these limits exist.
Further we fix an (m + n)-tuple of parameters

m-+n

5= (81, 8m4n) € (CX)ern satisfying H s; = 1.

i=1
We extend the suffix to all i € Z by s; 11 = s;. We shall say that s is generic if
m+n—1

47" q5° H sfi =1,a;,b; € Z, holds only if a; = b; =0 for all 7, j.

i=1

Definition 4.1. We define the subspace Bnn(s) to be the set of all elements F' € ShY min,N such
that both limits (A1) exist for allk = (k, ..., kmin) satisfying 0 < k; < N, and are related by

m-+n

(4.2) — F¥ x H shi . @N (km—hmen)

Note that the power of d is absent if n = 0.
We set

m|n @ Bm|n N

Examples of elements in B,,,,(s) will be given in Sectlon 2 below.
Lemma 4.2. The subspace B,n(s) is a subalgebra of Shom‘n

Proof. Consider the shuffle product (Z2) of F' € Byyna(s) and G € By n(s). In each summand
denote

FI = F(xl,ll; e ;xm—l—n,Iern) ; GJ = G(xl,Jﬁ T ;xm—l—n,Jern) ;
m+n

wr,g = H H Wi,j(xi,aa xj,b) .
i,j=1 a€l;

beJ;
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Let hl = |Iz N {1, .. .,k’,’}|, lz = |Jz N {1, .. .,k’i}|, so that h, + lz = k’z Then

m4+n

(4.3) (FI H S d2M m hm+n)’
m-+n

(4.4) (ehs H sl . @2NUm=bnn)

On the other hand, it is easy to see that

hm w“(&c y) = hm w“(gx y) - q —9(1<Z<m 1)+0(m+1<i<m+n—1) 7

51111’1 Wj 2+1(£x y) — 1111’(1) W; 2+1(£x y) 9(0<z<m D+0(m<i<m+n—1) :

5hm wii—1(&x,y) = lnr(l) wii1(€2,y) - q 9(1<z<m)+€(m+1<z<m+n) 7

and that

limg o0 wi (2, €y) _ (hmf—wo wi; (€2, y) ) -
lime_yow; ;(z, &Y) limg o wi ;(§7, ) '

This yields

(4.5) (wr.g)k = (wr,g)g - d*NOm =P ) T2 =)

It follows from (4.3)), (£4]) and (&3] that
m+n
(F G = (F G- [ st - d?+M0m ki)

i=1

This completes the proof. O

We call the subalgebra B,,,,(s) the Bethe algebra.

Remark 4.3. For n = 0, the subspace B, o(s) is a slight modification of A(S) studied in [ET].
Though they turn out to coincide for generic s, it is a priori not obvious that the latter is a subalgebra.
O

4.2. Gordon filtration. Gordon filtration is a standard method used to study spaces of polynomials
with vanishing conditions on the planes of codimension higher than one. It is designed in such a way
that associated graded spaces become spaces of polynomials without conditions.

In this section we apply the Gordon filtration technique to obtain an estimate from above to the
dimensions of the graded components B, n(s) of the Bethe algebra. Our proof is similar to the
proof of Lemma 2.4 in [ET].

Let R,,),, denote the graded polynomial algebra in variables {7}, | 1 <i < m +n,v € Z-o} with
degT;, = v. Let R, v denote the degree N component of R,,,.

Proposition 4.4. Assume s is generic and m # n. Then dim B, n(5) < dim Ry v
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Proof. Fix N € Z>( and denote B = B,,,, y and Sh = Sh?nm’N.
We will define a finite partially ordered set P and for each p € P we will give a subspace B, C B
and show that N,B, = 0. That will produce a bound:
] < ] = / 7).
dim B < Z dim gr B, gr B, (p/gp B, )/(pgp B, )
peEP
Here, if p € P is a maximal element, then we set N, By = B.

Indeed, refine the partial order > on P to a total order > and set B, = Ny, By. Then p > p/
implies B, D B,y. And, therefore, we have a linear filtration B, on B and therefore as a vector space
B~agB, ger:< N Bp,)/< N Bp,).

p'>-p p'zp
For any subspaces A, Ay, C, with Ay C Ay, we have an injection (ANC)/(AaNC) = A/A,.
Therefore for every p we have an injective map gr B, — gr B, which corresponds to Ay = N>, By,
Ay = Ny>p By, C = Nyvp, By. Thus we have the upper bound on the dimension of B.

After that we will argue that gr B, are at most one dimensional, and in many cases are trivial
which will result in the proof of the proposition.

We start by defining the set P.
For a,b € Z, denote the interval [a,b] = {a,a + 1,...,b} C Z. The interval [a, b] is non-empty if

and only if @ < b. For i = 1,...,m + n denote [a, b]; the number of elements of [a,b] congruent to 4
modulo m + n. Thus modulo m + n we have
[a,b) ={1,...,1,2,...,2,... . m+n,...,m+n}.
—— N—— ~ — _
[a,b]1 [a,b]2 [@,b]mtn

Intervals [a, b] and [c, d] are called equivalent if they are shifts by a multiple of m+n: a—c=b—d =
(m+n)k, for some k € Z. If [a, b] and [c, d] are equivalent then [a, b]; = [c, d]; for all i. The converse is
not true, for example [1, m+n] and [2, m+n-+1] are not equivalent but [1,m+n}; = [2,m+n+1];, =1
for all 7.

An interval [a, b] is called cyclic if its number of elements is a multiple of m+n: b—a+1 = (m+n)k,
k € Z~o. In other words, an interval [a, b] is cyclic if and only if [a, b]; does not depend on i.

For a = (ay,...,as), b= (by,...,bs), a; < b;, denote [a, b] the unordered set of intervals [a;, b;].

The set of intervals [a, ] is called N-admissible if intervals [a;,b;] are non-empty for all j and
ijl[a]’, b]]z = N for all i.

Two sets of intervals [a, b] and [c, d] are called equivalent if there exists an ordering of intervals
in [a, b] such that [a;, b;] is equivalent to [c;, d;] for all j.

