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DEFORMATIONS OF W ALGEBRAS
VIA QUANTUM TOROIDAL ALGEBRAS

B. FEIGIN, M. JIMBO, E. MUKHIN, AND I. VILKOVISKIY

ABSTRACT. We study the uniform description of deformed W algebras of type A including the super-
symmetric case in terms of the quantum toroidal gl; algebra €. In particular, we recover the deformed
affine Cartan matrices and the deformed integrals of motion.

We introduce a comodule algebra K over € which gives a uniform construction of basic deformed
W currents and screening operators in types B, C, D including twisted and supersymmetric cases. We
show that a completion of algebra X contains three commutative subalgebras. In particular, it allows

us to obtain a commutative family of integrals of motion associated with affine Dynkin diagrams of all

non-exceptional types except Dﬁ)l. We also obtain in a uniform way deformed finite and affine Cartan

matrices in all classical types together with a number of new examples, and discuss the corresponding
screening operators.

1. INTRODUCTION

Commutative families of operators coming from conformal field theory (CFT), known as local
integrals of motion (IM), have attracted a lot of attention in the last quarter of a century. The
interest was boosted by a seminal sequence of papers by Bazhanov, Lukyanov, and Zamolodchikov
[BLZ1]-|BLZ3] where many related structures were revealed and a number of intriguing conjectures
was put forth. One outcome of that study is the celebrated ODE/IM correspondence relating the
spectrum of local IM to remarkable differential operators whose monodromy coefficients satisfy Bethe
ansatz equations |[DT], [MRV], [BLZ4], [BLZ5], see also [BL]. However, many important questions
in the area still have no answers and many key statements remain conjectures. The explicit form
of the local integrals of motion is unknown even in the simplest cases, see [FE] for the discussion of
their existence, and there are no theorems about their spectrum.

From a general philosophy of quantum groups, it is quite natural to consider g-deformations of
local IM in search for clarification of the matters. It turns out that after the g-deformation, the
type A local IM become non-local, but can be written down explicitly [FKSW]. Moreover, one can
describe their spectrum via Bethe ansatz, [F-JM]. In the present article we address the problem of
constructing the g-deformation of local IM in other types.

The algebraic structure underlying the CFT in question is given by the Virasoro algebra, and more
generally, W algebras. The g-deformations of W algebras have been provided in [AKOS] for type A,
and in |[FRI] for simple Lie algebras. It has been recognized in recent years that quantum groups
provide a natural framework for studying W algebras [MO.

For the deformed W algebras of type A, the relevant quantum group is the quantum toroidal gl
algebra & (also known as the Ding-Iohara-Miki algebra), see Section 21l Algebra € has three Fock
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modules depending on a color ¢ € {1,2,3}, see Section 2.3l Consider generating current e(z) of €
acting on a tensor product of ¢ + 1 Fock modules associated to arbitrary colors ¢y, ...,ci1. Then
e(z) acts as a sum of £+ 1 vertex operators, see Section 3.1 When all Fock modules are of the same
kind, the current e(z) turns out to be related to the basic current 7'(z) of the deformed W algebra
of type Ay, as e(z) = T'(2)Z(z), where Z(z) is a vertex operator written in a single boson {h;} given
by the action of the Cartan current of € and which commutes with 7'(z). For other choices of colors,
see for example (B.6]), one gets currents which can be viewed as various ¢g-deformations of W algebras
associated to Lie superalgebras of types gl,,,, with m +n = £+ 1. In particular, we introduce the
currents A;(z), i =1,...,¢, given by ratios of neighboring terms in this sum of £+ 1 vertex operators,
see (B3). The current A;(z) is bosonic if ¢; = ¢;11, and it is fermionic otherwise. Then the table of
contractions between the A;(z)’s gives the deformed Cartan matrix of finite type (3.8). Moreover,
the screening operators which are integrals of ¢-primitives of A;(z), see (318),([B319), commute with
T(z).

Algebra € has a family of commutative algebras depending on a parameter u given by the transfer
matrices. One can “dress” current e(z) multiplying by an appropriate combination of Cartan current
depending on p, see (3.9). Then generators of the commutative algebras can be computed explicitly
and are given by multiple integrals (8.25]) of the dressed current e(z) with Feigin-Odesskii [FO] kernel,
B23), see [EIJM]. These generators acting on tensor products of Fock spaces are deformations of
the local IM associated to W of type A. The spectrum of transfer matrices (or of deformed IM),
is computed by Bethe ansatz, see [FJMMI], [FIMM?2] for two different derivations. Then one can
attempt to obtain the spectrum of the original local IM by taking an appropriate limit, see [FJM].

The dressed current e(z) has the form e(2)Z,(2) where Z,(2) is a vertex operator written in terms
of {h;}. Then we observe that the ratio Ag(z) of the last term in the dressed current e(z) and the
first term shifted by p produces one more screening operator which commutes with the deformed IM.
Moreover, the matrix of contractions between all of A;(z) is given by the deformed Cartan matrix of
affine type as in [KP]. Following the terminology of [N], [KP], we interpret the dressed current e(z)
as a gg-character of the first fundamental representation of quantum affine sl,, 1, see Section 3.3

Then we develop a similar picture for non-exceptional types other than A.

We introduce an algebra K depending on three parameters qi, ¢2, g3 such that ¢;q2q3 = 1, which
plays a role of quantum toroidal algebra, see ([AI)-(ZLH). Unlike &, the algebra X is not a Hopf
algebra but a left & comodule, see ([A.8). Algebra K has 6 representations in one boson denoted F&,
see Proposition 2] and FEP, ¢ € {1, 2, 3}, see Proposition 3] which we call boundary Fock modules
of types B and CD, respectively. The algebra K has a central element C' which determines the level
of the module. We have C2 = ¢2/* in type B and C2 = q;" in type CD.

The comodule structure allows us to consider a tensor product of a boundary Fock module of color
cor1 with ¢ Fock modules of € of colors ¢q,...,¢c,. This K module is realized in ¢ + 1 bosons. The
generating current F(z) of X acting on such a tensor product is a sum of 2¢ + 1 terms if the the
boundary module is of type B and of 2¢ vertex operators if the boundary module is of type CD.
Similarly to type A, if all colors of €& Fock modules are the same, ¢; = --- = ¢, then up to a boson
we recover the deformed W currents of [FRI]. More precisely, if the boundary module is of type B,
we obtain a deformed W current of type B when ¢y, 1 # ¢, and of type osp(1, 2¢) when ¢y 1 = ¢ (the
latter is called Agi) type in [FR1]). If the boundary module is of type CD, we recover the deformed W
current of type C when ¢,y 1 # ¢y, and of type D when ¢, = ¢,. If the colors of € Fock spaces vary,
we get various ¢-deformations of W currents related to supersymmetric cases. We again introduce
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currents A;(z) as ratios of neighboring terms (in terms of Dynkin diagram), see (£15)-(4I8]). Then
we observe that the contractions give a deformed Cartan matrix of corresponding finite type, and
that the screening operators constructed from A;(z) commute with our E(z).

We define a dressed current E(z) and consider integrals of products of E(z) with the Feigin-
Odesskii kernel similarly to type A, see (&4T]). We show that these integrals commute if C?/u = g,
co € {1,2,3}. Thus we have three families of commutative subalgebras in X and three commuting
families of operators acting on the representation. Naturally, we call them deformed IM. Note that
the simplest deformed IM is always given by the constant term of the deformed W current E(z).

We use dressed current E(z) to introduce current Ag(z), see (A29)-(4.31]), and observe that the
contractions of A;(z) give deformed affine Cartan matrices. If ¢y # ¢; then the affine root turns out to
be of type C and if ¢y = ¢; then of type D. In particular, we cover that way all non-exceptional affine
Dynkin diagrams except Dﬁ)l. Moreover, the screening operator constructed from Ag(z) commutes
with the deformed IM.

It is then natural to consider affine roots of type B. It corresponds to the case when dressing
parameter yu satisfies C?/u = qc_ol/ . In this case we introduce current Ap(2) in a similar way.
Adding one more vertex operator to E(z) (that is “adding a one dimensional representation”) we
obtain a new current E(z). Then E(z) commutes with screening operators constructed from A;(z),
i=1,...,¢, and the integral of E(z) commutes with the screening operator corresponding to Ag(z).
In particular, contractions of A;(z) lead to deformed affine Cartan matrices whose affine node is of
type B. 3

We do not know know how to include the integral of E(z) into a family of commuting operators
directly. However if the boundary module is of type CD, we can exchange the affine node with the
(-th node. It turns out that the integral of E(z) coincides with the integral of a different deformed
W current for which the boundary module is of type B and the affine root is of types C or D, see
Remark [4.6l Then the integral of the latter current is a part of the family of integrals of motion as
before. Such a recipe does not work for Déi)l for which the end nodes are both of type B.

The full list of deformed affine Cartan matrices produced by our construction includes a number
of new examples, see Appendix [Cl

There are several questions arising from our work which we plan to address in the future publica-
tions.

2)

e The deformed integrals of motion related to Dg I

of type B need an additional study in general.

e We introduced the commuting algebras in K as explicit integrals. We would like to construct
these algebras from some version of transfer matrices and obtain their spectrum by a Bethe
ansatz method.

e The nature of K algebra needs to be clarified. We expect that it should be recognized as
a twisted version of the quantum toroidal algebra. Also, it is interesting to understand the
relation of K to the universal W algebras of types B and C,D of [KLJ.

e There are similar comodule algebras for quantum toroidal algebras &,, associated to gl,. It
is important to study the currents they produce and the corresponding integrals of motion.

e The deformations of integrals of motion related to exceptional types seem to be related to
other quantum algebras, see Section [5.2] for a discussion of type Gbs.

, are not constructed yet. The affine roots
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The plan of the paper is as follows.

In Section 2l we introduce our convention and review generalities about the quantum toroidal gl
algebra €.

Section [3is devoted to deformed W algebras and deformed integrals of motion of type A. Section
B reviews the non-affine case. In Section we introduce the zeroth root current and recover
deformed affine Cartan matrices. We discuss qg-characters in Section B.3] screenings in Section [3.4],
and the deformed IM in Section

In Section @] we treat the case of other classical types. We introduce the algebra X (Section [A.T]),
along with its left & comodule structure (Section FE2) and the boundary representations F& FP
(Section[4.3)). We construct the deformed W currents and obtain deformed finite type Cartan matrices
in Section 4.4l We discuss the affinization in Section[4.5l Section [4.6] deals with gg-characters, Section
[4.7] with screenings, and Section [4.§] with the deformed commuting integrals.

In Section Bl we make some additional remarks. We discuss integrals of motion of Knizhnik-
Zamolodchikov type in Section [5.I] and the situation in type Gy in Section 5.2

The text is followed by three appendices. In Appendix [A] we give a proof of the commutativity of
integrals of motion. Appendix [Bl discusses the existence of operator K(u). In Appendix [C] we give a
library of deformed Cartan matrices obtained from X.

2. THE QUANTUM TOROIDAL ALGEBRA ASSOCIATED TO gl;

In this section we recall the quantum toroidal algebra associated to gl; and its Fock modules.

2.1. Relations. Fix ¢, ¢2,q3 € C* such that ¢1¢q2q3 = 1. We also fix values of Ing; and set ¢f =
exp(alng;) for all a € C. In this paper we assume that our choice of parameters is generic, meaning
that ¢¢¢5 = 1 for a,b € Z if and only if a = b = 0.

We use the notation

-1 le

1/2 _
¢ © titats

Se=4q."", te=58.— 5§

(ced{1,2,3}).

We also use

Note that R1 = —t1t2t3 = Z?:l ql_l — Z?:l q;.
The quantum toroidal algebra € associated to gl; is an associative algebra with parameters ¢, g2, g3
generated by coefficients of the currents

e(z) = Z enz ", f(2) = Z Jn2™", ¢i(2) = eXP(Z /irhirZ:Fr) )

nel neZ r>0
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and an invertible central element] C'. The defining relations are as follows.

V()0 (w) = o (w)y™(2),

where

The relations for 1)*(z) are equivalent to

1Cr—C
(2.1) [y i) = Bpps0— ————

Koy r

Let A be a Z graded algebra with a central element C'. The completion of A in the positive
direction is the algebra A, linearly spanned by products of series of the form > .°, fig;, where
M eZ, f;,g; € A and deg g; = i.

We call an A module V' admissible if V' is Z graded with degrees bounded from above, i.e.,
V=) _V;, whereV; ={v €V |degv =i}, and if C is diagonalizable. The completion A acts
on all admissible modules.

Algebra € has a Z grading given by

dege; = deg f; =degh; =1, degC =0.

In other words, if we formally set degz = 1, then e(z), f(z), ¥*(z) all have degree zero.
Let E®E be the tensor algebra € ® € completed in the positive direction. We use the topological
coproduct A : € = ERE as in [FIM]:

(2.2) Ae(z) = e(Cy'2) @ YT (Cy'2) + 1@ e(2),

Af(z)=f(2) @1+ ¢ (Ci'2) ® f(Cr'2),
(2.3) AVt (z) =T (2) @ YT (Ch2),
A~ (2) =~ (Coz) @™ (2),

'In the standard definition, the quantum toroidal algebra € associated to gl; has two central elements. Here we set
the second central element to 1.
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where C1 =C®1, Cy =1® C. 5
Note that the coproduct can be extended to the map A : &€ = EXE.
The counit map € : & — C is given by €(e(z)) = €(f(2)) =0, e(v*(2)) =1, ¢(C) = 1.
We set also

f(z) = S(f(2)) = =07 (2) " f(C2)

where S is the antipode. The coproduct reads

Af(z) = f(Coz) @9 (2) "+ 1@ f(2).

Note that the topological Hopf algebra € depends on g¢i, ¢2, g3 symmetrically, in other words it
depends on the unordered set {q1, ¢2, g3}

2.2. Vertex operators. In this paper we often study vertex operators acting on bosonic Fock spaces.
Here we give a brief description of these objects.

