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An engineering model of the

Stuart pantograph

Thomas R. Katona, Lawrence P. Garetto, Raymond K. Drum

When excessive tooth structure or supporting tissues
are lost, extensive dental restorative procedures
must be performed to salvage the remaining denti-
tion and to restore masticatory function. For such
full-mouth rehabilitation, a fully adjustable articu-
lator, such as the Stuart system (C. E. Stuart Gna-
thological Computer Model 73), is often used to
mechanically mimic movements of the patient's
mandible.

To adjust the Stuart articulator to a particular pa-
tient, the Stuart pantograph is used to record
tracings of mandibular excursions. The pantograph
(Fig 1a) consists of two frames. One is anchored to
the mandible, the other to the maxilla. Attached to
the frames are six sets of stylus-plate assemblies
with each stylus connected to one frame and its
corresponding plate to the other. Because the styli
are free to slide along their own long axes, gravity
and magnets attached close to the tips can main-
tain the styli in contact with their respective metal
plates. Thus, during relative motion between the
jaws (pantograph frames), curves are scratched
by the styli in the coating spread on the plates
(Fig 1b).

Subsequently, the pantograph is mounted on the
articulator (Fig 1c). The latter is adjusted so that it
retraces the curves (protected by transparent tape)
on the recording plates, thereby replicating the
patient's movements. Thus, with study casts or dies
mounted on the instrument, occlusal analysis, labo-
ratory procedures, and chairside adjustment can
be performed on the patient-customized articulator.
Increased focus on the treatment of temporomandi-
bular joint (TMJ) disorders also may spur renewed
interest in instrumentation that can characterize
TMJ excursions. Traditional pantographic record-
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ings of mandibular movements, coupled with the
dramatic recent advances in imaging technology,
may provide information crucial for the understand-
ing of the etiology of TMJ derangements and ap-
propriate therapy.

Many systems of pantographs and articulators are
available, and the literature contains articles on the
use, merits, and disadvantages of the different
designs."? The purposes of this article are to: (1)
present a rigorous engineering approach to the mod-
eling of pantographs; (2) illustrate how the model
is used to mimic clinical registration procedures;
and (3) develop an algorithm to generate data for a
subsequent study on articulator representation veri-
similitude.

Materials and methods

A fixed Cartesian reference frame, (x, y, 2), is de-
fined (Fig 2, Table 1). Within this reference frame
are the maxilla, the front styli, and the rear plates. In
a moving Cartesian system, (x', y', 2'), are the man-
dible, the front plates, and the rear styli. The styli
are fixed in direction within their respective reference
frames; however, they can translate along their long
axes

For convenience, the origin of the moving system
can be defined to be the left condyle, o'. Initially (x',
y', Z') coincides with (x, y, Z), and o' coincides with
o, the origin of the fixed reference system.

A linear translation of the mandible can be ex-
pressed as a movement of o' from o given by x
in the x direction, y in the y direction, and z in the
z direction. The mandibular rotation about o' is
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Fig 1a Pantograph on the patient Fig1b Typical tracings.

Fig 1¢c Pantograph mounted on articulator.
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Fig 2 The initial ([x, y, z], thick outline) and
the displaced ([x', y', Z], thin outline) posi-
tions of the mandible.

Fig3 The rigid-body rotation angles, in
order, are: © (the rotation about the x-axis,
resulting in the [x1, y1, z1] coordinate sys-
tem); @ (the rotation about the z1-axis, the
[x2, y2, z2] coordinate system); and ¥ (the
rotation about the y2-axis, the [x', y', z] co-
ordinate system fixed on the mandible). The
transformation relations are listed in Table 2
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Table 1 Nomenclature.”