The set of intervals [a, b] is called cyclic if intervals [a;, b;] are cyclic for all j. Note that dim R, v
equals the number of equivalence classes of N-admissible cyclic sets of intervals.

The set P is the set of all equivalence classes of N-admissible intervals [a, b.

Next we define an order on P.

A partition of M is an ordered set of non-negative integers called parts which sum up to M:
A= (A, As), AL > > A >0, 375 Aj = M. Define the lexicographical partial ordering on
set of partitions: A > p if for some j, \; > p; and Ay = p, Ao = o, ..., Ajo1 = pj—a.

Given a set of intervals [a, b], let Ajq ) be the partition of (m+n)N with parts b; —a;+1 written in
the non-decreasing order. We give a partial order on P according to the order on the corresponding
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partitions: we set [a,b] > [c,d] if Ngp > Aea)- If Aoy = Mg and [a,b] # [c,d], then [a,b] and
[c, d] are not comparable.

Now we define the subspaces Bqp), (@, b] € P. Given [a,b] € P, we define the substitution of
variables (11, ..., L1 Ny -+« s Tminds - - - s Tmin.n) appearing in Sh to the variables yy, . . ., ys multiplied
by some constants as follows.

For a € Z define recursively constants o, by the rule ag = 1, a1 = @z if a =i (mod m + n)
with 0 <i <m —1 and auy1 = ¢3 g if a =i (mod m +n) with m <i < m+n — 1. Thus a, is
a power of g3, and Q(min) = qém_n)k
Qg # Ap.

Since [a, b] € P is N admissible, there exists a bijection 7 between the set [1,m + n| x [1, N] with
the union of intervals [a;, b;]:

. In particular, since m # n, a = b together with a # b implies

o AL oom4n} x{1,... N} = Ui_{aj,a; +1,...,b;}.

Let 7(i,5) € {1,...,s} be the label of the interval of 7(i x j), and let 75(i,7) € [ar i), bn )] be
the number in that interval given by 7(i x j). Thus 7(i X j) = 72(4, J) € [ar (i ,j) b (i,j))-

We choose 7 in such a way that the color is preserved: 75(i,j) =i (modm + n). Clearly such a
bijection exists, and it is not unique in general.

We view 7 as a substitution of variables x; ; appearing in Sh substituting z; ; to qu, j) Yr (i,j)-

Recall that functions F' € Sh have the form

m+n N

F— f(x177xm+n) 1= H H(xi,r_xi—l-l,l)v

IT ,
i=1 rl=1

where the numerator f is a Laurent polynomial of variables z;; symmetric in bosonic variables
with the same first index, skew-symmetric in the fermionic variables with the same first index and
satisfying the wheel conditions.

If ' € B, then the Laurent polynomial f is actually a polynomial since the limit as z;; — 0
exists. The total degree of polynomial f is the same as the total degree of II, that is (m +n)N? since

the limits when all variables go to infinity, FO(ON""’N), or to zero FO(N""’N), are well-defined. In each
variable the degree is at most 2V since the limit when this variable goes to infinity is well-defined.
Define an evaluation map

Plap) : Sh— Cly, ..., ysl, Fxij) = f((7:5)),

substituting all variables x; ;, in the numerator of F' € Sh to y; according to the substitution 7.

Note that because of the symmetry of polynomial f € Sh the result of substitution up to a
sign is independent of the choice of the bijection 7. In particular the kernel of the evaluation map
Ker ¢pq4) C Sh does not depend on the choice of 7.

Note that if [a, b] and [c, d] are equivalent: a; —c; = b; —d; = Nk; then ¢pqp) coincides with ¢ q
followed by the shift y; — q§j (m_")yj for all j. In particular, Ker ¢, 5 = Ker ¢(c q)-

Note that m # n is important here since F' € Sh vanishes if two fermionic variables are set equal
and therefore the evaluation map would be zero in the case when one of the intervals [a;, b;] contains
two numbers congruent to m or to m + n.

Note also that (unlike the purely bosonic case), in some cases, the evaluation applied to the
denominator II can give a zero.
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Define

B a == K a ) B a = ﬁ B c .
ja.b] = Ker ¢pap) @b = gy Bled
We claim that Nig e Bep) = 0. Indeed, let F' = f/II € Sh vanish under all evaluation maps. In
particular, it has to vanish at z;;1, = g3z, if ¢ is before the equator and at x;41, = ¢35 lx“ if 7 1is
after the equator. Thus the polynomial f of degree (m + n)N? has (m + n)N? linear factors and is
determined up to a constant. Thus

c m—1 N m+n—1 N
-1
= I H H (Tit1,r — @3Ti1) H H (Tit1r — G5 @ig),
=0 rl=1 i=m rl=1

where c is a constant. But such F'is clearly not in B.

Next we study gr Bjq p = ¢[a7b](B[a7b}). We now show that this space is at most one dimensional.

Denote g = @qp)(F). Recall that degg = deg f = (m + n)N?. We claim that g has (m + n)N?
linear factors, one for each factor of II, and therefore it is unique up to a constant which implies
gr B, is one-dimensional.

Let us say a variable z;, has type j if it specializes to a multiple of y;: 71 (i,7) = j.

First, g is divisible by y;j where r; is the number of factors z;, — x;41; in II such that both z;,
and x;;1,; have type j. This is because the limit of F' as all variables of type j go to zero should be
well defined.

Next we consider linear factors of g of the form y; — ay;r, j # j’ and « € ¢¥¢%. For that we fix an
order yy, ...,y in such a way that the corresponding intervals are ordered: b; — a; > b1 — a;41.

Consider a factor z;, — 2,41, in II where the variables z;,, z;41,; are specialized to two different
variables. Suppose 7(i x 1) is ¢ € [a;, b;] and 7((i+1) x () is ¢ € [a;7, bys]. We present a corresponding
zero as follows.