A Heisenberg algebra H is an associative algebra generated by linearly independent elements hff)7
where r € Z, i = 1,..., N, with relations [h\”, h{] = 0rrs0a, where a%’ € C. Algebra 3 has a Z
grading such that deg hD = .

A weight o is a linear functional o : spanc{hgl), Cey h(()N)} — C. For a weight o, we define the
Fock space F, as an H{ module generated by a vacuum vector v, such that hg)va =0 for r > 0,
h((f)va = a(h((f))va for i =1,..., N, and such that F, is freely generated over C[hff)]lez<oN
Given a weight a, let e9= : F,, — F, 4 be a linear operator such that e?=v,, = v, and such

that [eQ, hff)] =0, r # 0. We have

eQa V0 = z=avo) o, Qa Vg € span(c{h((]l), e h(()N)} )

In this paper, by a vertex operator we mean a formal series V' (z) of the form

(2.4) V(z) = bexp (Zv_rz’") exp (Zvrz_’"), v, € spanc{hY, ... AV (r e Z),

r>0 >0

where b € C*. For any v € F,, V(2)v is a well defined Laurent series in z with values in F,.
The product of ([2.4) with another vertex operator V'(w) = b exp(}_, .o V_,w") exp(d,~oViw™")
has the form -

V()V'(w) = pvy(w/z) : V(z)V'(w) :,

where ¢y v/ (w/z) € Cllw/z]] is a formal power series called the contraction of V(z) and V’'(w), and
the vertex operator

:V(2)V(w) := b exp (Z(V_rzr +v_,w")) exp (Z(vrz_r +viw™"))
r>0 r>0
is called the normal ordered product of V(z) and V'(w). Obviously : V(z)V'(w) : = : V'(w)V(2) -
Our vertex operators will depend on various parameters, qi, ¢o, i, C', etc. One can think of these

parameters as variables or as generic complex numbers. We call « a formal monomial if « is a product
of parameters in rational powers. For example « can be of the form ¢;" qgi with a;, b; € Q.
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We often study the case when the contraction has the form

(2.5) pvy(w/z) = H(1 —aw/z)™™
where n; € Z and «; are formal monomials. Equation (2.3) is equivalent to saying

> i
r

Vi, Vo] = 8rts0 (r € Zso).

C(V(z),V'(w)) = Z n;Q;

to represent (X)), and by abusing the language we also call the sum in the right hand side the
contraction of V(z) and V'(w).

Note that €(V (pz), V'(p'w)) = €(V(z),V'(w)) - p'/p.

We call a contraction rational if ) . n;a; has a finite number of summands. We call a contraction
elliptic if we can write ) . na; = Zj m;B;/(1 — B) where m; € Z, f3;, 5 are formal monomials, and
the summation over j is finite.

We use the notation

We also often study screening currents and screening operators. Screening currents S(z) have the
form

(2.6) S(z) = e 2% exp (Z s_,2") exp (Z s,27"), s, € spanc{htV, ... AN} (r € Z),
r>0 r>0

where a is a weight. In particular, S(z) = e@=2%5°¢(z) where S5°%(z) is a vertex operator with
S0 = 0.

Given a screening current S(z) = e9=2%05°¢(z) and a vertex operator V(w), the normal ordering
is given by : S(2)V(w) : = : V(w)S(2) : = e@az : §o5¢(z ) (w) =

The screening operator S is the constant term of zS(z

(2.7) 5_27T /5 )dz .

Note that S is a well defined operator F,, — [F,,1 o if and only if pu(so) € Z.
Let V(2), V'(2) be vertex operators of the form (2.4]), and set
Az) = V(2)V'(2)7!
Assume that there are formal monomials py, ps, p3 such that
(28) AR VW) = —(1— A1 —5), e(V(w),A() = —(1—p?)(1—p;?),
e(A(). V() = (1 -1 —p5?),  €(V/(w), AR) = (1 p)(1 ).

For these equations to be consistent, we must have (1 — p2)(p? — p2)(1 — p; *p; *p3°) = 0. Excluding
the trivial case p3 = 1, we shall assume that either p; = p3 or p1pop3 = 1. We also assume that if
v = avy for some a € C then a = —logp;/ log ps.

Then we can construct a screening operator commuting with V(z) + V'(2) as follows.

We define the screening current S(z) of the form (2.6]) by

1-—
(29) A(z) =1 £§p2 2])52 . S(p;lz)S(pQZ)_l .
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This amounts to the relations

adr =Vp —V /:(pg_pgr)r ( #O>7
01—
eag — €VO_V0 b — p;’p2—2p—2 —2sp )

In addition we choose a weight a so that
(2.10) a(vg) = 2logpy, a(vy) = —2logps .

Then we have the following well known lemma.

Lemma 2.1. When the screening operator S is well defined, we have
1S, V(z) +V'(2)] = 0.

Proof. We have

S()V (w) = % SEV@)L VS = T p?g /Z =l SEVw)
SV (w) =+ Bl 1/‘;/ 2V w) s VI(w)S() = —11__1’;7:2;1/0 Yt SV (w) :

It follows that [S(z), V(w)] = (1 —p?)d(paw/z) : S(2)V (w ) where 0(z) = _,, 2" is the formal delta
function. Integrating over z, we obtain [S, V(w)] = (1 — p?)pew : S(pyw)V (w) :. Similarly, we obtain

1S, V/(w)] = (1 — p3*)py w : S(py'w)V'(w) -.

On the other hand, from the definitions we have

]‘ /
: S(paw)V (w) : = 1= g;’p;?pg : S(py " w)V' (w)

Hence the lemma follows. O

We note that in ([2Z.8) one can replace A(z) with A(pz) for any formal monomial p. Then the
screening current S(z) will be also shifted to S(pz) and S will be replaced by a constant multiple
p~1S. Therefore Lemma 2.1 will still hold.

When p; = p3 # po, the right hand sides of (2.8) become symmetric in p; and p,. Interchanging
the roles of p; and py, one can construct another screening operator commuting with V(z) + V'(2).

It is easy to check that if one has pipsps = 1 in (2.8]), then the corresponding screening current is
an ordinary fermion [BEM].

2.3. The Fock modules. Algebra € has three families of Fock representations F.(u), where ¢ €
{1,2,3} and u € C*. We call ¢ the color of the Fock module and u the evaluation parameter. Quite
generally, if the central element C' acts on an & module M by a scalar k, then we say that M has
level k and often write C' = k. The Fock module F.(u) has level s..

The Fock modules are irreducible with respect to the Heisenberg subalgebra of & generated by
1*(2). Thus we have the identification of vector spaces F.(u) = C[h_,|,~0 ve, where v, is the vacuum
vector such that h,v. = 0 (r > 0) and Cv. = s.v.. Then the generators e(z) and f(z) are given by
vertex operators

e(2) = b Vi(ziu) o, f(2) = be: Va(zu) ™t s,
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where b. = —t./k1 and
T‘h—’f‘ T‘h’f‘ —
(2.11) Ve(z;u) = uexp(Z " zr> exp(Z quﬂz T’) :
L—q L—q
>0 >0
Note that
(2.12) Vo(s zyu)™(2) = 0 (s, 2)Vi(sez; u) .
For vertex operators (211]), the contractions are rational. The non-trivial ones are
©(Vals ), Velws ) = ==
(2.13) C(vH (g 22), Ve(wiw)) = €(Ve(ziw), ¥~ (w)) = ki,

Cet (g, %2), 0 (w)) = —(1 = ge)kr

3. W ALGEBRAS AND INTEGRALS OF MOTION OF TYPE A

The deformed W algebras are introduced in [FRI] starting from a deformed non-affine Cartan
matrix, or in a more general context, a Dynkin quiver in [KP]. In these papers, supersymmetric
cases were not considered.

It turns out that the deformed W currents of type A are essentially the images of the current e(z)
of the quantum toroidal gl; algebra € acting on tensor products of Fock modules. In this section we
discuss this connection, and explain how the deformed affine Cartan matrix and integrals of motion
are recovered from the data of Fock modules.

3.1. The current e(z) and root currents A;(z). Fix a tensor product of ¢ + 1 Fock modules
(3.1) Fer(u) ® - @ F,, (ugg1), c1,... co41 €4{1,2,3},

which has level C' = Hfﬂ 5¢;- By coproduct formulas (2.2)), (2.3), the current e(z) acts as a sum of
vertex operators in £ + 1 bosons

6(2’) = bc1A1(z) +- bculAZ—i-l( )

Z

M(Z) =18 @ 18V, (@hziw) 8 0 (57 alyy2) @ - @ 9 (s3] by 2).
where
0+1
(3.2) at = H sc_jl.
j=i+1

Note that the current e(z) with evaluation parameters au;, where a € C*, is obtained from e(z)
with evaluation parameters u; by scalar multiplication by a.

To each neighboring pair of Fock spaces
i i+1

@ T (u) @ Ty (Uig) @+, i=1,...,0,
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we associate a current A;(z). Namely, fori =1,... ¢, let A;(2) be given by a normally ordered ratio:

Ai((af)™'2)

Rz

where a? is given in ([3.2). We call 4;(z) a root current.
From (2.13) we have the following contractions:

(3.3) Ailz) =

—K1 (Z<]),
C(Ai(2), Aj(w)) = § —k1 /(1 —qc,) (i =13),
0 (i > ),

where 7,7 =1,..., 0+ 1.
Denote the contractions between root currents by

The only non-trivial ones are

t1tots t1tats
, Bjj=—
[ t..1

i CjUCi+1

-1_-1
(SCj SCj+1 - Scj Scj+1) ?

(3.5) Bi 1, =DBi1=

where i =2,... 0, j=1,...,¢.

In other words, only neighboring A;(z) have non-trivial contractions which can be described by
2 x 2 matrices corresponding to the choice of three Fock spaces, see type A matrices in Appendix
[C2

Note that all these contractions are rational and do not depend on evaluation parameters wu;.
The matrix of contractions B = (B,-7j)i7j:1w , should be compared with the Cartan matrix of type
A. We say that A;(z) is a bosonic current of type c if it corresponds to a pair F,.® F., and a fermionic
current of type c if it corresponds to a pair F., ® F,,, where {c1, c2,c} = {1,2,3}.

Example 3.1. Consider the tensor product

(36) ?1(U1) ®§1(U2) ®3:’1(U3) ®§2(U4) ®§2(U5) ®3'“3(u6) y C = S?S%Sg.
The matrix B is given by
—t2t3(81 + Sl_l) t2t3 0 0 0
tots —tots(s1 +s7") tats 0 0
(3.7) B= 0 tots t2 tyts 0
0 0 taty —titz(sa+s5') tits
0 0 0 t1t3 t2

We picture this matrix as a Dynkin diagram where a circle represents a bosonic node and a crossed
circle a fermionic node. We also attach a marking by 1,2, 3 to each vertex, indicating its type.

[
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The diagram in the example looks like a diagram of slyj, but it is different because of the markings.
In the diagram of sly, all bosonic nodes have the same marking and all fermionic nodes have the
same marking too:

o O ® O ®

1 1 3 1 3

And if all colors are the same, e.g. ¢; =2,71=1,...,¢+ 1, then

(38) Bi,j = —tltg((SQ + 82_1)(5ij — 5i,j+1 — 5i,j—l) .

Up to an overall multiple —t;¢3, this coincides with the matrix B(q,t) of type A, in [FR1], eq.(2.4)
with the identification s, = gt .

O O O O
2 2 2 2

However, in contrast to [FR1], we have one extra boson. Indeed, by construction our root currents
commute with the diagonal Heisenberg algebra
[A;(2), AR =0 (i=1,....0, r#0),

where A® signifies the iterated coproduct with A® = A. This extra boson allows us to have rational
commutation relations between A;(z)’s, and will play a role in the affinization to be discussed below.

3.2. Root current Ay(z). Fix an arbitrary pu € C* with |u| < 1. We define the dressed version of
the current e(z) of the algebra € by

(39) el = e v =[]t = ew (3 e ).

The coefficients of the dressed current e(z) are elements of &. We warn the reader that e(z) at u =0

does not reduce to e(z) but rather to e(z)y™(C~'z)"". This somewhat unusual convention is due to
historical reasons.

While the current e(z) has rational commutation relations, the dressed current e(z) satisfies the
elliptic commutation relations:

e(z)e(w) = e(w)e(z) H Ou(qw/z)

i=1 @M(qz_lw/z) .

Here we use symbols for infinite products and theta functions

(21, 25D = [ TJ(1 = "), ©p(2) = (20271, Pi D)oo
i=1 k=0
These relations have to be understood as equality of matrix elements. Namely, if M is an admissible
€ module then the matrix coefficients of both sides converge to meromorphic functions which are
analytic continuation of each other.
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There are two separate motivations for the definition of the dressed current. One is the form of the
integrals of motion, see Section[3.5. In this section we discuss a different reason: the appearance of the
current Ay (z) corresponding to the affine node and ultimately of the screening operator corresponding
to the affine node, see Section B4l In type A these two points lead to the same definition of the
dressed current.

The dressed current e(z) has the form

e(z) = by Ai(2) + -+ bep,  Apya(2),
where A;(z) = Ay(2) AOYH(C12) 7
For i =1,...,/, the ratios of the terms in dressed and undressed currents are the same:
Az A(R)
CAa(z) T Aa(2)

However the contractions of individual terms change to elliptic ones:

c=Ai(alz), i=1,...,(.