Table 2 The derivation of unit vector transformations.

x, ¥ 2) fixed reference frame unit
vectors

x,y,2) moving reference frame unit
vectors

o origin of fixed reference frame

o' origin of moving reference

frame (left condyle)

rigid-body translations and
rotations of the moving frame
(Ey, Ez, Eo, Eo, Ew) translation and rotation
constraint relationships

points on a stylus (A and B)
and its plate (B, C, and D)

to define original locations
and orientations (B is the initial
contact point)

Bo part of B fixed on the plate

Bs part of B fixed on the stylus tip
plate orthogonal unit vectors
(N is the unit normal, N1 and
N2 are in-plane)

stylus unit vectors correspond-
ing to geometries 1 and 2,
respectively

P stylus-plate contact point

(B initially)

contact point displacement
components on the i-th plate
la, I8 intersection points of the plate
and its normal that go through
points A and B, respectively

1: front left; 2: front right; 3: right
vertical; 4: right horizontal;

5: left horizontal; 6: left vertical

(% y,2,0,®,%)

A, B, C,D

(o )

Plate numbers

* (All lengths are in om; angles are in degrees. Bold characters represent
vectors.)

given by ©, @, and ¥, (Fig 3). (The transformation
relations are derived in Table 2.) Thus, the six rigid-
body displacement components, X, y, z, ©, ®, and
¥, completely describe the spatial location of the
mandible, and therefore, the pantograph.

Physiologically, the six degrees of freedom of the
mandible (x, y, z, ©, ®, and ¥) are neither arbitrary
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x1=x
y1 = COS@y - SINez
z1 = SIN®y + COSOz

x2 = SIN®y1 + COS®x1 = COSPx + COSOSINDY
— SINOSIN®z

y2 = COSDy1 — SINdx1 = ~SIN®X + COSOCOSDY
- SINOCOSdz

z2 = z1 = SIN®y + COSez

X' = COSWx2 - SINYz2 = COSPCOSYx +
+ (COSOSIN®COSY - SINGSINY)y +
-(SINOSIN®COSY + COSOSINY)z
' =y2 = -SIN®x + COSOCOSPy - SINOCOS®Pz
' = SINWx2 + COSYz2 = COS®SINYX +
+ (COSOSIN®SINY + SINOCOSY)y +
-(SINOSINDSINY - COSECOSY)z

* Angles llustrated in Fig 3.

N<

nor entirely independent of each other. They are re-
lated by the limitations on mandibular excursions
imposed by the musculature, ligaments, and the
morphology of the TMJ, as well as tooth or dental
appliance contacts. Constraint equations (Es) can
express these relationships. For example, five of the
components could be expressed in terms of the
sixth as follows:

= B
= Edx)
Eg(x)
= Eo(x)
= Bl

£ 8 ON<
I

A pure “hinge axis” opening is given by x =y = z =
@® =¥ = 0.0 and a rotation about x (= x') given by
©. A protrusive movement guided by anterior
contact corresponds to x = ® = ¥ = 0.0, a condylar
guidance (the angulation of the condylar path as
it slides down the articular eminence) dictated dis-
placement of o' in the sagittal (y-z) plane, and a
rotation about x'. Thus, if condylar guidance was
45.0 degrees, then the translation constraint equa-
tions would be x = 0.0 and z = -y. Changes in
© would be determined by the increments in y (or
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z) and mandibular morphology.® If anterior guid-
ance equaled condylar guidance, resulting in pure
translation, then ©= 0.0.

For a given set of (x, y, z, ©, @, ¥) related by the
Es, itis possible to find the corresponding displace-
ments of the six stylus-plate contact points. A set of
points on the recording plates results if the rigid-
body displacement is repeatedly incremented. This
can be expressed as:

(X, ¥.2,0,®, %) - (pi, a)

where, i = 1 to 6 (the number of stylus-plate assem-
blies) and j = 1 to N, where N is the number of rigid-
body displacement increments. pi and g represent
orthogonal displacement components of the con-
tact point relative to a set of in-plane plate axes that
are defined below. The mathematics of the vector
algebraic approach used to perform these calcula-
tions is described below.

Contact point displacement in three dimensions

‘A typical stylus-plate combination is shown in its
original position in Fig 4. A can be any point, the
tail-end, for example, along the length of the stylus.
B is defined as the original contact point. Initially, B
represents two coincident points. Bs is fixed on the
stylus tip, while By, is fixed on the plate. C and D are
arbitrary points on the plate, with the restriction that
B, C, and D be noncolinear. The locations of the six
sets of As, Bs, Cs, and Ds sufficiently define the
geometry of the pantograph.