If j > 7 and ¢ is bosonic, ¢ # m,m +n (mod m + n), and ¢ < b;, then we obtain a zero from
the cubic wheel condition corresponding to variables z;,, x;+1,; and the variable which corresponds
to (c+ 1) € [a;,b;]. It guarantees that g is divisible by y; — ay; with a = ¢y /a.. Here we have
q if ¢ is before the equator, that is ¢ = 1,...,m — 1 modulo m + n, and ¢; ! if ¢ is after equator,
thatisd ==m+1,...,m+n—1 (mod m +n).

In the case ¢ = b;, we obtain a factor y; — ay;s with o = ¢ aw /o, due to the fact that f should
vanish under substitutions corresponding to larger sets of intervals in the sense of the order in P.

If j/ > j and c is bosonic, ¢ # m,m + n and ¢’ > a;, then we similarly obtain a zero from the
cubic wheel condition corresponding to variables z;,,x;+1; and the variable which corresponds to
(¢ —1) € [aj, by]. In the case ¢ = aj, we again obtain a factor y; — ay; with a = ¢3'ax/a. due to
the fact that f should vanish under larger substitutions.

Let j > j' and let ¢ be fermionic, ¢ = m or ¢ = m + n. We have three cases.

If ¢ +1 < b; then we use the quartic wheel condition involving x;,, z;+1,; and the variables which
correspond to ¢+ 1,c+ 2 € [a;, bj]. Moreover, in this case we also have a factor coming from the
skew-symmetry with respect to z;41; and the variable corresponding to ¢+ 1 € [a;, b;]. This zero
corresponds to the factor of the denominator II which is a difference of x;;,, and the variable which
corresponds to ¢+ 2 € [a;, b;].

If c+1 = b;, we get the factor from the skew-symmetry with respect to z;41,; and the variable
which corresponds to ¢+ 1 € [a;, b;].

If ¢ = b, we get a factor due to the fact that f should vanish under larger substitutions.
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This covers all factors in the denominator. It remains to point out that some of the linear factors
we discussed coincide. However, all coinciding factors of the form y; — ay;/, 5/ < j, come from using
conditions each of which uses a single variable of type j'. Moreover, all these variables of type j’
are distinct. Therefore, using the derivatives with respect to these variables, we see that we get
(y; — ay;r)t where t is the number of times this factor appeared in our construction.

Finally we claim the gr Bjgp) is trivial unless [a,b] is cyclic. Indeed, fix j and consider the limits
of F' € B C Sh which sends variables of type j to zero or to infinity. Substitute z;, — {x;, in F
for variables x;, of type j. Then we have factors in the denominator II which do not depend on
&. These are binomials, where variables either both have type j or both do not have type j. These
factors cancel when we take the ratio of the limits & — 0 and £ — oo. Therefore we can remove
these factors. After that we proceed by applying the evaluation as in ¢jq . Take now the ratio of the
limits £ — 0 and £ — oo. Then the result is a possible monomial in yj-tl with a possible coefficient
q1q5, a,b € Z. By definition, since F' € B, this ratio equals to a product of s; multiplied by a power
of d as in ([d.2]). Since s is generic, it follows that the length of j-th interval has to be a multiple of
m+n.

Combining, we see that the dimension of B is at most the number of non-empty N-admissible
cyclic sets of intervals which is exactly dim R, n. O

Remark 4.5. The same proof shows that if there exists a non-zero F' € Shy,, n such that both
limits (A1) exist for all k = (ky,. .., kmin) satisfying 0 < k; < N; and such that (L2]) holds, then
N = (N,...,N) for some N € Z>.

In other words the Bethe algebra indeed belongs to Shm|n O

5. GENERATORS AND COMMUTATIVITY OF B, (s)

5.1. Functions [f, y. Before proceeding, we prepare and study some auxiliary rational functions
which will be used in the next subsection to construct a family of elements of the subalgebra B, ,,(s).

For variables y = (y1,...,ym) and z = (21, .., zy), we shall use the notation
Ay = T a—w) ?JZHya, H o= %)
1<a<b<M a=1b—

and similarly for A(z),z. We shall use also [n] = (¢" — ¢ ™) /(¢ —q7').
For ¢ € Z, define rational functions I§; y(y, z) by

Towe = Toy\ (A
) ()

where (Tq.4, f)(y1, - ym) = f(y1, -, Was - - Ymr)-
The functions I§; y(y, z) are clearly symmetric in yy,...,yy and in 21, ..., 2y.

’,:1:

(5.1) IM N, 2)

a:l
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Lemma 5.1. Functions I5; y(y, z) enjoy the following properties:

M-N-1

(5.2) Lyn(y,2) = (DM T e+ Ivg(zy) M >N,
1=0

(5.3) Iyn(y,2)=0 ifM>Nand N-M+1<c<0,

(5.4) y- []1V,N(y> z) =12 ]]OV,N(ya z).

Proof. Let s)(y) denote the Schur polynomial associated with a partition A:

Ay)sa(y) = det( Ap+M— b)

1<ab<M
Here A = (Aq, ..., A, 0,0,...), Ay > --- > X >0, £=L(N).
Using the Cauchy identity we can write
A(y) _ (_1)MNZ—M A(y)
I(y, 2) [Ticosar (1= yaz, ')

1<b<N

= (=DMVEMS T A@W)sa)sa(zT)
A

where 27! = (2;',...,2y"), and the sum is over all partitions A with length £(\) < min(M, N). The
determinant expression of A(y)sy(y) readily yields

M T —e— M
[T (e = oy (Aysa(u) = [T+ M — 0 - Alw)saly).
a=1 9—9 a=1
from which we obtain
M
(5.5) Iy n(y,2) = (“D)MNZ Y T[N+ M = a+ d sa(y)sa(z"").
A a=1

By a similar calculation we have also

(5.6) I () = (DN MY e+ M —a+ 1= sa(z7)saly) .-

A a=1

Comparing (5.5) and (5.6) we obtain (5.2).