K1
(3.10) C(Ai(2), Aj(w)) = €(Ai(2), Aj(w)) + 1= o

This allows us to define a new current Ag(z) which has rational contractions with all root currents
Ai(z),i=1,...,¢, and is independent of them. Namely, define the zeroth root current by

o w09= R = R

The contractions involving Ag(z) are as follows. Retaining notation (B.4)) we have B;o = By,; =0
if © #£ 0,1, /. The non-trivial ones are:

AOYH(C z) :

titals -
BO@ = _7( coy15c1 T Cl}rl 011) )
tCZ+1t01
t1tot t1tat t1tat
By = By = —22, By = —22Cp7', Biy=—220"'p,
Co+1 Cc1 tcl
where C' = Hfi S¢; 1s the total level and £ > 1.
For ¢ =1, By, and B, take the form:
1 Opt 1 C'u
B :—KJ(——I— ), B :—n(—+ )
0,1 1 i i 1,0 1 i i

Thus we have a quAlg type deformed Cartan matrix corresponding to ¢; = co =2 and a Uqu[m type
deformed Cartan matrix corresponding to ¢; = 1, co = 2:

iy so+ syt —1—COpt ; ts t +tCpt
W\-1-C'u s+ syt ) S\t + 6,07 t3 '

We call the extended matrix of contractions B = (Bi;)
Cartan matrix.

5018 the symmetrized deformed affine
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Example 3.2. We continue to consider the tensor product (B.6]). The matrix B is given by

t2 tatsCu? 0 0 0 tyto

t2t30_1,u —t2t3(81 + 81_1) tols 0 0 0

- 0 tots —tats(s1 +87") tats 0 0

(3.12) B= 0 0 tots t2 tyts 0
0 0 0 tltg —t1t3(82 + 82_1) tltg

t1to 0 0 0 tits t2

With the root Ag(z) the Dynkin diagram becomes the following.

(3.13)

O ® O
1 1 3 2 1
The affine node is fermionic and we label it by 2, since it corresponds to the ratio of the last and
first terms obtained from F3(ug) and F;(u;). However, note that there is an arbitrary parameter p
which does not appear in the diagram. O

One can easily describe the restrictions on the markings of the Dynkin diagram which can appear.
There is a single global condition: if there are a. fermionic nodes of type ¢, ¢ = 1,2,3, then a; =
as = a3 modulo 2. In addition, there are several local conditions. For example, neighboring bosonic
nodes have to have the same marking, neighboring bosonic and fermionic nodes cannot have the
same marking.

In particular, (8.13)) is not a diagram of affine slyj», as in any affine Dynkin diagram of type sl
the number of simple odd roots is even (which is true in our setting if all bosonic nodes have the
same type).

If all colors are the same, e.g. ¢; =2,i=1,...,/+1, then the matrix B is, up to a scalar multiple,
the deformed affine Cartan matrix of type A in [KP].

The following lemma shows that in all cases the currents A;(z), i = 0,1,...,¢, are independent
generating currents of the Heisenberg algebra provided u # 1, C?.

Lemma 3.3. We have
0+1

det B = k!+! Ht_ p)(Ct—=Cu™).

Proof. Tt is easy to see that det B as a function of z = C~ 'y is a linear function of x + 27!, One can
check that if z = C~! then the vector (Yo, 91, - - ye)T with yo = C and y; = 50, -+ 8, (1 <0< f) s
in the kernel of B. Tt follows that det B = a(C 4+ C~" — z — 2~ ') with some a. The coefficient a can

be determined from the behavior as z — oo
0+1

)4
detB = (—1)63170B07g H j,i—1 + O = —I’H — + O

chﬂ
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U

3.3. Currents Y;(z) and gg-characters. In this section we describe current e(z) as a gg-character
in the spirit of [N], [KP].

In what follows we write B = DC, C' = (C;;)"_,, choosing a diagonal matrix D = diag(dy, . . ., d¢)
in such a way that

t1tot
d; = — 1t2 3, Cii=Sc+ soh if A;(z) is bosonic of type c,
d; = t., Cii = 8c— s, 1, if A;(z) is fermionic of type c.

[

The currents A;(z) correspond to roots. In order to understand the combinatorics of deformed
W-currents, it is convenient to introduce currents Y;(z), i = 0,. .., ¢, which correspond to the funda-
mental weights.

Define the modes a;, by setting

Ai(z) = e : e2rrodir® "

The zero mode € is a variable, which takes the value u;/u;,1 in (3.3]) and (Bjj]) Where Uy = Uy

Write elements of non-symmmetrized deformed affine Cartan matrix as C;; = >, m; ) — >, ng,sj),
where mﬁ’?, n( *) are monomials of the form s asbuc, a,b,c € Z, and define Y;(z ) by the set of equations

(3.14) A = TV IT (Y(ngjz))_l L j=0,..0

S

where Y;(z) are of the form

Yi(z) =:e€

Vio e A 0N :
Sy Ly 1€ if A;(2) is bosonic,
e@viz¥io if Ay(z) is fermionic.

In the right hand side of ([3.I4)), Yi(z) for fermionic A;(z) appears only as a ratio : Y;(az)Y;(bz)™! :, so
that e cancels out. We shall specify the latter when we discuss the screening currents, see Section
3.4 below.

Due to Lemma [B.3] such Y;(z)’s exist and are unique up to an overall shift of zero modes ;.
Moreover, we have

(3.15) C(4;(w), Yi(2)) = £C(Yi(2), Aj(w)) = didi;,

where the sign is + for bosonic nodes and — for fermionic nodes.
We explain this definition in an Example 3.4l below.

Let us set up some language convenient for discussing combinatorics. In what follows we set
p = Cs; 7, v € C, and rewrite monomials stsyu”, i,4,k € Z, in the form s¢s, a,b € C. We adopt
the shorthand notation I, , = Y;(s¢s52), l = 0,1,..., (.

Let A be the commutative ring in formal free Varlables la p 1=0,1,...,¢,a,beC.

Let my : A — A be the ring homomorphlsm sending Oqp — 1, lyp — lop, [ # 0.

For a formal monomial o = s¢s} define a ring homomorphlsm To : A — A shifting indices by
(a,b). For example, we have Teastled = latepd-
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The combinatorial study of the gg-characters and g-characters is based on the concept of dominant
monomial, see [FR2]. The characters are obtained by a combinatorial algorithm “expanding the
dominant monomials”, see [FM], [KP].

If current A;(z) is bosonic, then a monomial m € A is called I-dominant if m does not contain
negative powers of l,,. If current A;(z) is fermionic, then we suggest to call a monomial m € A

l-dominant if m is a product of Za,b with [ # [ and monomials of the form la,quc(l;},), where in the

Cartan matrix we have either Cj;_1 =t. or Cj 41 = t.

Example 3.4. . We continue to work with (3.7)). In this case we have

dy = ta, dy = dy = —tots, ds =t3, dy = —tits, ds =1,
and

ty tsCp~t 0 0 0 131

—C7 'y s +s7t 1 0 0 0

o= 0 -1 s+st -1 0 0

0 0 to ts ty 0

0 0 0 —1 sy+s;t 1

to 0 0 0 ts th

Reading off the columns of €', we obtain A;(z) currents in terms of the Y;(z)’s:
Ag(z) = 00,10571_11:»1%050,15&1_1, Ai(z) = 0«,—1,—10§i1,+111,01—1,026757 Ay(z) = 157(1)21,02—1,030,13&1_17
Ag(Z) = 28’(1)3_1,_131_&467(1], A4(Z) = 31703:1704071407_15_1,_151_&, A5(Z) = 01700:%’048’(1)51705:%’0,

where s] = Cpu~t.
Set 6; = Ing;, 61 + d2 + 63 = 0. Then zero modes are given by

20,0 = 02Yp0 — Y1,0 T 02Y50, 1,0 = 03Yo0 1 2Y10 — Va0, 320 = —Y1,0 + 2Y20 1 02¥3,
330 = —Y2,0 T 03Y30 — Va0, @10 = 01Y30 + 2Ya0 + 03Y50, a50 = 01Y00 — Ya0 + 01Y50-

These conditions uniquely determine y; 4’s up to a common additive shift.
The current e(z) can be written:

e(aglz) = Al(aglz) (bcll + bC2A1_1(slz) + bcaAl_l(slz)Az_l(sfz) + bc4A1_1(slz)A2_1(s%z)Agl(si’z)
b AT (512) A3 (532) A5 (1) A7 (s322) + b A7 (512) A3 (532) A5 (52) A (s22) A5 (s5532) ).

which we symbolically depict as follows.

Al—l A2—1 A§1 A;—11 A[—l
Ay > Ay > Az > > Ay > Apiq

Ignoring constants b., we write it using Y;(z) in the form:
(3.16)  x = 0,105,100+ 150210 + 250321351 + 341351430 + 45554255 + 0220, 552255 5.

Following [N], we call the expression y the gg-character of the vector representation corresponding
to the Dynkin diagram (B.13]).
According to the general rule, for [ = 1,2,4 (that is, for bosonic nodes) a monomial is I-dominant

if it is a product of monomials 1, and Zaill, with a,b € C and [ Z# 1. A monomial is 0-dominant if it
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is a product of monomials of the form 0, ,0° L 0, b0;12 p_o, and ljEl with [ # 0; 3-dominant if it
atrobr Ba b3a bros and ljtll7 Wlth [ # 3; 5-dominant if it is a
product of monomials of the form 5, b5a bi2s Oa b5a 92, and lill, with [ # 5.

In (B.10) the [-th term is I-dominant for 1 <1 < 5, and the last term is 0-dominant. The (I + 1)st
term is obtained by multiplying the /-th term by the inverse of current A;(z) with an appropriate

shift, see (B.3]). Moreover, the last term and the first term are connected as follows

a+2 b
is a product of monomials of the form 3, p3 L

(317) Aal(8?8%832)02720;%527255’(1) = 02700;;1«/4_271 = Tu(O%_lo;_il_leo,o).

U

While our gg-character is closely connected to that of [KP], they are different in several ways. First,
our first monomial is I-dominant for [ = 1,..., ¢, but not 0-dominant. Second, our gg-character is of
finite type, namely, applying my we obtain the gg-character corresponding to the non-affine Cartan
matrix. In particular, our gg-character contains finitely many terms. Third, the fermionic nodes are
not considered in [KPJ4. Fourth, the variables 0,; do play an important role as they correspond to
the dressing of the current e(z) and the finite type gg-character “closes up” in the sense of (B.17]).

The gg-characters of [KP] commute with all screenings operators including the one corresponding
to the zeroth node and correspond to modules of quantum toroidal algebra €, associated to gl,_ ;.
If we start with our gg-character and formally require such commutativity, we would have to add
infinitely many terms which correspond to the vector representation of £,,1, while [KP| starts with
a dominant monomial which produces a gg-character corresponding to a Fock module of £,,4.

The usual g-character of the evaluation vector representation of quA[g in the sense of [FRI] is
recovered after applying my in the case of ®é+1ff2(u,) when all Fock spaces are of the same sort. In
this case we have

by'e(z) = 052 1 1o+ 201155 + 302205 + -+ + €541 00,0

where s = Cpu.

3.4. Screenings. We discuss the screening operators.
First, we clearly have [A4;(2), A;(w)] = 0 whenever j #i,i+ 1 mod ¢+ 1.

Moreover, for i = 0,1, ..., ¢, the non-trivial contractions of A;(z) have the form (2.8) where
be, .
A(z) = 77 Ai(2), V() = beAil((@)712), V(=) = be A ((0) 7 7002).
Cit1

Here we set Agi1(z) = Ag(z). If the node is bosonic, ¢; = ¢;y1, then p3 = p1 = s., P2 = s,
where {c;,b,c} = {1,2,3}. If the node is fermionic, then p; = s, ,, P2 = 54, P3 = 5., Where
{Ci,CH_l,d} = {1, 2,3}

2Fermionic root currents A;(z) appeared in [BEM].
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. . + .
Accordingly we define two screening currents S (z) = e@si 250 S5°°( ) for each bosonic node and
. f ..
one screening current S (z) = @i 25.057°°( 2 for each fermionic node, see (2.9), (ZI0):

Si (s '2) S; (s:'2)
(3.18) o=t AR) = S TgEC S St
5SS (s712)
3.19 Ci # Ciy1: Ai(2) = 5¢,5¢,,, ¢ i 7
( ) # +1 (Z) 1< Ci+ S’;f(sdz>

where (¢;,b,¢) = cycl(1,2,3) and (¢;, cir1,d) = {1,2,3}. We choose Qs by demanding [y, , Qs,] =
gi(si,ja where

logq. for S,

(3.20) 9i = loggy, for S,
-1 for S;.
In the fermionic case ([3.19), we set in addition [s; o, Qy,] = —d;; so that we have
1 1
1(2)Yi(w) = / L Yi(w)S{(2) = —— : Vi(w)S{(2) : .
S (2)Yi(w) = ———: Si(2)Yi(w) , Yi(w)S5](2) = —— : ¥i(w) 5] (2)

Introduce the corresponding screening operators S, S/ by (Z7) when well-defined.

Let S; stand for either S when A;(z) is a bosonic current, or S; when A;(z) is a fermionic current.
It follow from Lemma 2.1] that the currents e(z) and e(z) both commute with all S; with ¢ # 0, and
that e(z) commutes with Sy up to a p-difference:
(3.21) [Si,e(2)] = [Si,e(z)] =0, i=1,...,0,
(3.22) 150, €(2)] = by [0, As(2) — Ay (12)].
The relation (3.22) implies the commutativity of Sy with integrals of motion, see Theorem B.7 below.
In view of these relations, we call e(z) the deformed W-current of type A.