To begin the process of generating tracings, two
configurations must be considered. In the first, the
plate is fixed but the stylus moves. The rear assem-
blies are in this category and are represented by
stationary points By, C, and D. Fixed in direction in
the moving system is the ABs vector, enabling the
contact point (P) to be always along the extension
of ABs. Thus, a displaced rear assembly is as shown
in Fig 5a. Due to the ©, ®, and W rotations, A moves
to A"and Bs' moves to Bs'. A" and Bs' are found by
rotating vectors 0A and oBs through angles ©, @,
and ¥, using the transformations listed in Table 2.
The front assemblies constitute the second configu-
ration (Fig 5b). In these fixed-stylus moving-plate
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Fig4 A typical stylus-plate assembly shown in its
original position. (See text for explanation of labeled
points.)
Fig 5a
Figs 5a and 5b The rotational displacement of (Fig
5a) a rear stylus and (Fig 5b) a front plate.
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situations, By, C, and D are rotated about o to By',
C', and D', respectively, by ©, ®, and ¥. A and Bs
(the ABs vector), however, remain constant in the
fixed frame with the contact point, P, located along
the line of action of ABs.

In the first instance, the linear rigid-body displace-
ments x, y, and z are added to the components of
A" and Bs'. In the second case, they are added to
the components of By', C', and D".

To continue the solution for the unknown contact
point (P) two situations must be examined. In the
first (Fig 6a), there is an increase in the length of
the stylus, ie, the stylus slides in the direction of its
tip. In the second (Fig 6b), the stylus is shortened
by sliding in the direction of its tail. In both figures,
A would be the current position of the stylus tail,
and Bs would be the current position of its tip if the
stylus were not allowed to translate along its long
axis. The horizontal line represents the cross-sec-
tion of the plate in its current position. | and I are
unknown intersection points of the perpendiculars
to the plate that go through points A and Bs, re-
spectively.

With the normal to the plane (obtained from By, C,
and D), it is possible to calculate the locations of Ia
and Ig, and hence the lengths d, dz, and da. (ds is
the original length of the stylus.) Using the pro-
perties of similar triangles, it can be shown that
a =dz» daf(di+dy) for the first case. Similarly a =
do « daf(ds—dy) for the second case. By adding to Is
(or subtracting from Ig in the second case) a vector
of magnitude a in the same direction as vector
Ialg, the location of P is obtained. The Pythagorean
theorem gives the change in stylus length,

¢ = SQRT(a2 + d?)

Contact point displacements in plate coordinates

As described above, given the initial geometry of
the pantograph (the six sets of A, B, C, and D) and
the rigid-body displacement, (x, y, z, ©, ®, '), it is
possible to determine the location of P, the point of
intersection of a stylus with its plate. The calculated
spatial coordinates of P are in terms of the fixed
coordinate system (x, y, z). The pantograph, how-
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ever, provides registrations that consist of tracings
scratched on the flat recording plates. Therefore,
the next step is to convert the spatial displacement
of P into a displacement expressed relative to the
plate.
The three points By, C, and D completely define a
plate orientation. From them it is possible to derive
a set of mutually orthogonal coordinate axes, (N,
N1, N2), where N is the unit normal vector to the
plate and N1 and N2 are in-plate unit vectors (Fig 4)
In the case of a rear plate, (N, N1, N2) and the
original contact point are fixed. For a front plate,
however, (N, N1, N2) and the original contact point
must be put through the same set of rigid-body dis-
placements as were used to obtain P. Once this has
been done, the calculation procedures for all six
plates are identical
If oP is the position vector of the current contact
point, and 0B, is the current position vector of the
original contact point, then the displacement of the
contact point in spatial coordinates (BP) is oP —
0B,. To obtain the contact displacement relative to
the plate, it is only necessary to find the following
vector dot products for each stylus-plate assembly:
p=BP-N1 and q=BP.-N2
where p and q are the displacement components of
the contact point relative to the current positions of
the orthogonal in-plate unit axes N1 and N2, re-
spectively (Fig 4). When a set of such points on the
i-th plate, (pi, ai);, (where j represents the j-th incre-
ment in the rigid-body displacements) is graphed,
arecording on that plate has been generated