Property (5.3) is an immediate consequence of (5.2)).
To see (5.4)), choose M = N and ¢ = 0 in (5.5). Then only partitions with Ay > 0 contribute to
the sum. Rewriting A\, as A, +1 for 1 < a < N and using sxy(1,...,1)(y) = ¥sa(y), we obtain (5.4). O

Lemma 5.2. For 0 <k <M and 0 <[ < N, consider the substitution
(y,2) = (&, 9", ¢4, 2"),

where

V=i -uk), Y= Wksts-UM)

2 =(2,...,2), Z"=(za11,...,2n)-
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Then the following asymptotics hold:

[JC\J,N(gy/v y//v 52/7 ZH)
(—=1)M=H) lg_kN_(M_k)l M—k—N+l 1
- (4 ) N=L(z/)M—F (II(;Ir Y ) Dy e (W 27 + O(ET )) as § — o0,

B (_1)k(N— )g—kl
IURLED:
Proof. This follows from a direct calculation, noting
K(M—k) ( (=1\M—F -
A(&y',y") — fk(k_l)/2A(y/)A(y”) « 5 <(y) . + 0(5 1)) as g — 00,
(=DFR(E)"+0€)  asE—0,
(&Y', y", &2, 2") = MUY, 2)TL(y", 2")
§ {gk(N FM=RL ()M = k)l(g/)N l(z) M-k | 0(5—1)> as £ = 0o,
(—1)kV )(?7/) (5”) O(§) as & — 0.

(I 2 + 0(9)) as € 0.

The following is a corollary of Lemma [5.21
Lemma 5.3. Let M = N and ¢ > 0. Then the limit
Jim YIS (€Y €2
exists. This limit is non-zero only if ¢ > k — 1. Similarly the limit
lim €75 (€9, €, 2)
exists. This limit is non-zero only if ¢ > —k + (.

Proof. By B3), I; "y, #) = 0if k>l and 1 < ¢ < k —I. Similarly IL_(y",2") = 0if k <
and 1 <e<[—k. O

Clearing the denominator we define

(5.7) Iy 2)=(a—a ) T (ae — 2)(@ va — 2) - Ly n(y, 2).
1<a<M
1<b<N

Then [ 7.5 (Y, 2) is a polynomial in y, 2, symmetric in y, symmetric in 2, and of total degree MN. It
is also a Laurent polynomial in ¢
M

(5-8) 1:16\4,1\7(% Z) = Z(_l)lq(M_zl)ch,N,l(ya Z) )
1=0

¢ 'ya — ayo .
Lywa(y, z) = MO0t N TS 20 22 T (7' — ) [ (ave — =),

|I|=l a€l Ya = Yo agl a€gl
b1 1<b<N 1<b<N

where the summation is over subsets [ of {1,..., M}.
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In particular we have

(59) ff\/,N(y,qily) _ q:I:N(N—l)/2q:I:Nc H (q—lya _ qyb) )
1<a,b<N

Lemma 5.4. Let N > 2, c € Z. Then
Iyn(y,2) =0 ify = q 2,y = gz,
Iin(,2) =0 if 21 =q 'y1,22 = qun.
Proof. The first relation follows from (5.8). Applying the duality (5.2]) we obtain the second. O

5.2. Elements G;n]'\?(s) In this subsection we introduce rational functions G)'y'(s), G,y (s) and

show that they belong to the subalgebra B,,,(s). Moreover, we will show that Gm|"( ), G::Eb'"(s)
generate the Bethe algebra B,,,,(s), see Theorem [5.15] below.

Conjecturally, generating series of the form Y N_, VNGT]I\? (s)u™, Y N_o NGy T (s)uN with
some constants vy, yx correspond to the trace of the universal R—matrlx of quantum affine algebra
U,y8l,,, computed on the evaluation module with evaluation parameter u obtained from the r-th
skew-symmetric power of the vector and covector representations, with weights determined by s.

We retain the notation in the previous sections, assuming m > 1, n > 0, m # n. In particular, we
fix s1,. .., Smin € (C*)™™ such that H?H{" s; = 1. We shall write

S, = H Sj, 81:1.

1<j<i-1

Fixing N we set 7; = Hivzl T;, and
Ti_
ti(s) = s;——*

X,

JE(s) = (—sid")" [C+1 N(dzi_1, ;) .

Set further
H H1<a b<N(1'z a 612517i,b)

Hm+n H1<a b<N(5Cz a xi+1,b)

(5.10) P = H [ Ze— 2t if m > 2, n=0,

=1 1<ab<n Via T Litlb

T A (L)) A(Tpyn) i myn > 1,

~1
Tia — @T1p)(T1a— ¢ @ .
H (21, 1) (21, 2q2 ) iftm=1,n=0.
[ 1<a<b<N (T10 = 21)
Definition 5.5. Forr > 0, we define
m-+n
(5.11) Grv(s) =Py Y tals) ot (s) T (s,
1<iy <--<ip<m i=m+1
Ptem41ttemgn=r
The sum is taken over all iy, ...,i,, p > 0, and i1, ..., Cmgn > 0, subject to the indicated condition.

O
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Terms of GT]I\? (s) are in one-to-one correspondence with semi-standard Young tableaux of a column
of length r in the alphabet {1,2,...,m + n}. Letters are arranged in non-decreasing order, where
each i € {1,...,m} can appear at most once while each i € {m +1,...,m + n} is allowed to repeat

¢; times. In other words, the terms of G;n]'y (s) are in one-to-one correspondence with a basis of the
r-th skew-symmetric power of the vector representation C™" of Ol

Clearly, Gg?]ls = P;',lln [175"  J9(s).

i=m+1 Y1
When n = 0, we write P7* = P°, my(s) = GTl0(s).