Example 3.5. We again illustrate the construction of screenings on the example of ([B.0]), see also
Example 3.4l In this case

_ +(—1 A
Ao(x) _ 153(s5'2) Ai(z) ST (8(an200 %)
- 9 — 41 ’
Ai(pz) 7 5l(sy2) As(2) ST (8(5£1)/201'2)
+ A _
As(z) _ . Sz (S(51)/2022) As(z) i Si(s5'agz)
= 1 - )
As(z) 7 S5 (s 2052) As(2) 54 (s3a1'2)
Ay(z) — ¢ Sit(sﬁlaf ) As(z) 1 Sg(sl_la?z)
As(2) St (sox1afz)’ Ag(z) 1 8I(s1adz2)
In particular the zero modes of screening operators satisfy
% -1 _S(J;o ul _Sico % —Sit
” = S5 (o " g 91(](5i1)/2a us Q1Q(5i1)/2>
e _550 Ug _sfo Us 1 _sgo
i S343 s us 929241 5 us S1 G
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Recall that we need s;( to act as an integer in order to have well defined screening operators. It

dictates some conditions on ;.
It is convenient to rename the zeroth screening current by setting SI(z) = ZA_lgg(z), s{io =

So0 + A — 1, where qQA_1 = C?. Then the screening operator reads

S = /zA_lgg(z) dz

and sJ , is determined from

+  _+ +
1= _S(J)c 0 _~S1,0752,0 Sf 3,0 TS4,0 _55{,0
2 4512 93 Qo1 G

U

3.5. Integrals of motion. One of our primary interests is in constructing commuting families of op-
erators. In the case of type A the source of such families is the standard transfer matrix construction,
see [EJM]. Here we recall the answer, which appeared first in [FKSW].

Define the Feigin-Odesskii kernel function [FOJ:

0,(2)0,65"2)
0,(112)0,(¢37)
The function wy(z) satisfies a series of identities parametrized by m,n € Z1, see [FKSWI:

(3.24) Sym H wa(zj/z) ' = Sym H wa(zi)2) 7"

21,y 2mA4n 1<i<m 21y sZmAtn 1<i<m
m+1<j<m+n m+1<j<m+n

(3.23) wa(2) =

The following theorem describes the integrals of motion.

Theorem 3.6. [FKSW]|, [EJM|] The following elements {L,}72, are mutually commutative:

dz;
(3.25) / / e(z1) --e(z,) Hw2 26/ %) H2mjz
j

i<k

where the integral is taken on the unit circle |z;| =1, j=1,...,n (or a common circle of any radius,
due to homogeneity) in the region |qi|,|qs] > 1 and extended by analytic continuation everywhere
else.

Proof. In [FKSW]| the theorem is proved directly (on tensor products of Fock spaces) with the use

of the identity (3.24).
In [FJM], it is shown that I,, up to a constant, are Taylor coefficients of the transfer matrix

corresponding to the Fock space Fa(u), where p is the twist parameter. Then the commutativity
follows from the standard argument with R-matrix. U

We note that in the construction of integrals of motion one can replace ws(z) with functions

@u(z)@u(q;lz) 9u(z)9u(9§12)
wi(z) = , ws(z) = .
) 6,090, (2) B 8,020, (w)
It is known that while individual integrals I,, with n > 2 depend on this choice, the algebra generated

by all I,, does not.
Let us verify the commutativity with screenings.
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Theorem 3.7. The integrals of motion commute with all screening operators,

[S;, 1,] =0, 1=0,1,...,¢, n>1.
Proof. For i # 0, this follows readily from (B2I)). We check the case i = 0 using (.22). By
replacing wo(z) by ws(z) or wy(z) if necessary, it suffices to consider the two cases, ¢; = ¢y = 2, or

¢ = 1,¢001 = 3. We assume |qq], |g3] > 1.
First consider the case ¢; = cp41 = 2, So = 5y . Then

(S0, A1(2)] = const. AV (2), AW (2) = 2: So(s7 p2)A(2) « .

Noting the symmetry of the integrand and the commutativity Sy(z)e(w) = e(w)Sy(z) as meromor-
phic functions, we obtain

S0, I, ocZ/ / e(z) - (AW (z) — A(l)(uzi))“'e(zn)'sz(zk/zj) H2:lr?zj

Let us examine the relevant poles of A (z)e(z;). For symmetry reasons we consider j = 2. We
have

w22/ 21) AW (21) Ai(22) = F(z/21) F (™ 21 ) 22) P (22 21) %+ AW (21) Ag(22) 1,

where
F(x) =
(g @, pgs '@ 1) o
11 qqucx (l - 1)’
Wy ) 1—pgste
1 (l#£1,0+1).

All integrals are taken over the unit circle. If |ug;| > 1, one easily checks that the z; integral vanishes.
Otherwise one has to pick the residues at z; = q; ' 22, 1q122 coming from fl(l)(zg /z1). Using again the

relation ¢o @ So(s72) A1 (pz) 1 = 1 Sp(s12)Ari1(2) @, we find that
" dz
[So, L, / / A(2 (22) —A®@ (ug122))e(z3) - - -e(zn) Hw2 (21/22) - H wa(2x/ %) H 271_;)
3<j<k j=2
where

AD(2) = 21 So(s7 g W )AL ) AL(2) 1, WP (@) = wa(qu)wa(2) .
This current has properties similar to A™M(z) except that p is changed to juq;, namely
W (2021 ) AP (20) Ay(23) = F(23/20) F (g7 1 20/ 2) [ (23] 22) X - AP (2) Ag(25)

where fﬁ)l (x) = fz(i)1(Q1x) and fl(2) (x) = fl(l)(x) (I # £+ 1). We repeat this process several times,
until either there are no other integration variables left, or until |ug]*| > 1 with some m and the
shifting z — pq{"2 is no longer obstructed.
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In the case ¢; = 1 and ¢,y = 3, the analog of fl(l)(I) becomes

fae (1=
1) o
fi (@) = ;@x(ww+n
1 (I#1,0+1).
There are no poles which obstruct the shift z — puz. 0

4. ALGEBRA K

We define an algebra K which produces the deformed W currents of types B, C, D in the same way
as the algebra € produces the deformed W current of type A. We think of algebra X as a “twisted”
[O] analog of algebra € or as a “coideal” subalgebra [L].

4.1. Algebra K. We define an algebra K with generating currents

— ZE"Z_n’ K*(z) = exp(z H,27"),

nez +r>0
and an invertible central element C'. We set

K(z) = K~ (2) KT(C?z).

The defining relations are as follows.

(41) gl w)E() W) + 9w, 2 E@EE) = - (902 w3 {C*2) K () + glw, 23(C* D) K (w))
(42)  K*(2)K*(w) = K*(w)K*(2),
(43)  g(z wg(z, C*w) KH(2)K~(w) = g(z, w)g(z, C*w) K~ (w)K* ()
(44)  g(z,w) K*(2)E(w) = gz, w) E(w) K*(2).
(4.5) lebz’gl;lg Z—i[E(Zl)a [E(22), E(23)] = le}Z’;l;ng(ZlaZ2>Zs)ffflés(CzZl/ZS)K_(Zl)E(Zz)K+(23),
where N N
1SymN [z, 2n) = % Z@ F(znqys - ze) s
Xl og oy = 12— 22) o (at )G —an) ) (ks = 2m)

Z1%2%3 212923 Z1%2%3
and G(w/z) stands for the power series expansion of g(z,w)/g(z,w) in w/z. We note that as a
rational function

Kk19(21, 23) 2 <2
X _ _ .
(21, 29, 23) 9(23’ 22)9(22’ Zl) (23 + 22)(21 + ZQ)(22 2321) a1
The relations for K*(z) are equivalent to

1+C”

[Hr> Hs] = _57“4-5,0'%7’
Note the difference to (2.1).
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In the presence of quadratic relations, the Serre relation (£5]) can be reformulated in terms of
correlation functions, see Lemma below.

Note that the Fourier coefficients of K (z) are infinite series. Therefore the relation (4Il) requires
some justification. We proceed as follows.

We define the homogeneous grading of generators by deg E,, =n, n € Z, deg Hy, = +r, r € Z~y.
Consider the free algebra A generated by F(z), H(z). Let A be the completion of A with respect
to the grading in the positive direction. The elements of A are series of the form ) .., figi, where

fivg;: € A and deg g; = i. Then we consider X to be a graded quotient algebra of A.

We call a X module V' admissible if V' is a graded module and V' = @;,.nV;, where V; = {v €
V,degv = i}, and if in addition C is diagonalizable. If V' is an admissible module, then for any
v € V, the series KT (2)v is a polynomial in 27! with values in V and therefore K (z)v is well defined.

Finally, we note that there are obvious automorphisms of X:

(4.6) LK =X, E(2) = —E(2), K*(2)— K*(2),

(4.7) T, K = XK, E(2) = E(az), K*(2)— K*(az) (a € C).

4.2. Left comodule structure. The algebra K does not seem to have a natural coproduct. Instead
it is a comodule over the quantum toroidal algebra €.

Consider the tensor product algebra of & and K. We denote by QX the completion of the tensor
algebra € ® K with respect to the homogeneous grading in the positive direction.

Proposition 4.1. The following map A : X — EQK endows K with a structure of a left &-comodule:
AE(2) = e(Cy'2) @ KT (2) + 1@ E(2) + f(Co2) @ K~ (2),

(4.8) AK*(2) = 0H(C7C5 %) @ KH(2),
AK™(2) =9~ (Coz) ' @ K (2),
AC=C®C,
where C1=C®1, Co=1 C. O

Proof. Checking that A preserves the relations (£.1)-(4.5), especially the last one, demands a straight-
forward but long calculation. We use the identity

21 29 29 23 21 Z3
(— - —> (91,392,3 — 93,193,2) + (— - —>93,1(92,3 + g32) + <— - —> (91,3 + 93,1)92,3
29 21 23 29 z3 21
2

Z
= K1 (1 — —3> (21 + 23) (22 + 23) 23012 5
2122

Where gi,j = g(ZZ', Zj).
Coassociativity (A ® id) o A = (id ® A) o A mapping K — ERERXK is a short direct calculation.
The counit property (e ® id) o A = id mapping X — X is obvious. O

4.3. Boundary Fock modules. We describe several representations of algebra XK, given in one free
boson.

For a complex number k € C*, let H{;, be the Heisenberg algebra generated by {H,},o with the
relations [H,., Hy] = —6,1s0r-(1 + k") /7.
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Keeping in mind the Dynkin types B and C, D, for ¢ € {1,2,3} we set
HB = Hm s HEP =H 1,

and denote by FB, FEP the corresponding Fock modules of the Heisenberg algebra.
We have three K modules of type B. Set

1+ 5.) (54 —
pp = UEsdlsazs) 03,

R1

Define a vertex operator K= (z) by

K¥(2) = exp ( Z ! Hrz_r>.

1+s77
+r>0 + c

We have K*(2)KE(s.2) = K*(2). Set K.(2) = K7 (2)K(s.2).

Proposition 4.2. For c € {1,2,3}, the map X — HE sending
E(2) = k8K, (2), K*(2)— K*(2), Cw~ s/?,

endows FB with a structure of a X module of level se/?.

Proof. The proposition is proved by a direct computation.

We also have three K modules of type CD.
Proposition 4.3. For c € {1,2,3}, the map KX — HEP sending
E(z) =0, K(2)— K*(2), Cr s,

endows FEP with a structure of a K module of level s 1.

Proof. The proposition is proved by a direct computation.

Using the comodule map A we obtain the following corollary.
Corollary 4.4. There exists an algebra homomorphism X — EQHE such that
E(z) = e(s;?2) @ K (2) + kE @ Ko(2) + f(s2/%2) © K~ (2),
K)o g7 (071, ") @ KH (), Ko () i (s%2) @ K (),
C— si/zCl )
Similarly, there exists an algebra homomorphism K — EQHEP such that
E(z) — e(sez) @ K+ (2) + f(si'2) @ K~ (2),
K (2) o 07 (O lse2) @ K¥(2), K7 (2) o 07 (s772) " @ K7(2),
C s 510 .



DEFORMATIONS OF W ALGEBRAS 23

It seems likely that the homomorphisms in Corollary [£.4] are injective. If so, it would give us an
inclusion of algebra X into algebra € extended by an extra Heisenberg algebra.

Note that twisting the boundary modules by automorphism (4.6]) we obtain a new set of boundary
modules. Twisting by automorphisms (4.7)) leads to isomorphic modules.

4.4. Root currents A;(z) of types B,C,D. Fix a sequence of colors ¢y, ...,ciq € {1,2,3}, and
consider a K module defined as a tensor product of ¢ Fock modules of & with a boundary Fock
module F8 or FCP:

(4.9) For(un) @ -+ @ Fo, () @ Fp
(4.10) For(un) ®@ -+ @ Fe, (ug) @ F5,2

We say that the tensor product has

type B for (£9),

type C for (410Q) with ¢, # cpy1,

type D for (Z10) with ¢, = cpiq -
Let Cyyq denote the level of the boundary Fock module:

12 for type B
(4.11) Cé+1:{80”1 or type b,

s,,., for type C,D.

Ce

The total level is

l
(4.12) C = Cri ][] 5e:-

i=1
By the comodule formula (48] and the coproduct formulas (2.2]), (2.3), current E(z) acts as a sum
of vertex operators in £ 4+ 1 bosons of the form

¢ ¢
E(z) = Z be, Ni(2) + ngrlAO(Z) + Z be, Ni(2) for type B,
i=1 =1
¢ ¢
E(z) = Z be, Ni(2) + Z be, Az (2) for type C,D.
i=1 i=1

In these formulas,
1@ ®11 V., (a;z;u;) ® ¢+(s;ilai+1z) ® - @Yt (s, apz) @ KT(2) (1=1,...,0),
1®'-'®1®Kc£+1(2),

7

Ai(z)
AQ(Z)

Ni(z)=1® - @1V Yo z;w) @Y~ (ah2) @ @9 (a,'2) 7 @ K (2) (i=1,...,0),

where a;’s are given by

¢
(4.13) a; = CL H sc_jl.

j=i+1
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We have the following contractions:

R )
S (i £0)
L (j=0)

(4.14) C(Ai(2), Ai(w)) =

Here the indices are ordered as 1 < --- < £ <0< ¢ < --- < 1, and we set ¢; = ¢;.
As before, to each neighboring pair of Fock spaces we associate a current A;(z). Namely, for

i=1,...,0—1, we define A;(z) similarly as in (3.3)),

Aiai'2) _ Ag(aiz) |
Aipa(a'2) T 7 Ag(az)
The second equality is due to the identity (2.12]).