Results

To illustrate the results obtained with the model, two
pantograph geometries were used with three dif-
ferent constraint relationships. Geometry 1 was an
estimate of an actual clinical set-up. Geometry 2
had the same initial stylus-plate contact locations
(B) and plate orientations (B, C, and D), but the sty-
lus angulations were changed by specifying dif-
ferent coordinates for A. The relatively simple geo-
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Figs 6a and 6b The general configuration of a displaced stylus or plate. In Fig 6a there is an increase (the
dashed line) in the length of the stylus. In Fig 6b, the stylus is shortened by the length of the dashed line.

Z (inferior -> superior)

Fig 7 The locations of the initial contacts (B) between each stylus and its plate. These points are identical for
both pantograph geometries. The coordinates of B are listed in Table 3

The Journal of Gnalhology. Volume 12, Number 1, 1993

31



[image: image8.jpg]8 Katonaetal — An engineering model of the Stuart pantograph Original Article

Table 3 Initial pantograph geometries and the calculated stylus and plate unit vectors.

Stylus and plate unit vectors

Plate* X y 2z X y Z
1 A (-05, 15.4, 1.4) Sl (0.00, 0.34, 0.94)
(3L) A (-05, 20.0, 1.4) Sl (0.00, 0.65, 0.76)
B:  (-05, 12.0, -8.0) N: (0.00, 0.34, 0.94)
C:  (-05, 12.0, -8.0) N1: (1.00, 0.00, 0.00)
D:  (-05, 7.3 -6.3) N2: (0.00, 0.94, -.34)
2 A (115, 15.4, 1.4) Sl: (0.00, 0.34, 0.94)
(3R) A (115, 120, 1.0) sl (0.00, 0.00, 1.00)
B: (115, 120, -8.0) N: (0.00, 0.34, 0.94)
C (12,5, 12.0, -8.0) N1: (1.00, 0.00, 0.00)
D: (115, 7.3, -6.3) N2: (0.00, 0.94, -.34)
3 A (205, 0.0, 0.0) si: (1.00, 0.00, 0.00)
(4VR) A (205 -15, 1.0) Sl (0.92, -8, 0.28)
B: (155, 0.0, 0.0) N: (1.00, 0.00, 0.00)
C (15.5, 1.0, 0.0) N1: (0.00, 1.00, 0.00)
D: (155, 0.0, 1.0) N2: (0.00, 0.00, 1.00)
4 (180, 2.0, 2.0) sl: (0.00, 0.71, 0.71)
(4HR) Az (180, 20, 8.0) Sl (0.00, 0.00, 1.00)
B: (180, 2.0, —2.0) N: (0.00, 0.71, 0.71)
c: (180, -3.0, -1.0) N1: (1.00, 0.00, 0.00)
D (19.0, =210, -2.0) N2: (0.00, 0.71, -71)
5 A (-7.0, 20, 2.0) Sl: (0.00, 0.71, 0.71)
(4HL) A (-7.0, 20, 8.0) Sl (0.00, 0.00, 1.00)
B: (-7, -20, -2.0) N: (0.00, 0.71, 0.71)
C: (-7.0, -3.0, -1.0) N1: (1.00, 0.00, 0.00)
D: (6.0, -2.0, -2.0) N2: (0.00, 0.71, 0.71)
6 A (-95, 0.0, 0.0) Sl: (-1.00, 0.00, 0.00)
(4vL) Az (-95, -15, -1.5) Sl (-92, -.28, -.28)
B: (45, 0.0, 0.0) N:  (-1.00, 0.00, 0.00)
C: (45, 1.0, 0.0) N1: (0.00, 1.00, 0.00)
D:  (-45, 00, 1.0) N2: (0.00, 0.00, 1.00)