Example 5.6. If n = 0, then G"y(s)/Py is the r-th elementary symmetric polynomial in the
variables t1(s), ..., t,(s). Hence Gjr y(s) = Gi'n(s) [ T12; si and G}y (s) = 0 for > m. O

Example 5.7. Let m = 3,n = 2 and r = 2. Suppressing s we have
G /PR = tita JY TS + tyts JOJC + tots J0 0
LT+t I s LT A+ 0 TV + e )T+t Y TS
+ J3I A+ T s+ TR
O

Example 5.8. Let m = 2,n=1and N = 1. Denote 211 = 2,221 = y, 231 = 2. Then x is bosonic
while y, z are fermionic. For N = 1 we have no wheel conditions.
Then one easily checks that Byj;1(s) is three dimensional and consists of elements

Azyz + B(s180d? 2%y + sod? 4?2z + 22x) + C(s182d? y?w + 51222 + 2%y)
(= y)(y —2)(z - 2)
where A, B, C are arbitrary constants. We have s; = 1, sy = $1,83 = 5189, 80 t1(S) = z/x, ta(s) =

s12/y, t3(s) = s152y/ 2.
We have a basis given by

Y

21 _ g (1 —q)wyz
N e [ O
G2l _ g1 —g)? (s $od?y’x + 512%2 + 22y — (@1 + ¢5 )s1s xyg)
1,1 (x_y)(y_z>(z_x) 122 1 1 3 15 ’
1—q B
2t — (_ o e Py ;
2,1 (I_y)(y_z)(z_l.) (q q )51(8182 €T y+52 Yy 24z ,’L’)

+ (¢ — q_2)8132d(3182d2y2x + s12%2 + zQy) —(¢* - q_?’)s%sgd%yz) )

In view of the isomorphism (2.3), we introduce also the following elements for n > 1:

(5.12) Grt(s) = Py > tiy(s) -t (s) [ [ 77 (s).
=1

m+1<iy <---<ip<m+n
PHem41+ - Femipn=r
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where
Hm+n 11 1< b<N(5L’za Q2_137i b)
P*m\n _ 7 :nn—l—n a o) jm+nA(xm)A(l'm+n) :
" H 0 Hl<ab<N(Ila Tit1,p)
J(s) = (—sid ) Ichl v(d i, 1)
In terms of the generating series
(5.13) GR"(uis) =Y (—u) TGN (s),  GRM(wis) =D (—u) TG (s)
r=0 r=0
the definition (5.11]), (5I2) can be written compactly as
m—+n
(5.14) Gl s) = Py H (L —ti(s)/u) [ Jiluss)
=1 i=m-+1
m—+n
(5.15) Gy (uss) = Py T (1 —tils >/u>H “(u;s) .
i=m+1 i=1

Here we set

00 N z qN—2l B

Ji(u; s) = —u) Ji(s) = —1 Inng(dei—y, z;),
() = Do) JE(6) = -V s s )
o0 i z G2 ~ ,
Ji(uss) =) (—u)"°J(s) =) (-1) —~—~Ivnva(d wi, 3)
prt = 1—s;/(ghay V)

with T ~.. being given in (5.8)).

Our goal in this subsection is to show the following.
Proposition 5.9. For all v > 0, the elements Gm|"( ), G:"X,‘"(s) belong to B, n(S)-

For the proof we prepare two Lemmas.

Let k = (k1, ..., kmin) be such that 0 < k; < N for all i. Consider each summand in GT]‘\?(S) with
the substitution x; — (€}, 27), where 2} = (21, ..., Zig,) and 7 = (T k41, - - -, TiN):
m—+n
m|n ci k
(5.16) (PV" () - tiy(s) [T J5(s))¢ -
i=m-+1

Our first task is to estimate its behavior as £ — oo or £ — 0.

Lemma 5.10. (i) The limit of each term (BI6) exists for both & — oo and £ — 0.
(ii) The limit & — oo is non-zero only if the following are satisfied:
kioa—k;€{0,1} ifi e {ir,... i},
kion— ki €{0,—1} ifie {1, ... omN\{ir, ... i,},
;i >kig—k ifie{m+1,....,m+n}.
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min
(iii) The limit & — 0 is non-zero only if the following are satisfied:
kioi— ki €{0,—1} ifie{iy,....i},
kioi—ki€{0,1} difie{l,....mi\{i1,... 0},
;> —ki1+k ifie{m+1,....m+n}.
Proof. A direct calculation shows that

mimie ) O(§#=) as § — oo,
(Py )5 B {0(5“0) as & — 0,

where
:—N — k‘ ]{,’2 k‘l k’ k ]-__kmnkmn 17
Z;H L+ ;,+Zl ) = Shmen(Fmen +1)
m—1 m+n
o= K= kiiki+ - k (b +1) + km+n(k:m+n—1)
i=1 i=1

Clearly (tl)? = ¢Fi-17Fit, . From Lemma [5.2] we have also

ey O s o
te O (gri-1ki) as & — 0.

Combining these, we find that

m—+n
mln, o i k O({”C"’) as 6 — 00,
(Py"tia () -4, (5) . H % (S))g N {0(5”0) as £ — 0,

i=m-+1
with
p m+n
Voo = Moo T Z(kit—l - kit) + Z (N(ki—l + ki) — ki—lki)
t=1 i=m+1

e ip
m—+n
vy = ,Uo+z -1 — Zkz 1ki
i=m+1
1 1
= = ]{32‘_ _kit kit— _kit 1 - ki— —]{32 ki— —]{32—1
2;(7:1 ) (ki1 +)+21;n( 1 ) (ki1 )
1#71_1,j4,1p

For any k; we have v, < 0, which implies that the limit & — oo exists. The equality holds if and
only if k;_y — k; € {0,1} for ¢ = iy,...,i, and k;—q — k; € {0,—1} for 1 < i < m, i # i1,...,10,.
Furthermore, by Lemma (.3, we must have ¢; > k;_1 — k; for m + 1 <7 < m + n in order that the
limit be non-zero. This proves (ii).

Assertion (iii) is shown similarly. O
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Next we compute the leading coefficients.
Lemma 5.11. We have
(Pm‘" K EHioo (X +0(& 1)) as & — oo,
Ve = §M0<X0+O £) as € — 0,
where s, fto are as in the proof of Lemma 210 and

m  _ m4+n  _k; ki1

X ki—ki—1 N
e km (N—km)+km4n(N—km+n) i—1%
=) ) I

Xo i=1 i=m+1 (xi—lxi)N .