In addition we define a current A,(z) for each type as follows.

(4.15) Ai(z) =

(4.16) Ay(z) = %ﬁ:lz P= [X;((ng : for type B,
(4.17) Ay(z) = ﬁ;gg ; for type C,
(4.18) Ay(z) = A/Céi';) D= A/:fi?i) : for type D.

We study the contractions of the root currents A;(z). Denote as before B; ; = C(A4;(2), A;(w)).
The contractions of B, ; with 4, j # ¢ are clearly the same as in type A and are given in (3.5). The
new feature is the contractions B; ¢, By ;.
First, we have
Bi,Z = Bgﬂ' =0, (Z </{— 2)

Then for type B we have

titot

(4.19) By_oy=DByy2=0, Bi_1p= By = 1152 2,
ce
4 B, titats | 1 ~1/2 1/2 —1 —1/2
( 20) L = _t 1 (Sce+1 - SCZ+1 )(Scesq+1 + Se, Scz+1 ) :
Ce¥Co41
For type C we have
titat _
(4.21) Brog=Bria=0,  Briy=DBr =5 +5,.,)
cy

t1tots
te,

(Seprr 8oy ) (SeSos, + 80, Seern) -

(4.22) By = —
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Finally, for type D we have

t1tats t1tats _
(4.23) Bi_oy=DByyo= ; , Bi_1p= By = ﬁ( corSe =52t Se,)
Cp—1q Ce—17Ce
t1tats 1
(4.24) By = T (Sep_ySe, — scl:sql) )
co—1bce

Note that, in particular, B;; = Bj; in all cases.

We illustrate these contractions in the library of Appendix [Cl Here we consider the simplest case
when all Fock spaces are of the same color to describe the connection to Cartan matrices of types
B,C,D.

Let ¢; = 2, ¢ = 1,...,¢. Then the only nonzero B;; with both ¢ # ¢ and j # ( are B;; =
—t1t3(82 + 82_1) and Bi,i—l = B’i—17’i = tltg.

Consider now the case of type B. We have C? = QSSCZH.

Let cpy1 = 1. Then By = By_14 = tits, and By, = —153(5}/2 — 51_1/2)(3251/2 + 32_131_1/2). The
other entries involving index ¢ are zero.

Thus the matrix —Bt;l(s}/2 - 51_1/2)_1 coincides with type B matrix B(q,t) (2.4) of [FR1] under
the identification ¢ = 31/2, t = sy*. In particular, in the limit s; = s, = s3 = 1 it recovers the
symmetrized Cartan matrix of type B.

Moreover, all the terms in F(z) are obtained from the first one by multiplications by A;(z)~! as in
the natural representation of B, shown below (we do not show the arguments of currents or constants
in front of vertex operators here).

A1—1 A2_1 A;—ll AL it AZ,ll A2—1 ATl

Ay y A, » Ap —— Ay —— A y A5 —— A7

Therefore we depict this case by the following Dynkin diagram.

(4.25) o O O Oo—=—0
2 2 2 2 1
The case ¢y 1 = 3 is similar.

However, the deformed Cartan matrix in the case of ¢,, 1 = 2 is essentially different; it corresponds
to the case studied in [BrL], see also Section 7 of [FR1]. We have Bjs1 = By_1s = tit3, and
Byy = —tits(sy — 1+ s3'). In this case —Bt;'t;" in the limit s; = s; = s3 = 1 is equal to
symmetrized Cartan matrix of type osp(1,2¢). We associate to this case the following diagram.

(4.26) O O O o——w®

2 2 2 2 2
Note that the symmetrized Cartan matrix of type so(2¢+ 1) is twice the symmetrized Cartan matrix
of type osp(1,2¢). Moreover, the weight diagrams of the s0(2¢ 4 1) modules and osp(1, 2¢) modules
are the same and the nilpotent subalgebras in both cases are the same. Therefore, for the purposes of
this paper either diagram fits. However, we prefer not to use the affine node to distinguish between
these two finite types which was suggested by [FR1]. Instead the affine node distinguishes between
affine versions of the deformed Cartan matrices, see Section [4.5

Let us now switch to the types C and D. We have C? = nggzil.
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When c¢,.; = 1, we make the choice of type C. Then the nontrivial entries with index ¢ are
Bro1 = Bo1y=t3(s2 — 57%), and Byy = —t3(s? — s7?)(s155" + 57" s2).

Thus the matrix —Bt;'t;"! coincides with type C matrix B(g,t) of [FRI] under the identification
q = 51, t = s3'. In particular, in the limit s; = sy = s3 = 1 it recovers the symmetrized Cartan
matrix of type C.

Again, current F(z) looks as a vector representation of type C.

A71 A71 A—_l A71 A—_l A71 A71
Ay o Ay 2 o RN s A P2 Ay s A
We associate to it the following Dynkin diagram.
(4.27) o O O o—=<—0
2 2 2 2 1

The case ¢y 1 = 3 is similar.

When ¢;41 = 2, we make a choice of type D. Then nonzero entries involving index ¢ are Byy_o =
Bg_g’g = t1t3, and Bg’g = —t1t3(82 + 82_1).

Thus the matrix —Bt;'t;" coincides with type D matrix B(q,t) of [FRI] under the identification
q = 51, t = s3'. In particular, in the limit s; = s, = s3 = 1 it recovers the symmetrized Cartan
matrix of type D.

Again, current E(z) looks as a vector representation of type D.

Ay
2N
AT! AF! At Al At A7l
A —2 s Ay —2 2 Apy A= —5 2 5 Ay — Az
\1%;1 A
Ay
Thus we have the following Dynkin diagram.
2
(4.28) O O
2 2 2

2

Thus we recover deformed W-algebras of types B, C,D described in [FRI] in the case when all
Fock spaces are of the same type. We remark that as in type A, we have the diagonal Heisenberg
AU H, commuting with A;(z), i = 1,...,¢. This extra boson allows us to have rational contractions
between all the terms.
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4.5. Root current Ay(z) of types B, C, D. Define the dressed current E(z) depending on p € C*,
|l <1,

E(z)=EQ)K ()", Kf(z)=][E"(n 7).

The Fourier coefficients of E(z) are elements of the algebra XK, the algebra K completed with respect
to homogeneous grading in the positive direction.

Similarly to type A, our motivation for the definition of the dressing current is twofold : we would
like to have integrals of motion and we also would like to have the current Ay(z) which produces
a screening operator corresponding to the affine node. It turns out that the second requirement
restricts p to specific values, in stark contrast to type A where p is arbitrary; see Example and
Theorems .7, 1.8 below. There are 6 possible choices of j:

C*lu=s' or C?/u=s2, co € {1,2,3},

which match the values of C? in 6 boundary modules we have defined in Section .3 We have been
able to find integrals of motion only for the last 3 of them (types C and D below), see Section A8

We make the choice for p and label our choices by types B,C,D as we did for the /-th node.
Namely, we have the following choices for the affine node:

type B : p=C?%s
type C: n= 0286—02’ Co # C1,
type D : = C’zsc_oz, co=C1,

C' being the level given by ([AI2]). We stress that the choice of ¢ is independent of other ¢;, that
is, it is independent of the choice of the X representation. The type of the zeroth node is not to be
confused with the type of tensor product modules (£9]), (ZI0).

To that we associate the affine Dynkin diagram, where the affine node has the prescribed type and
the color is given the same way as for the /-th node, see[C.Il Namely, we depict the affine node as
follows.

B, co=0c1 °
B, co# ¢ (l? {co, 1,0} = {1,2,3}
C, co#ecre (l? {co, 1,0} ={1,2,3}
D, co=cy: O

D, Co §£ Co . ® {00,02, b} = {1,2, 3}
b
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Current E(z) has the form

¢ ¢
E(z) = Z be, Ai(z) + kEeHAO(Z) + Z be, Aj(2) for type B,
=1 =1
¢ ‘
E(z) = Z be, Ai(2) + Z be, Ai(2) for types C, D,
i=1 i=1

where A;(z) = Ai(z)A(Z)K:(z)_l. For A;(z) the contraction rule (3.10) applies.
Define the current Ag(z) of each type as follows.

_ Ai(p='?2)
(429) : A0(8001/22)A0(8%22) L= W : for type 87
AP
(430) A(](Z) = W : for type C,
As(p'?2) Ai(u?2)
4.31 Az) = ————= 1= ———: for type D .
(4.31) 0(2) AL (p/22) Ao(pl/22) or type
These definitions are to be compared with (ALI6)-(ZI8]). Note that, for type B, (EI0]) implies
- Ay(2)
. 1/2 1/2 LM .
. Az(862+1 Z)Ag(862+12) L= AZ(Z) [

The corresponding contractions B; ; are given by the same rule as (£.19)-(4.23)) if we interchange
A;(z) with Ay_;(2) and ¢; with cpqq_;.
Namely we have

t1tot t1tot
(4.32) By, = By = 1t2 2 Byg = —#(siﬁ — 5.2 (8K s, + 8,28 for type B
c1 Cp~C1
t1tots _ t1tats _ _ _
(4.33) Byp1= Bip = (Seo +52), Bog = —t—(sco + 5. (SeoSe, + S se,)  for type C;
c1 C1
t1tot t1tots
(434) B()72 = BQ,O = 1t2 > s BO,l = Bl,O = tl i 3(8011802 - 8018021) )
c2 c1vc2
titots )

Boo = — (SerSes — S.7s.')  for type D.

toite,
For ¢ > 3, all other B, ; involving index O are zero. The full list of B, ; for small values of ¢ is given
in Appendix

We think of the matrix B = (Bm)f’jzo as the affinization of matrix B. In case all colors except
0 and /¢ are equal, e.g. ¢; = --- = ¢, = 2, the corresponding Dynkin diagrams are those of non-
exceptional affine type, where the colors ¢y and ¢, determine the ends of the diagram, see Table [II
below. For comparison we include type A in the table.
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type | Fock space | (C? C?/u det C
AV | T e T, | ¢! | arbitrary (1—p)(s37 = ptst™)

BY | 35098 | dbas | @ | (s3—s32)(sh sy — sy sy )
) | I @I | dhast | as (52— s5")(shs5° — 55"53)
DIV | T @I 5 | | (st sy')(s3— sy (sh2 — 5
AY | 5 T8 | da? | e (52— 53" )(shs5 % — 55"s3%)

2 _ _ 1 _
Aée)—1 ?(286 ® 9-‘§D ngg ! g2 (s% D) 2)(55 133 t— So ZHSS)
2 1/2 ~1/2 _ o _
D§+)1 ?SM ® ff?? QSQ:},/ g / (52 — 85 1)(3553 — S 633 1)

TABLE 1.

29

We draw the corresponding Dynkin diagrams, where labels are as in the finite case and the double

circle denotes the affine node which corresponds to the dressing rather than a pair of modules.
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2
AV
2 > 2 2
2
B{Y O===—0
2 2 2 3
2
CED © n O O—=—0
3 2 2 2 3
2 2
;" S
2 2
(2) (:):}:o O O ) @)
A% 3 2 2 2 2 2 3
2
A(z) O O O
21 2 2 2 3
2
D(2) © O O O—=—0
41 3 2 2 2 2 3

4.6. The gg-characters. As in type A we write B = ﬁé’, choosing D= diag(dy, ..., d,) in such a
way that C;; becomes one of the following, see Appendix

-1 -1 -1 1/2 1/2 3/2 —-3/2 -1
Set+s.7, SpS. + 8, Sc, sbsc/ —|—sb/ Se, SC/ + S, /, Se — S, .
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We then introduce the currents Y;(z) following the rule (815). Then the current E(z) follows the
gq-character.
We give the following example illustrating various phenomena.

Example 4.5. Consider the following affine Dynkin diagram.

We label the nodes in the standard way: double circled affine node is the zeroth node, the middle
point is node 2 and the shorter node is node 3.

This diagram corresponds to the F5 @ Fy @ Fo @ FB of level C = s%s}/ ? with the dressing parameter

(22 _ o A
= C%s5" = 5155.

We have the following deformed Cartan matrix (see Appendix [C]).

Sy 4 557 0 ~1 0
A 0 So+ 55 ~1 0
C - —1
—1 —1 S9 + 85 —1
0 0 —51/2 — 31_1/2 s}/zsg + 81_1/282_1

We use notation Yl(s‘f/zsg/zz) =1lap, 1 =0,1,2,3. Then we have
Ao(z) = 00,—200,220_,(1), Ai(z) = 10,—210,22576,
AQ(Z) = 00_7(1)167%207_220,231_7%3:%70, A3(Z) = 20_7(1)31’23_17_2.

Then the dressed current E(z) takes the form (ignoring the constants and an overall shift) of the
qq-character with 7 monomials:

X = 0&}11070 + 0&}115’}12072 + 25’(153_1743174 + 317431_751; + 22,633_,é31_,é + 02,812,822_&0 + 02,8]—2_&2

Note the following features of this gg-character. We follow the terminology of Section [3.3]

Let CP be the group ring of the weight lattice generated by fundamental weights w;, [ =1,..., /.
Let p : A — CP be the ring homomorphism sending I, — w;, = 1,...,¢, 0,5 — 1. Then p(x) is
the character of vector representation of Bs.

The initial monomial has 1g, the final monomial has 15 1o. The shift 5,55 is C2.

The ratios between neighboring monomials are A;(sy2), Aag(s32), Az(s32), As(s1552), Aa(s1552),
and A;(s1552) respectively. The first and the 6th monomial are 1-dominant, the second and the
5th are 2-dominant, all these “generate” ¢-characters of 2 dimensional quA[Tmodules. The third

monimial is 3-dominant and “generates” the g-character of a 3 dimensional Uqglg—module. This is
the reason E(z) commutes with screening operators S;, i = 1, ..., ¢, see Section [1.7]

The 6ht and the 7th monomial are 0-dominant.They “generate” monomials which are p-shifts of
the first and the second monomial:

-1 5 -1 _ -1 _ -1
Ag (3132)02,812,822,10 =0;15125 = Tu(00,410,0)7

—1 5 1 _ -1 q-1 _ 141
Ag (3132)02,812,12 = 0312151922,10 = 7'u(Oo,410,420,2)-
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This is the reason for our choice of ;1 and why the screening Sy commutes with the integral of E(z).