* At and A2 are the coordinates of point A corresponding o geomelries 1 and 2, respectively. Plate numbers in parentheses are labels used on the instrument.

metric differences were used to facilitate compari-
son

Figure 7 shows the prescribed initial locations of the
stylus-plate contact locations, B. Figure 8 illustrates
the initial orientations of the styli and the plate unit
normal vectors. (The latter were the same for both
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geometries, since B, C, and D were identical in
both cases.) The values used to specify initial con-
ditions and the resulting calculated normal plate
vectors (N, N1, and N2) and the geometry 1 and 2
stylus unit vectors (S| and SlI, respectively) are
listed in Table 3.
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Figs 8ato 8d Initial plate orthogonal unit vector orientations, (N1, N2, and N), and initial stylus orientations for
geometry 1 (Sl) and geometry 2 (Sll). Table 3 lists the values of A, B, C, and D that were used to obtain these
orientation vectors. The table also lists the calculated values of the unit vectors.The plate unit vectors, (N1, N2,
and N), on each of the six plates are identical for both geometries. In addition, as shown in Fig 8a, the initial
orientations of the styli (SI) on assemblies 1 and 2 are identical in geometry 1. However, in the altered geome-
try, the stylus orientation on plate 1, Slly, is different from that on plate 2, Sl

Fig 8a Fig 8b Assembly 3 geometry.

Fig 8¢ The geometry of assemblies 4 and 5. (Note: Fig 8d Assembly 6 geometry.
N is perpendicular to N1 and N2.)

The Journal of Gnathology, Volume 12, Number 1, 1993
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Fig 9a Constraint 1 (pure hinge-axis opening) dis-
placements of a central incisor, i(l) and a premolar,
p(l). Central incisor, i(ll), premolar, p(Il), and condy-
lar ¢(Il), displacements correspond to constraint 2
(mandibular protrusion).

Fig 9b Contraint 3 prescribed displacement of the
left condyle, (Ic), and the calculated displacements
of the right condyle (rc), the left premolar (Ip), the
right premolar (rp), and a central incisor (i), x-y
plane projections of the three-dimensional move-
ments are indicated for clarity.

Table 4 The prescribed constraint relationships.*

Constraint X y z €] Lo b d
il (hinge-axis) 0.0 0.0 0.0 d 0.0 0.0
(9.88)
2 (protrusion) 0.0 d -y 3.33y 0.0 0.0
(.988) (-.988) (-3.29)
8 (side-shift) d X —X -9x —156x —9x
(-219) (-219) (.219) (1.98) (3.29) (1.98)

*dis the incremented parameter; 17 increments in d were used to reach the maximum values given in parentheses.

Table 4 lists the prescribed constraint relationships.
Constraint 1 represented pure hinge-axis mandibu-
lar opening. Constraint 2 was protrusion with a con-
dylar guidance of 45.0 degrees (z =-y). It also was
assumed that the anterior guidance was less than
the condylar guidance, hence © < 0. Constraint 3
was an approximation of a three-dimensional man-
dibular displacement to the left, ie, a left immediate
side-shift. Realistic movements, other than pure
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hinge-axis rotation and simple protrusion, would
require extensive three-dimensional mathematical
derivations to obtain physiologically consistent con-
straint relationships, the Es.

Figure 9 shows the displacements of the two con-
dyles, right and left mandibular premolars, and a
mandibular central incisor. These calculations are
based on the intermediate calculations described
above (see Contact point displacements in three

The Journal of Gnathology, Volume 12, Number 1, 1993
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Figs 10a and 10b Constraint 1 tracings generated by pantograph geometry 1 (Fig 10a) and geometry 2 (Fig
10b). The curves on each plate (1 through 6) must be interpreted using corresponding in-plate unit normal
vectors (N1 and N2) shown in Figs 8a to 8d. p is the contact displacement in the N1 plate-relative direction
q corresponds to the N2 direction.