Proof. This is a direct computation. Assuming n > 1, set

H H1<a b<k; (SL’“L — 427 b> 7 A(ZL’, )A(ZL’I ) ’

Pl
Hm+nH 1<a<k; (:L’,'a Tit1, b) Fm " men
1<b<k;yq ’
H Hk b N(Tia — @Tip)
P = PSRN P g A )A @)

Hm+n H k;+1<a<N (:L’Z a :L’,'_,_Lb)
Z+1+1<b<N

Then the factors X, Xy are given respectively as follows.

Koo = (—q) ?51ki(N—kz‘)(_1)222"&(1\/—1@;1)

P/P//
Tri—l i’; 2(N—k;) e )
X m+7}_[Z_71N(—ki>1 — N—k; (7;n>N * (7;n+n>N km+n’
IS (Iz) (xi_l)
Xy —(— Q2)Z T ki(N— k)( 1)21’;*1”ki,l(N—ki)+km(N_km)JrkmM(N_kmM)

PIP//

—1 /=y 2k;
% HZZI (x;/) (i’// )km (j” )km+n
_N\Ki—1/_ k; m m+n .
[T (7)™ (#)
Taking their ratio we obtain the assertion of the Lemma.
In the case n = 0 the result can be checked easily. U

Proof of Proposition[2.9. It is enough to consider Gf”]‘\? (s).

First we need to check that the elements GT]'V( ) belong to the shuffle algebra S hm‘n N

For 1 < i< m—1 we have P]@" =0if 2;, = ¢2;p. By Lemmap4 for m+1 < i < m+n we have
Ji(s) =0 if qg_lxi_m = Q1Ti—1p = Ti., OF if @32, = ql_lxhb = %;_1.. Therefore Gf”]‘?(s) satisfies the

wheel conditions.
Next we show the asymptotic conditions. We may assume that k;_;—k; € {—1,0,1} for 1 <i < m;

otherwise (GTJ?(S))ISO, (GTJ?(S))IO‘ are both zero. For € € {—1,0,1} set
AE:{ZHSZSm, ]{?Z‘_l—]{?iIE},

so that {1,....,m}=A, UA UA_ and [As| — [A_| =1 (kic1 — ki) = Emn — K.
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By Lemma [5.2] Lemma [5.11] and Lemma [5.10, we obtain

(5.17)
m+n
i jeitl—ki_1+k; 7Ci
(GT]l\?(S))lo{o =Y Z ti1(8) o 'tip (S) H (_SidN>c Il:i:l,ki o (dI;—la x;)ljc\/tliifl,N—ki(dxg—h I;/) )
i=m+1
m-+n
O 1 K N G
i=m+1
where the sum is taken over 41,...,%,, p > 0, Cpt1, ..., Cmin > 0, such that

A_,.C{’h,...,i;,,}, A_ﬁ{il,...,ip}:@,
;> kii—ki form+1<i<m-+n,

m-+n

p+ Z Ci =T.

i=m+1
Similarly we have

m—+n
f02+1+ki71—ki

min C; ~C;+1
(5.18) (Gr,z‘v (5))15 =Y Zti’l(s) t 'ti’,(s) H (_SidN) Iki,l,ki(dx;—1>$;) N—ki,l,N—ki( 5’5;’,—1#5;/) )

P

i=m+1
m-+n
ki1 (N—ki) J(N—ki_1)ki (=11 \ki (=01 ki
Yo=Xo- [ (D) (RgN-hiok gl k)b
i=m+1
where the sum is taken over i},...,7,, p" >0, ¢, 4y,..., ¢, > 0, such that

A_c iy, An{d,....i=0,
;> —ki1+k form+1<i<m-+n,

m-+n
P+ Z G=r.
i=m+1
If we set {i1,...,4,} = Ay U{J1,...,Ju} and ¢; = ¢} + ki—1 — k;, then (5.I7) becomes
m+n
( m(s))}; =Y, H ti(s) - H (_SidN)kifl—ki
icAy i=m—+1
= 1 14k 1—k
c; Fel+ Fei 14k —1—k;
X Z t.?l (S> T t.?u(s> H (_SZdN) [kifl,k:i (dx;—17 IQ)IN—kifl,]\;—ki (dx;/—17 x;,/> :
i=m-+1

Similarly, by setting {4},... i} = A_U{j1,...,ju}, (IF) yields
(G ) =Yo [ tis)

1€EA_
m+n / / /
c: Fel+1 s +1+k; _1—k;
x>t (s) -ty (s) [ (=sed™) I (dehy ) IG5 Ty 0 (da 2
i=m-+1
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It is simple to check that the second lines of these equations have the same ranges of summation and
therefore coincide. Noting

Hi€A+ ti(s) — ﬁ t-(s)kifl_k?i

[Lica ti(s)

and using Lemma [5.11] we obtain

(GrN () Yoo Iliea, tils) "ﬁl(_s,dN)k“_ki
@s)s Yo Thea tils) 450
Oo m+n b m+n _Z 11’ A m+n ks
-5 1l - | ——— Ht [T (-sid™)
i=m-+1 i=m-+1 xz 1‘7: i=m+1

m+n

— H S d2N km—km+n)

This completes the proof of Proposition [£.91 U

5.3. Main theorem. In this section we prove Theorem [5.13 and Theorem [5.15 below, which are the

main results of this paper. We shall make explicit the dependence of various objects on parameters
01, 42. @3 by writing Boa(qr, g2, 433 5), P (a1, 42, 43), Gon (a1, G2, g3; s) and so forth. We recall that

Rinjn = C[T;, | 1 <0 <m+n, v E Zso) with degT;, = v.
We start with the special case m = 1,n = 0.

Theorem 5.12. [FHHSY]| The subalgebra B1(q1, g2, q3) of Shi(q1,qe,qs) is commutative, and is iso-
morphic to the polynomial algebra Ry. For each choice of i € {1,2,3}, the following set of elements
generate Bq(q1, g2, q3):

— _ 1
EN(SL’; %‘) _ H (za Qbe)(za q; zb) ’ N Z 0.