Now we consider the same Dynkin diagram and the same deformed Cartan matrix but treat node
3 as affine:

Then we consider the D3 current corresponding to Fy ® Fy ® Fp @ F§P with the dressing of type B.
The new level C? = sj is different but p = C?s; = sjs;is the same.
Then the E(z) current corresponds to the following gg-character with 6 summands:

X = 20,03:%,231_,% + 2&i10,200,2 + 1(;,(1300,2 + 10,2057(15 + 20,415,(130&(15 + 267%31,63—1,6-

Note also that D3 = Az. Here we consider the deformed W current corresponding to the second
fundamental module.

The first and the fifth monomials are 2-dominant, the second and the sixth are 2-antidominant.
Moreover the ratio of the first to the second is A (s22) and the fifth to the sixth is A(s3z). Similarly,
in direction 1 the ratio of the second to the third is A;(sy) and the fourth to the fifth is also A;(s3z).
Finally, in the direction 0, the ratio of the second to the fourth equals to the ratio of the third to
the fifth and equal to Ag(s3z). It means that y is “closed” in the directions 0,1, and 2 (and that y
commutes with screenings Sy, 51, S2).

In the direction of 3, we do not have such a property. However, one can add a monomial and
consider

(4.35) X =X+ 3163110

With respect to the Dj algebra it correspond to adding a trivial 1 dimensional representation (in
particular, the new current still commutes with screenings Sy, S, S2).
On the other hand, the last monomial 2&51;31,531,7, the new monomial 31763?:10 and the shifted

monomial Tp(20703:%’231_é) together correspond to the 3-dimensional evaluation quAlg module in the
third direction (in particular, the new current also commutes with the screening Ss, see Theorem

[1g]).

Finally we note that the two currents corresponding to gq-characters x and y are closely related.
Namely each monomial of x is a shift of a monomial in x. Namely, if we apply 7, to the last
three monomials of y we obtain 7,,(x). In particular, the integrals (constant terms) of y and x
coincide. O

Remark 4.6. The phenomena described in the example is rather general. Namely, if one can choose
the affine node in several different ways then the corresponding deformed W currents are all obtained
from each other by shifting some of the monomials. In particular, the integrals (constant terms) of
all these currents coincide.

In this paper we study commutative families of operators which include the integral of a deformed
W current. Thus we expect that the families for different choices of the affine node all commute.
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While it seems to be difficult to check directly, this fact would follow if the integral of the deformed
W current had simple spectrum for generic evaluation parameters u;. We expect this is the case and
we intend to return to this question when we study the spectrum of IM.

The family of commuting operators correspond to the choices of the affine node of type other than
B. Such a choice exists in all cases except when both zeroth and ¢-th nodes are of B type (e.g. in

type Dﬁl)- O

4.7. Screenings. The screening operators are defined in the same way as for type A, see (B.IS),
B.I19. )

We call the matrix B stable if By, = B, = 0. Most of the deformed affine Cartan matrices of
types B, C, D are stable except for a few low rank cases, see Appendix [Cl

In what follows we often assume B is stable to simplify the considerations. We expect that in all
such cases this assumption can be dropped.

Let B be stable. For i = 1,--- ¢ — 1, the screenings are defined by (3I8), (3I9). The screening
currents for the /-th node are given as follows.

For type B,
Si(sy12)

Co=cCop1: Ay(z) =s2s,: L 2 (c,b,c:ccl1,2,3>,
4 £+1 5( ) ¢ S;(sz) ( 4 ) Y ( )
Si(s;'2) Sy (s l?2)
coF o Alz) =850, =825, LT (c,c ,b:1,2,3).
7t AR T Gy T e iy - e A

For type C,
Si(sy12) Sy (s%42)
A :C_I:%::C_I:%: ( b:123).
Co # Copa o(2) Qeeeqyy S (sp2) Qeeley s SZ(S§H12) {ee e, 0F = {1, 2,3}
For type D,
SH(sytz)  Si(site)

<(cz, b,c) = cycl(1,2, 3)),

1 = — . A = (¢ : © T Hdeyg — :
Co—1 = Cp = Cp41 é(z) e, SZ—(sz) Qe Sg (SCZ)
ST(sitz)
B . 1. 208 .
1 F e =copr: Afz) =5, W '

The zeroth screening currents Sy (z) are defined in the same way (changing indices ¢, £ — 1, £ — 2
to 0,1, 2 respectively).
Then we have the following theorem.

({cg_l,cf,b} - {1, 2,3}).

Theorem 4.7. Assume B is stable. The screening operators S; with i # 0 commute with both E(z)
and E(z):

[Si, E(2)] = [Si, E(2)] =0, i=1,...,0.
For the zeroth screening we have

[So, E(2)] = [So, bey (A1(2) — Aq(p2))] for type C,
[So, E(2)] = [So, bey (A1(2) — Ax(pz)) + bey(Aa(2) — Ao (p12))] for type D.
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Proof. Fori=1,--- , —1 this is a type A computation, so it reduces to Lemma [2.1]

For type C, one can check that the triples (Ay(2), Ae(2), Ag(2)) and (Ao(z), A1(2), Ai(pz)) satisty
the conditions of Lemma 2.1

Likewise, for type D, one checks that the triples (A(2), Ae—1(2), Ap(2)), (Ae(2), Ae(2), Ag—(2)),
(Ao(2), As(2), A1 (uz)), (Ao(2), Ai(2), Aa(pz)) satisfy the conditions of Lemma 211

The remaining case is type B with ¢ = ¢. The relevant contractions are

t1tot t1tot
C(Ag(2), Ag(w)) = ——=22s 112 C(Al(2), Ag(w)) = — 1t2 2 sesel?
cyp Cy
t1tat
C(Ar(2), Mo(w)) = —C(Ao(2), Ae(w)) = %

-1/2
SCZ+1 + SCZ+1

C(A(2), Aj(w)) = “tt?t?’s s1/2 e(Ag(z),Ag(w)):’51;_2%—13—1/2.

Cecoyr? Cce “Cet1
ce e

Suppose ¢; = ¢py1. We take ¢, = ¢ 1 = 2 for concreteness. From the above contractions we compute
the singular parts of the operator products,

~3/2

t159 "W
SS(2)Ae(w) = —1—/ Si (385 "*w) Ag(w) : +O(1),
Z — 8384
- R Y + 1/2 333;/21” -
S; (,z)Ag(q,U):k(f_l/2 S (s sy Pw)ho(w) : =220 - S (sy58 ) Ao (w) )+0(1),
t1$3/2’w 1/2
SF () (w) = —2—5— 1 5/ (53”85 "w)Ag(w) : +0(1),

where k = t1(s, 2 55/2)/(31%/2 si's 1/2) = t1by/k8. In view of the relations

LS (s32)Ag(sy%2) 1 = s3tsy S (s312) Ao(sy22) :,
57 (531 2)Mlss " 72) s = sesy 5] (s3) Mol %) -
we conclude that
1S/, bal\o(w) + k3 Ao(w) + baAg(w)] = 0.

Note that we can define another screening current S, (z) by interchanging ¢; <> g3 in S/ (z). Note
also that k8 = (1 + s5)(s3 — s1)/k1 changes sign under the swap q; <+ 3. So, the screening operator
S, commutes with a different current (which is also a representation of K, see (4.0))

(17, b o(w) — EBAg(w) + baAy(w)] = 0.

That the present case admits only one screening has been observed in [FR1], see the end of Section
7 thereof.

The calculation for ¢, # cpy is entirely similar, c¢f. [FR1], Theorem 3. Alternatively one can write
the relevant three terms as a “fusion” and reduce the calculation to two-dimensional representation
of sly, see the last line of the proof of Proposition [B.1] below. O
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For type B, the current E(z) does not “close up” under Sy. However, definition (4.29]) suggests
that we introduce an operator

Ag(z) = Ai(2) A (P 2) o = - A (p2) Ao (0! Psl)Pz) -

and consider an extended current
(4.36) E(z) = E(2) + kB Ag(z).

On can think that this current corresponds to a direct sum of the vector representation and the
trivial representation, see (4.35).

Theorem 4.8. Assume B is stable. The screening operators S; with i # 0 commute with E(z):
1S, E(2)] =0, i=1,...,¢.
For the zeroth screening we have
[So, B(2)] = bey [So, Ai(2) = Ax(p2)]
Proof. The proof is parallel to that of Theorem 7] O

4.8. Integrals of motion associated with K. In this subsection we show that algebra K possesses
a family of integrals of motion when C? = pugq,,, namely if the zeroth node is of type C or D.
First, we prepare a lemma about matrix elements of products of E(z). Set

1—C?%)(1 - C %) i
1-Co = e

fl@) =

(G [1) oo

s=1

Using the defining relations, we find

fw/2)E(z)E(w) = f(z/w)E(w)E(2).
With the definition

(4.37) E(z,....2) = [[ f(zi/2) x E(z1) -+ B(z,)

1<j

the matrix elements of (L37) have the form p(z1,...,2,)/[[;o;(zi — z;)*, where p is a symmetric
Laurent polynomial. Furthermore, the Serre relations entail the following zero conditions.

Lemma 4.9. We have

(438) E(Z, 2 QC1qCZZ) =0 (Cl 7& Ca, C1,C2 € {1> 2a 3})7
(4.39) B(z,C*2,0%2) =0 (c€{1,2,3}),
(4.40) E(C™%2,2,C%) =

Proof. We can write
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where

E(z1,...,z) = [[ folzi/2) x E(z1) -~ (),
foa) = 1—02931—0‘%13[1—6181'

l—2 1—=x :11—1"

Since K (2)~" on any vector is a Laurent polynomial in 27!, it is enough to prove the statements
for E(z1, ..., zy).

Consider the Serre relation (4.5]).

The left hand side has the form

LHS = Sy | (2 = 2= 2 4 2)BGOBG)EG) .
Z3 z9 z9 1
while the right hand side is
RHS = Syme, 2z [X(Zl, 22, Zs)“f15(02Z1/Z3)K_(Zl)E(Zz)K+(Z3)] :

Let us consider the left hand side. Each term E(z;)E(z;)E(zy) is defined in the region |z;] >
|z;| > |zk|. It can be rewritten as

E(z)E(z)E(z) = E(21, 22, z3) % fo(zi/2) ™" folzr/2:) " folz/2) 7"

where all matrix elements of E(21, 22, 23) are symmetric Laurent polynomials multiplied by [[;_; (2 —

z;)~%. To find the zero conditions of E(z1, 22, 23), we bring all terms in both sides into expansions
in the common domain |2z;| > |23] > |z3] with additional delta functions. For example, the term
E(23)E(21)E(23) gives rise to five delta functions §(q.z2/21) (¢ = 1,2,3) and §(C*?zy/z;).

We observe that the terms without delta functions cancel out, due to the identity of rational
functions

29 z3 21 V) 1
il =0 ,

Skew ( ————— + —
Z1,22,23 \ 23 22 ) 217/ g12913923
where g;; = g(2, 2;).
The terms with one delta function also cancel out.
For example, the coefficient of §(q;21/22) comes from 3 terms and cancel out:

[(ﬂ_ﬁ_éjuﬂ) 1 (2’3 21 ZQ_I_E) 1 I N 1]

Z3 21 21 22" g13923 21 z3 Z3 22" g23931 21 22 ) Z3° g31932

= 0.

22=q121

Similarly, the coefficient of §(C?21/23) comes from 3 terms. In the left hand side, we collect all
contributions to x; '6(C%21/23) K~ (21)E(2) K*(23) and find
_ <ﬁ A2 ﬂ_i_ﬁ)gmgm _ <ﬂ A2 ﬁ_i_ﬂ)gmgzs I <Q A @+Q>912913923

) Z3 Z3 21/ 931921 ) 21 Z1 23/ g31932 21 ) ) Z37 21931932
2
B 25 29(z2 + 21) (22 + 23)
=k (——1) 35
2173 921932

which coincides with the corresponding term in the right hand side.

Finally, we consider terms with two delta functions.
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Consider the term 6(qe,21/22)0(qe,22/23) (c1 # ¢2). It comes only from the last term on the left
hand side with non-zero coefficient,

(2’2 Z1 23 _l_é) 1

21 22 22 z3

g31

70,

22=(cy 21,23=(co 22

which implies the zero condition (4.38]).

Consider §(g;z1/22)0(C?29/23). Again, only the last term from LHS contributes, with non-zero
coefficient, which yields F(z, ¢z, C?¢;z) = 0.

Likewise, only the last term contributes to the coefficient of §(C?z;1/29)0(giz2/23), giving the rela-
tion E(z,q; 'z, 0 2¢;'2) = 0.