2 2.
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Figs 11aand 11b Asin Figs 10a and 10b except for constraint 2

Fig 12 Constraint 3-generated tracings on panto-
graph geometry 1 (thick curves) and geometry 2
(thin curves)
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Figs 13a to 13¢ The calculated changes in stylus
lengths due to constraint 1 (Fig 13a), 2 (Fig 13b),
and 3 (Fig 13c) on pantograph geometry 2
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dimensions). Note that only nonzero values are dis-
played in the figure and that constraints 1 and 2 are
symmetric about the sagittal plane. Table 5 lists the
coordinates of the teeth and condyles.

Figures 10 to 12 show the tracings relative to the
individual plates. These are the results of the calcu-
lations described previously and represent clinical
registrations. The derivation of these curves con-
stituted the goal of this project.

Although not part of clinical procedures, changes in
stylus lengths are illustrated in Fig 13

Discussion

By comparing the tracings depicted in Figs 10a
and 11a, and the thick lines in Fig 12 or the same
three constraints with a different pantograph setup,
Figs 10b, 11b, and 12 (thin lines), the effects of
constraint differences can be seen. The differences
in the dynamics of the three constraints is also illus-
trated by the plots of stylus length changes (Fig
13).

The shapes of the curves generated by hinge-axis
rotation (Figs 10a and 10b) are independent of the
patient because incisal and condylar guidances are
irrelevant. Therefore, the appearances of the regis-
trations are entirely determined by the geometry of
the pantograph. Only the amount of hinge opening
is patient-dependent.

In constraint 2 (protrusion), the left and right condy-
lar guidances are 45.0 degrees (Fig 9a curve ¢
[II]). The 45.0 degrees on the left side (the origin)
was prescribed by the constraint equation z = -y
(Table 4). The 45.0-degree angle on right side is the
consequence of rotation occurring only about the x-
axis, as prescribed by the other constraint relations
In constraint 3 (immediate side-shift), the left con-
dylar guidance also is prescribed as 45.0 degrees,
but the more complex rotations about o' result in the
right condyle moving with a different guidance. This
can be seen by comparing the left condylar path
(lc) with that of the right side (rc) in Fig 9b.

As was noted earlier, derivations could be per-
formed for more realistic constraint equations to
express rigid-body displacements in terms of the

The Journal of Gnathology, Valume 12, Number 1, 1993
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Table 5 Coordinates of anatomic landmarks.

Landmark X y z

Left condyle (0.0, 0.0, 0.0)
Right condyle (1.0, 0.0, 0.0)
Left premolar cusp tip (3.0, 6.5, -4.5)
Right premolar cusp tip (8.0, 6.5, -4.5)
Central incisor edge (65, 8.0, -5.0)

left and right condylar guidances. However, the
added mathematical complexity can be avoided by
interpreting constraints 2 and 3 as representing two
different patients. The first patient, recorded in pro-
trusion, has left and right guidances equal to 45.0
degrees. The other patient, recorded in a side-shift,
also has a 45.0-degree left guidance, but a different
angulation on the right.

The effects of pantograph geometry changes,
given the same mandibular excursions, can be
seen by comparing Fig 10a with 10b, 11a with
11b, and Fig 12 thick vs thin tracings. Constraints 1
and 2 generate linear tracings with subtle differ-
ences. For example, constraint 2 in the actual
clinical setup (geometry 1) results in identical trac-
ings on plates 1 and 2 (Fig 11a). The altered geo-
metry (2), however, results in a slightly longer trac-
ing on plate 2 (Fig 11b). Plate 1 registrations cre-
ated by pure hinge-axis opening (constraint 1)
show great differences from geometry to geometry;
compare Figs 10a and 10b. The effect of panto-
graph geometry can be seen more clearly in the
appear-ances of the curves in Fig 12

In a current project, this model is being extended to
examine the validity of articulator representations, a
long-standing clinical concern addressed in numer-
ous articles.*!" That mathematically intricate proce-
dure is based on the rederivation of the prescribed
rigid-body displacements (the Es) from tracings
generated by the algorithm presented in this article.
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