2
1<a<b<N (Za — )

Consider the case n = 0 with m general.

Theorem 5.13. Let m > 1, and assume that s is generic.
(i) The elements {G]"\(q1,q2,q3;8) | 0 < v <m —1, N >0} generate Bp,(q1,q2, G35 5)-
(ii) The restriction of 7' to B, (q1, g2, q3; ) gives an isomorphism of Z>y-graded algebras

m

7 Bo(ar, 42,033 8) — Bie1 (@1, 42, 333 5) @ Bi(qugs ™, o, 43"

where ¢; are as in B1), and § = (81, ...,8,_2) is given by

§1=(s3- - Sm_1)t, Bi=s for2<i<m-—2.

(iii) Algebra B, (q1, q2, q3; 8) is commutative, and is isomorphic to the polynomial algebra R, .
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Proof. If m = 1, then Gj 5 = 653 , where eN (a:) en(x;q2). Hence the assertions are true by
Theorem [.121 Let m > 2, and assume that (i)—(iii) ld for all m" < m. For brevity we write G, y =

ho
G (@1, 42, q3:8), G = GUN (@1, 42, G35 5), B = Brala1, G2, 435 8), Bt = Br1(G1, 2, Gs; 5), and

'Bl == Bl(q1q§m+l7 q2, qgn)

Denote by B! the subalgebra of B,, generated by the elements {G,y | 0 <7, N > 0}. (We recall
that G,, y is proportional to Gy and G,y = 0 for r > m.) We use induction on N to prove the
following statement:

(Sn) : Gn®1, 1®€§\27) emp ' (B),) forr,N>0.

If N =0, then there is nothing to prove. Assume (Sy+) for N < N. Then by assertion (i) for m — 1
and (Sy), we have

Bty ®1=(Gx@1|0<r, K<N)cCan(B),) for N'<N.
Likewise we have
1@Binv= (102 | K<N)car ' (B,) for N'<N.
This implies that
B, @ Biy_ Cpn ' (B],) for 1< L<N-—1.

For an element X € B,,_1 ® By, let Xy n_1 € By—1, ® By y—1 stand for its tensor component.
In view of the discussion above, we have

T (GTJV) = (GTvN)N,O T (GT,N)
On the other hand, a simple computation shows that

T (Gn(w) vy = CO =g fu) - Culg " Puy @1,

(Grw)yy =C =" ) T = sig™ fu) 1@ €
=1

2)

0N mod Wz_l(B;n) )

Here C,C" are non-zero constants. Setting u = ¢’ we find 1 ® ey wm_l( lan)- In turn, this

implies that all coefficients of the polynomial Gy (u)®1 belong to 7™~ Y(Bl, N) Thus we have proved
(Sn).

It follows that the restriction of 7~! to B! is surjective. In particular we have dimB,, y >
dim B}, y > dim Ry, y. Combining this with the upper estimate in Proposition B4, we conclude that
(i),(ii) hold for m.

Finally assertion (iii) for m is a corollary of (ii) together with assertion (iii) for m — 1.

This completes the proof of Theorem. U

Remark 5.14. Statements (i), (iii) are due to [E'T] except for the following point. In the proof of
Lemma 2.7, [E'T), it is stated that if F, G € B,,(s) then F G — G * F' becomes zero after clearing the
denominator and letting x; o — y;. While true, this is a non-trivial statement that requires a proof. In
order to circumuvent this issue we adopt here a different approach using fusion homomorphisms. [

Finally we consider the case m >n+1 and n > 1.
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Theorem 5.15. Let m > n+ 1, n > 1, and assume that s is generic.
(i) The elements {GIN (1, G2, g3 8)s Gon" (1, G2, g3 8) | 0 < 7y N > 0} generate Bouj(qr, g2, 633 5)-
(11) The restriction of W:IIZ_l to Bon (a1, 42, 35 ) gives an isomorphism

mln—1

T - S B (@1, 025431 5) — Bunjn—1(q15 @2, G35 5) @ Bi(q205™ " a5 a5 ™)

where g; are as in (B.1)).
(iii) Algebra Bo,jn (i, g2, q3; ) is commutative, and is isomorphic to the polynomial algebra Rp,y,.

Proof. The proof is quite similar to that of Theorem [B.13] We use the latter as a base of induction
and the following formulas:

1 _

W:fZ_I(GN(u))N,O =C - T ——rh (gY@ 1
m N
G~ RS gt © (),
T (G (W) o = Cs (1= Sppnai ™ fu) - Gy <q{V/<’“ "o,
A (G (1) = € Lt (L7500 /0) - =St ") o)
’ IL2 (1 —siq3" fu)
Here 65\1,)( ) =en(z; 205", eg\?;)(z) =en(2z;¢5 "), and (Y, ...,Cy, Cy, are non-zero constants.

O

APPENDIX A. TRACE CONSTRUCTION

In this Appendix we discuss the relation between the subalgebra B,,,(s) of Shy,, and the com-
mutative subalgebra of the quantum toroidal algebra &, of type gl,,,,.

Algebra &,,,, has generators E;j, Fj , Kfol, H;,, where i € Z/(m+n)Z, k € Z, r € Z\{0}, and
an invertible central element C. The defining relations are presented in terms of the generating
series Fy(2) = Y, Eipz ™, Fi(2) = 3., Fipr ™", KF(2) = Kfol exp(£(¢ — ¢ )Y poo Hipz™"). For
the details we refer the reader to [BM1]. We note only that the quadratic relations for the currents
E;(z), F;(z) can be written as

wi (2, W) Bi(2) Bj(w) = (=1)Wlw; i (w, 2) Bj(w) Bi(2)
(—=1)Wlw; i (w, 2) Fi(2) Fj (w) = wij(z, w) Fj(w) Fi(z) ,
where w; j(z,w) are the structure functions of Shy,,. We use also the Hopf algebra structure of &€,

given by the Drinfeld coproduct, see [BMI1], Section 2.4.