Consider §(C?z1/29)0(C?22/23). Again only the last term contributes and we find the equality
E(C™2z,2,C%2) = 0. O

Remark 4.10. Since the zero conditions are important, let us check them directly on representations.
For simplicity we consider the case ¢y = -+ - = cpy1 = 2. The contractions between \;(z) are given as

follows, see (EI4):
l—w/z 1—qg'w/z _ _ -
N 1—quw/z 1—quw/z N

Az hilw) = L—w/z 1—glw/z1 — ¢ gpuw/21— g 'w)/z (i=0)
l—quw/z 1-quw/z 1—q?1,/2w/z 1—q3_1/2w/z ’
| — g(’z’w) Z‘< . ’l R
Ai(2)Aj(w) = § g9(z,w) 67 7&{)7
1 (i =4, i #J),
[— p. -1 =i =1 —iv2
M) As(w) = LB b Crwfel m s 6 CTw/z gy
g(z,w) 1—¢'C?w/z 1—q" 7' C?w)/2
| _ =2 _ =2
M)A (w) = Lo 0O/ = aC )z

w) = - -
1—¢'02w/z 1—¢C%w/z

As an example, consider ([L39). From the above we observe that

— B
(1= C22/21)Ai(21) A (22) e, =0 () # (1),
1
Al(ZQ)Ak(Zg) =0 (k’ 7é 1, Cc = ]_, 2, 3) s Al(Zg)Al(Zg) = 0,
23=(c?2 23=q2z2
1
Ai(z1) A1 (23) =0 (c=13).
ZBZCZQCZI

Therefore the operator T],_, fo(zs/zr) - Ni(z1)Aj(22)Ak(23) vanishes at (z1, 20, z3) = (2,C?z,C%q.2)
for alli,j, k, and [A39)) follows. The other zero conditions can be verified similarly.

First, we consider the case C? = ugs.
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Theorem 4.11. Assume that C? = uqy. Then the following elements {1,}°, are mutually commu-

tative,
(4.41) L= [ E(z) - E(z) - [[walzr/2) ﬁ dz
. ! 27rzzj
j<k Jj=1
Here the integral is taken on the unit circle |z;| = 1, j = 1,...,n in the region |q1],|qs| > 1 and

extended by analytic continuation everywhere else.
Theorem 11 is proved in Appendix [Al

In the case C? = gz or C? = uq; we use a different kernel function. For example we have the
following theorem.

Theorem 4.12. Assume that C? = puqs, and define

(4.42) I;:/-~-/E(z1)-~-E(zn)~Hw3(zk/zj HQiZ].

i<k j=1

We choose the contour for z; for each j =1,...,n in such a way that
piq e (s >0,i=1,2, k < j) are inside,
L iqizk (s> 0,i=1,2, k < j) are outside.
Then the elements {I',}°°; are mutually commutative.

Proof. The integrand of (£.42]) are obtained from the one of (£41]) by interchanging the roles of ¢
and g3. The result of the previous subsection tells that, if the parameters satisfy |q1|, |ga| > 1, then
the integrals (4.42)) over the unit circle give a commutative family. Being an analytic continuation
in the parameter ¢y from |ga| > 1 to |g2| < |q1|7!, the integrals (£42]) remain commutative. O

Thus in a generic admissible X module, we have three commutative families of operators. We call
them deformed integrals of motion due to the following theorem.

Theorem 4.13. Assume B is stable. For C? = qo, the elements 1, commute with all screening
operators,

(9, 1,] =0, i=0,1,....0, n>1.

Proof. The argument for type C is similar to that in type A, see Theorem B.7l
For type D the formulas become a little more cumbersome. We illustrate it in the case ¢ = ¢; =
¢y = 2. We start from

(S0, B(2)] = const.(AD (z) — AW (u2)),
where now A (2) is a sum of two terms

.A(l)( )_ VAN So( 1/2 )(Al(Z) +A2(Z)) L.
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Taking residues repeatedly we obtain currents for m = 1,2, ...

AT (2) = 21 Solsg qr ™ 22) D T al Aags ™ 2) - Aalgs ™) A (g5 ) - A (2)
k=0

i _ .
o _1rl-a " 1-adg
" =11 j m—j 1 -
= - 1—qg
The rest of the argument is the same. U

It would be interesting to study the spectrum of deformed integrals of motion.

Theorem [A.13] deals with affine nodes of types C and D. If the affine node is of type B, the integral
of current E(z), see (B.7), commutes with all the screenings. In the case the ¢-th node is not of type
B, this integral coincides with the integral of another current for which the affine node is of type C
or D (the same as the ¢-th node for the original current, see (A3H])). Therefore, we can include the
integral of E(z) into a family of integral of motions corresponding to that current. We expect this
family commutes with all screening operators.

5. ADDITIONAL REMARKS

5.1. Integrals of motion of KZ type. In this subsection we continue with the Cartan matrices in
Table [l except for types A@l), Dﬁ)l, and construct another set of commuting operators which commute
with integrals I,,. We hope that these integrals may be more convenient for Bethe ansatz study in
the future.

The results in this section depend on the following technical statement which we do not discuss.
Conjecture 5.1. The X module F = Fy(u1) @+ - - @ Fo(uy) @ FX is irreducible for generic parameters
Uy -y Ugp. ]

The vector space F is an irreducible representation of the set of £+1 bosons {a;, |1 =0,...,¢, r #
0}. We regard {a;o | ¢ =0,...,¢} as functions of the parameters w,, ..., u, through (4.153]), (4.I6)-
({18) and (429)-(31). Separating the zero modes we shall write A;(z) = e*°A%(z), Yi(z) =
eYi0Y25¢(z). To each i = 0,...,¢ we associate a reflection operator R; € EndF defined as follows.

Proposition 5.2. There exist operators R; € EndF with the properties
RiY;(z) =Y;(2) R (J #1),

. L YE(z) R O Y(2)
RZ( YZ,OYOSC Yi,0—94,0 : ZiA :) — ( Yi,0 al,oyosc Yi,0 : ZiA )RZ ,
oY% (2) + e 2 (5:2) e (2) + e A (52

where §; = sy fori # 0,0, §; = s2s§/2, s955 ", 59 if i € {0,€} is of type B, C, D, respectively.

In other words, R; is an operator depending only on one boson {a; , },-o as well as the zero modes
ajoti=1...¢, and implements the Weyl reflection on the latter.
]7 ] b b

Proof. 1t is clear that for ¢ = 1,...,¢ — 1 the R matrix R; = Ri7i+1(ui/ui+1), obtained from the
universal R matrix of €, has the required properties. For : = ¢ and type B, C, we use Proposition
B to get Ry = Ky(ug). In the case of type D, from the remark after Proposition [B.I] we have
KeA,_1(2)Ky = Ay(2), KZ = 1. Hence we can take R, = KgRg_Lg(Ug_lUg)Kg.

The case ¢ = 0 is similar. O
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For i # 0, they are intertwiners of X modules. Writing the E(z) current as E(z;uq,...,us) we
have
(5.1) Riis1 (/i) B(z3uy, .. U, Uiy, - - - Ug)
= .E(Z7 Uty o ooy Ujp1, Ugy - - - 7uZ)Ri,i+1(ui/ui+1> (Z = 1, Ce ,£ — 1) y
(5.2) Ke(u) E(z;uy, .. up 1, u0) = E(zyuy, .. w1, u; DKe(ug) (i = 0).

For ¢ = 0 the corresponding relation takes the form
(5.3) Ki(u)E* (25 uy, us, . . ., ug) = E*(z3u7t ug, ... ue)Ky(ug),

where E*(z;uy, ..., ur) means E(z;u, ..., up) —ba(A1(z) — Aqy(pz)) or E(z;uq, ..., up) — by (Aq(2) —
Ai(pz)) — ba(A2(2) — Aa(pz)), depending on whether the zeroth node is of type C or of type D.
We now introduce operators T;, i =1..., /¢, by

Ti=TiT7
T:r = Ri—l,i(ui/ui—l) tet R1,2(ui/ul)Kl(ui)ﬁlﬁ(ului) T Ri—l,i(ui—lui) )
TZ-_ = Ri,i+1(uiui+1> te Re—u(uiue)Kz(ui)Rz—u(Ui/W) ce Ri,i+1(ui/ui+1) .
We call T; integrals of motion of KZ type for the following reason.
Theorem 5.3. The operators T; and L, in Theorems[4.11], [{.19 are mutually commutative:
[T;, T;] =0 (i,j=1,...,0),
[T:,1,] =0 (t=1,...,¢, n>1).

Proof. The commutativity of T;’s is a simple consequence of the (ordinary and boundary) Yang-
Baxter equations.

To see the second statement, we use (5.1)), (5.2)) and (5.3). The only issue is to check that one can
safely shift A;(z;) to Aj(uz;) without encountering poles in between. This is straightforward. O

5.2. Exceptional types. The W algebras and integrals of motion of type A are obtained from the
quantum toroidal algebra €. In this paper we have introduced an algebra K which allows us to treat
deformed W algebras of non-exceptional types uniformly. A natural question is what happens in
exceptional types.

For an exceptional type, one can consider a similar algebra by taking the current 7'(z) in the sense
of [FR1], together with a vertex operator Z(z) in one extra boson such that Z(z)T(w) = T'(w)Z(2)
and such that all terms in E(z) = T(z)Z(z) have rational contractions. This gives the quantum
algebra in this type similar to € and XK.

For example, in the case of the seven dimensional representation of Gy, one obtains the relation
with four J-functions
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where K(z) = : Z(2)Z(¢3q5z2) :, K(2) = : Z(2)Z(¢?¢52) Z (q1432) :, and ¢y, ¢y are constants and

1+ q143
C(Z(:). Z(w) = (1= )(1 — ) [
C(K(2), E(w)) = (1 —q)(1 = g3)(1 + 0163) (015 — 1+ ¢a),
C(K(2), E(w)) = (1 — q1)(1 — g3)(qa5 — 1 + q2) -
The role of this algebra is not clear since Gy is not a part of any family. In particular, we do not
expect any comodule or coalgebra structure.

(q1q§ —1+4¢qo),

APPENDIX A. PROOF OF THEOREM [4.17]
In this Section we prove Theorem [Al We have C? = go.

A.1. Commutativity [I,I,] = 0. As an illustration, let us verify the commutativity of Iy and I,.
We note that, by making use of the decomposition
5 (e, (1P ga)

wy(x) = @C* f(x)oz(x)oz(a™"), oz(x) = (1 — (2 )
¢ T G5 T)oo

the integral (L.41]) can be rewritten in terms of the currents ([A37) as

td
const. In:/~-~/E(21,..., Haz zk/zj 5
1~

Jj#k
Consider the products
3
dz;
IlIg = // E(Zl,ZQ,Zg) X f(Zg/Zl) (23/21) 0’2(2’2/2’3 09 23/22 H 271_2;
j=1 J
3 dz;
LI, = E !
21 // (Z17 Z2, 23) X f(Zl/Z2> (Zl/z3) U2(Z2/Z3 72 Zs/zz U 27T’lzj

The integral in I1I, is initially defined for |z;] > |22| = |23] = 1, while in I,I; it is defined for

|21] < |22] = |23/ = 1. In both cases we move the contour for z; to the unit circle. Along the way we
pick up residues at the poles 21 = ¢ 'z;, 1™ g5 ' 2; or 21 = Qo2;, uqazi, @ = 2,3, respectively.

When all variables are on the unit circle, the two integrals coincide thanks to the identity (3.24)).
Let us compare the residues at z; = ¢ 23. We obtain respectively

3

Ji = // E(25, 45 "2, 23) [ (422 2) ' 02(22/23) 0223/ 20) [ |
|22]=|23]=1

=2

dz;

2miz;

dzZ
Jy = // E (2, 23, 4223) f (4223 22) "' 02(22/ 23) 02(23/ 22) H
|22]=[23]=1

If we rename 23 in J; to go23 (so that goz3 is on the unit circle), then the two integrands become the
same thanks to the identity

(A1) f(@) " oa(gr ' w) = oa(x) (1—2)*(1— gy )?

(1= pz)(L = p'gy o)1 — qua)(1 — gso)
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The integrand of J, has poles at (see Figure [Il below)

zZ3 :lu’mqs_IzQ (8 = 17 37 m Z 0)7
23 =p""qsq5 20 (s=1,3, m>1);
23 =qsz2 (s=1,3).

Among them the points z3 = gs29 are inside the contour for J; (after renaming) and outside that for
Jo. However these poles are actually absent due to the zero condition (438)). Hence we have J; = Js.

A 4

-1
s

J 210 ) q;122
[ ] [ ]

1

(e}
qsz2

p-

Jo J1
FIGURE 1. Integration contours on the zz-plane (s = 1, 3) for Jy, Js.
)£

Next let us consider the residues at z; = (ugo)*'23. Similarly as above we obtain

3
dZZ'
J{:// E(22>M_1€I2_123,Zs)f(#szz/Zs)_le(22/23)02(23/22)H —
|z2|=|23|=1 Py 2miz;
S dz
Jé:// E(Z2,23>MQ223)f(MQ2Z3/Z2)_102(22/23)02(23/22)H —.
|z2|=|23|=1 painy 2miz;

We have another identity

(1—2)*(1 — p gy 'x)?
1 —ptqe)(l — ptgze)(1 — o) (1 — gzw) |

(A.2) fl@)oa(u gy w) = Uz(:v)(

After renaming z3 — pgezs in Ji, the two integrands become the same. The integrand of J} has
poles at (see Figure [2))

23 =p"q; 2 (m>0,5=1,3);
23 =p" "y gz (m>1,5=1,3);
23 =qsz9, U Gz (s=1,3).

The last ones 23 = ¢s22, p 'qs22 (s = 1,3) are inside the contour for Jj, while they are outside for
J}. Using the zero conditions (4.38)),([#.39), we conclude that J; = J.. O
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A 4
|
|
I
I
I

T
7777777 * ¢ 111
M "qsqy >Z<2 no q5q2 Z2

FIGURE 2. Integration contours on the zz-plane (s = 1,3) for Jj, Ji.

A.2. The general case. We consider the general case [I,,,I,] = 0. Call the integration variables
21y .., 2, for I, and wy,...,w, for I,. We proceed in the same way, rewriting I,,I, and I,I,, as
integrals over the unit circle and picking residues with respect to some groups of variables.

First consider 1,,1,. In view of symmetry and zeros on the diagonal, it is sufficient to consider
residues from

'2612_17~Uz' (1< k)
=p gy tw (B+1<i<k+1).