A.1. The case &,,. First we restrict to €,, = &,,/0, and collect known facts following [FT].

Let & (resp. &) be the subalgebra of &, generated by {E;x} (resp. {F;x}). There is an anti-
isomorphism of algebras € — €. sending E; ; to F; ;. These subalgebras have realization as shuffle
algebras due to [N2]. Namely we have an isomorphism of algebras

UEEE — ShE



COMMUTATIVE SUBALGEBRA OF gl SHUFFLE ALGEBRA 29

mln

sending E; ;. (resp. Fjx) to the element z¥ € Shy,1,, where Sh,, = Sh,,, and Sh}, = (Sh,,)° is the
opposite algebra defined by the structure functions w;”(z,w) = w;i(w, 2). Note that the zeroes of

wi(z,w) are obtained from those of w; ;(z,w) by the interchange q; <+ g5 ! which leaves the wheel
conditions unchanged.

Let Bt (resp. B,,) be the Hopf subalgebra of &, generated by E; , Kfol, H;_, and C (resp. Fjy,
Kfol, H;,and C),i € Z/mZ, k € Z, r > 0. There is a non-degenerate Hopf pairing

(,)B"xB —C

given in [ET], Theorem 1.7. The isomorophism ¥U* can be described explicitly in terms of this
pairing. To this aim, introduce the notation

El,...,ik (Zl, RN Zk) = H wibvia(zb’ Za) ’ Fi1(zl) o Flk(zk) :
1<a<b<k
The quadratic relations for F;(z) imply the symmetry
F’ia(l)v"'vio(k)(za(l)’ Ceey Za(k)) = F;'1,...,ik(zla Ceey Zk) for o € 6.
We have then (see [ET], Lemma 3.9)
(A.1) (g — ¢ HNUN(X) (21, ..., 2m) = (X, Finy o (21,2, ) for X € 8;7N17"'7Nm ,

where N =>"" N, Vi =4,... i (N; times) and z; = (z1,...,%5n;), 1 < i < m.

A standard way to construct commutative subalgebras in &,, is to consider transfer matrices,
namely appropriate traces of the universal R-matrix R. More specifically, consider the Fock modules
F.,r=0,1,...,m, of €,. These modules are graded, &, = @2:_00 ., the top degree subspace
Jr0 being the r-th fundamental representation of U,gl,,. Fixing parameters u; € C*, 1 <i<m—1,
consider the weighted trace

m—1

(A.2) (id® ¢,)R, ¢.(Y) = Trs, (Po [ urh Y).

Here Py : &, — J, 0 stands for the projection, and A; are the fundamental weights of gl,,. The
universal R-matrix R is an element of the completed tensor product B @ B, . Due to the Yang-

Baxter equation, the elements (id ® ¢,)R, r = 0,..., m, mutually commute.
The functional ¢, : B~ — C annihilates H;,, r > 0. Moreover the dependence of (id ® ¢,)R on
K is such that it is a linear combination of elements of the form X f(sy,...,s,,), where X € &

has weight 0 and f is a function in s; = ;K. Since s;’s commute with X, (A2) is essentially an
element of € in which s;’s enter as parameters.
On the other hand, since R is the canonical element we have

(A.3) (id® ¢,)R,Y) = p.(Y) forY € B

Using (A.3) and (A one can rewrite (A.2)) as commutative elements in the shuffle algebra Shy,.
Thus we conclude:

Proposition A.1. The collection of elements

8% 8%

ﬁ H Wi i(Tips Tia) H H Wj,i(ifj,baﬂfi,a)'@( H H Fi(l"i,a)),

i=1 1<a<b<N 1<i<j<m 1<a,b<N 1<i<m 1<a<N
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where 0 < r < m, N >0, constitutes a commutative family in Sh,,.

Using the explicit realization of F;(z) by vertex operators, one checks that these elements coincide
with Gy (s) up to a scalar multiple, with the identification s; = uiKifol.

A.2. The case &y);. In the previous section, we explained the scheme for constructing commutative
elements in Sh,,. We expect that the same method carries over to the case Shy,, with m # n. In
place of F, we use admissible modules F, which have a realization in terms of free fields [BM1]. A
new feature is that, for i beyond the equator , the currents F;(z), F;(z) are no longer a single vertex
operator but a sum of them.

As an example, consider the case m = 2,n = 1. (In the following we quote relevant formulas from
[BM1]. For the unexplained notation we refer the reader to Section 3 thereof.) The F; currents have
the form

Fi(2) =T7(2), F(z) =T5(2)0.[Cy (d°2)] ;. Fo(z) =d:T5(2)Cq(dz) :,
where I'; (2), C:(z) are certain vertex operators, and 9. signifies the g-difference operator
flgz) — fla™'2)

(¢—q7)z
Notice that F5(z) is a sum of two vertex operators.

In the simplest case A = 0, the top degree subspace Fy is one dimensional with basis vy = 1.
The weighted trace is simply the action of [[{Z, 5 [Tiz.<ny Fi(®ia). We find

azf(z) =

P]%[‘lij]v7N(dx27 1’3) = G?)!}V .

The appearance of the functions If; y in section [B.1lis due to the presence of 0, in Fy(2).

For A = Ay, I3, o is three dimensional with basis v; = et vy = e el and vy = ¢y e 22,

Taking trace we obtain
T3 ~ T~ T ~
Pifll (j—:s[]l\f’N(dl'g, 1'3) + Slj_IIZ]V7N(dI2’ 1'3) — Sls?de_2]J2\7,N(d$2a 1’3)) = G?!}V(S) .
1 2 3

Here, computing the action on v3 we use further the identity

(A.4) A?y) IE

Ty — 0Ty | A(y)) (1=t = 2wt = 5h)] = LRty ).

q—q! (y, 2

a=1 a,b

Further examples suggest the formula for GTJ\? (s) in Section 5.2l We expect that these functions
coincide with weighted traces of products of Fj(z) given by free fields. To verify this in general, we
would need a host of identities of the type given above. For that reason we have chosen to prove the
commutativity of GT]I\? (s) directly.
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