The result is (we write only the mtegrand)

Jl = E({qglwhwl i=1s {:u Q2 'LU,,'LUZ fili-i-la {Zj};n:k-i-l—i—l’ {wj};b:k-i-l—i—l) X FlGlHl?

with
Fo= 1] flaw/w) oo(w/w) 1] flugews/w)™ oo (ws/w;)®
1<i#5<k k+1<i#£j<k+l
X H f(qaw; Jwi) o (p” w]/w2)02(WZ/wj) H f(gaw; Jwi) " oy (Hwj/wi)os(w;/wy)
1<:i<k kE+1<:i<k+!
k1<) <k+ 152k
=] (TT Fawi/z) oalas wi/z)on (e /ws) TT Flwif2) oalu 0 i/ 2)on (o))
Jj=k+1+1 1<i<k k+1<i<k+l
H ( H f(qw;/wi)~ 02(w]/wl)g2(w2/w]) H f(pgw; fw;)~ 02(wj/wz)02(wz/wj)>
j=k+1+1 1<i<k k+1<i<k+l
Hy = H flw;/z)™ H o2(25/ i) H oa(wj/w;) .
EHHSicm ket 14+1<i#j<m k4 1<i#£j<n

For I,1I,, we work similarly, picking poles at
zi=quw; (1<i<k),
zi = pgow; (E+1<i<k+1),
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ending up with

Jo = E({q2wi7 wi}?:la {MQ2wiawz i= k+17 {ZJ}J =k+1+1> {w]}] k+l+1) X FyGoHy ,

where
Fy = H flgow;/wi)~ 02(w]/wl) H f(ugaw; /wi)~ 02(wj/wz)
1<iAj<k k+1<isj <k-+1
X H flaow;/w;)™ 02(wZ/wJ)U2(luwj/w2) H f(pgaw; /wi)~ 02(wj/w2)02(,u w,/w])
1<i<k k4+1<i<k+1
k+1<5<k-+1 1<5<k
Go =TI (TT #te/us) omsasus onta s fus) TT £ ) st/ ot a5 )
i=k+1+1 1<j<k kH1<i<k+1
< T1 (T flawwfuy) ostwfwostusfw) [T Flgsosfus) ot/ ostu; ).
J=k+1+1 1<i<k k+1<i<k+I
Hy = H f(Zi/wj)_l H 02(2;/ %) H oa(w;/w;) .
brigicm kHA1<iA]<m k+Hl+1<i#j<n
Using the identities (A.Il),(A.2) one can check that
S wi—rgow; (1<i<k), wj—pgow; (k+1<j<k+l) J2.

The contours can be chosen to be the unit circle by the same mechanism observed above. It remains
to show that under symmetrization with respect to {2}, ;. and {w;}j_, ;. we have

Sym H; = Sym H, .
This reduces to identity (3.24]). The proof of Theorem E.I1]is now complete. O

APPENDIX B. K MATRICES

It is well known that the Hopf algebra € is equipped with the universal R matrix, which gives rise
to an intertwiner of & modules

(Bl) Iv?(ul/u2) : 9:2(U1) X ?2(’&2) — ?2(’&2) X ?g(ul) .

Since R(uy/us) commutes with the diagonal Helsenberg Ahr, it is written in terms of a single boson
{a”} entering the root current A(z) = : Aj(s92)As(s22)~ " . Exhibiting the dependence on parameters
we shall write

R(ul/u2) = R(u1/U2§Q1,Q2,Q37 {af}) .

Proposition B.1. Consider a X module F»(u) @ FX (X = B,CD), and let A(z) = : eXorez?* " : be
the root current associated with E(z). Then there exists an intertwiner of K modules

K(u) : Folu) @ T — Fo(u™) @ FX
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in the following cases.

(B.2) type B (X =B,c=3): K(u) = R(u q1, q2q3 ,q3 ,{ar}),
(B.3) type C (X = CD,c=3): K(u) = R q1,¢205 ", 43, {a,}) ,
(B.4) type D (X = CD,c=2) : K(u) = (=1)".

In the last line, N denotes the number operator ) _ v, “la_,a., v, = |a,,a_,]. Note that K(u) is
independent of u in this case.

Proof. First note that, by extracting the diagonal Heisenberg, the intertwining relation (B.I]) for type
A reduces to

R(ur/uz) (urA% (2) + uzA2(2)) = (u2A%(2) + A2 (2))R(ur /us)
where A’} (z) are vertex operators in {a’}, o such that

(B.5) M(2) = Mig2) ™,

(B.6) C(AA(2), M (w)) = — o ﬁ(;_ Ch)qz

For type C and type D we proceed the same way as in type A to obtain the reduced intertwining
relation

K(u) (0 (2) + 0 A (2)) = (A () + uh(2))K(w),
where Ay (z) are vertex operators in {a, },-o such that
(B.7) A(2) = Ai(qa2) " s
For type C (¢ = 3), we have further

(B.8) C(A+(2),As(w)) = — u _1 j?)q(glq; ql)Qng_l .

Comparing (B.7), (B8) with (B3), (B.6), we obtain (B.3).

For type D (¢ = 2), (B) becomes A_(z) = : A, (2)7! :, so that the intertwining relation reduces

further to K(u)a, = —a,K(u) for all r # 0. This leads to the solution (B.4).
For type B, the reduced intertwining relation involves three terms

K(w) (uh i1 (2) + kAo(2) + u " A__(2)) = (u"App(2) + kAo(2) + uA__(2))K(u),

which corresponds to the ggq character of the three dimensional representation of Uq;[2. One can
reduce it further to intertwining relation for the two dimensional one

K(u) (u1/2A+(z) + u_l/zA_(z)) = (u_1/2A+(z) + ul/QA_(z)) K(u)

by introducing Ay (z) such that Asi(z) = : Au(ss/22)Ax(s57%2) 5, Ao(2) = : Ay (s5/%2)A_(s5/%2) -
The rest is similar to type C. O
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On tensor products @), @IT), we write the intertwiners as Ry ;1 (ui/ui1) (i = 1,...,0 — 1)
indicating the tensor components where they act non-trivially. For the intertwiners involving bound-
ary Fock modules we write as Ky(u;). The standard argument (with ¢ = 2) leads to the boundary
Yang-Baxter equation

(Bg) FV{LQ(ul/u2)Kg(ul)RLg(ul’lLQ)Kg(UQ) = K2(Ug)FV{LQ(U1U2)K2(U1)R172(U1/U2) .

As noted above, the K matrix K, of type D is independent of u, and satisfies K} = 1. Comparing
the intertwining relation with the definition of the currents A, ;(z) [EIH) and A,(z) (LI8), we see
that

KgAg_l(Z) = AZ(Z)KZ .

Though the zeroth node of the Dynkin diagram is not associated with boundary Fock modules,
one can consider K matrices depending only on Ag(z) and satisfying the intertwining relations, for
example for type C

Ki(ur) (A1(2) + Ar(p2)) = (uiAi(2) + up®Ag(pz)) K (u) -

APPENDIX C. THE LIBRARY OF CARTAN MATRICES

C.1. Conventions. The matrix of contractions B is the deformed version of the symmetrized Cartan
matrix. We will give a list of explicit deformed Cartan matrices C' of low rank which can be used to
write all others as explained in Appendix [C.4l

The deformed symmetrized Cartan matrix B and the deformed Cartan matrix C' are related by a
diagonal matrix D, namely B=DC , where the diagonal entries d; of B and the diagonal entries of
C are given as follows.

The nodes of type A (corresponding to J, ® JF,, ).
t1tot
A, Ci = Cjq1 : di:—123, CZ',Z':SQ—'—S;I. 0)
tci ’ C;
A, ci#cip1: di =ty Cii =ty (b# ci,cipr). ®
b
The nodes of type B (corresponding to F,., ® ffCBHl)
titats 3/2 3/2
B, Cp = Cpyq1 dg:— 172 12 C&g:SC/ —|—Sc/. ®
tcl+1(scl/+1 + SCZ+/1 ) Bl s Cy
B, Cy 7é Cpyq dg = —tb(Siﬁl — Sc_l}r/f), ng = 81/2 Sp 1/2 + 71/28;/2 (b 7é Cy, Cg+1). 9]

The nodes of type C (corresponding to F,, ® fTCeH, Cor1 7 Cp).

. _ 2 —2 -1 -1
C, co#copr: de=—ty(s;,,, — So.,)s Cro = Scpp1Se, T Sy e (b7 cuycevn). o
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The nodes of type D (corresponding to F., , ® F., @ FP | o1 = ).

Coy1?

litats
_ -1
- t ) CZ,Z - Scl+1 + SC(+1 O
Ce+1 cy

D, cop1 #comr: de=ty, Cop=ty (b# coyr,ce1)

D, coyi=c1: dp=

=Q®

Affine nodes (corresponding to dressing in non A types) are the same as B, C,D nodes after the
change

Ci — Coy1—1, d; — do—i, Cz‘,i — Ce—i,e—i-

The deformed affine Cartan matrices we obtain have “local” form: C; ; = 0 if |i — j| is sufficiently
large. Moreover, the non-zero terms stabilize with ¢ increased. We give here a number of explicit
deformed Cartan matrices of low rank which can be used to write all others as explained in Appendix
.4l

We use the following notation. We write X (co; c1, ..., c—1;¢op1)Y for the choice of the module and
the dressing and give the (¢ + 1) x (¢ + 1) matrix C. Here Y can be B, C, or D depending on which
boundary module we consider ?EHI or ?Ccz'il. As always, in the latter case we choose D if ¢, 1 = ¢
and C otherwise. Similarly X can be B, C, or D depending on which dressing we choose. Namely
C?/u = gea/? corresponds to X = B while C?/u = g, corresponds to X = C, if ¢y # ¢; and to
X=Dif Cop — Cq.

We skip writing X and ¢q in finite types. In addition we also skip ¢,y1 and Y in A type.

C.2. Finite types.

Type A.

(2,2,2) <52ff2_1 _1_1)
(1,2,3) (2 Z)
(1,2,1) (ii’ 2)
e
(2,2,1) (Sz zsz tgl)

i3 t
(17272) (_1 So +S2_1)
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Type B.

Type C.

Type D.
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(2,2:2)B
(2,2;3)B
(1,2:2)B
(1,2:1)B

(1,2;3)B

(2,2;3)C
(1,2;1)C

(1,2;3)C

(2,2,2;2)D

(1,2,2;2)D

(2,1,2;2)D

(1,1,2;2)D

(3,1,2;2)D

So+ 85" —1
So + 82_1 -1
(—séﬂ B $§1/2 51/252_1/2 n 31_1/253/2)
ts t
i3 131
(—51/2 B 51—1/2 sé/zsz—l/z n 351/253/2)

t3 t
(—sé/z B S§1/2 51/252_1/2 N 81—1/2%/2)

t3 s2 — 572
“1 1
—1 987 + 55 51

tg —tl (83 + Sgl)
-1 52851 + 52_153

so+syt —1 —1
—1 syt syt 0
-1 0 So+ 5y

t3 t t

—1 sy+sy° 0
—1 0 82+$2_1

ts lo lo
—1 —1
tg t3 8189 — S1 S2
t2 8182_1 — 81_182 t3
s1+ sy ~1 —1
t2 t3 8182_ — Sl_ So
tg 8182_1 — 81_182 t3
1) t3 t3
—1 —1
tg t3 8189 — S1 S2

t2 8182_1 — 51_ So t3



C.3. Affine types.

2 X 2 cases.

B — B types.

B(2;2;2)B

C(1;2;1)C

C(1;2;3)C

3 x 3 cases.
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(81/2 "
(gé/%;

Sy ) + 8, )
1/2 —1/2
-8 — 51

~1/2 1/2
S3

33/2 i 52_3/2 _Sé/z _ 52_1/2
1/2 —-1/2 S§/2+82_3/2

—S9 T 59

3/2 3/2

/2—1—52
8}/2 51_1/2
1/2+ 5;
8:1))/2 S§1/2

-1

(s;’/z + 82_3/2 —(s1

1/2 —
< 2/ S3 12
(8}/282—1/2

+s5 ~1/2 1/2

-1
b2

—1

-1 -1
8189 + 81 82
—S1 — 81_1

-1 -1
5189 + 81 82
—81 — 31_1

§T1/2 /2

—sé/z _ 52_1/2
1/2 —/ i 21/2 1/2

_51/2 _ 51_1/2
G2 172 i 21/2 1/2

So  S3

ERVE RSV
/2 —1/ n 211/2 1/2

S9 51

+ 5152 + 57)
3152_1 —0—81182

—@r+qw<”?+l”%)

3152_1 + 51132

-%&+STX%Q+S?QD

8182_1 + 81_182

—81 — 51—1
5132_1 + 5132_1

—83 — sgl
5332_1 + 5332_1
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B — D types.

B(2;2,2;2)D

B(1;2,2;2)D

B(2;1,2;2)D

B(1;1,2;2)D

B(1;3,2;2)D

C — D types.

C(1;2,2;2)D

C(1;3,2;2)D

C(2;1,2;2)D

D — D types.

D(2;2,2;2)D

D(1;1,2;2)D

4 x 4 cases
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3/2 —3/2 1/2 —1/2 1/2 —1/2
-1
-1 S+ Sy 0 X
1/2 —1/2 —-1/2 1/2 1/2 —-1/2 1/2 —-1/2
-1
—1 So + Sy 0 X
—1 0 So + So
1/2 —1/2 —-1/2 1/2 1/2 —-1/2 1/2 —-1/2
t2 t3 8182_ — 51_ So
t2 8182_1 — 81_182 t3
3/2 -3/2 1/2 —-1/2 1/2 —-1/2
-1 -1
t2 ) t3 ) 5189 — 81 82
tg 8182_ — Sl_ S9o t3
1/2 —1/2 —-1/2 1/2 1/2 -1/2 1/2 -1/2
tg tl 8382_ — 83_ S92
t2 8382_1 — 83_182 tl
5185 + 878y —1 —1
-1 -1
—51 — 8] X Sg + 89 0 X
-1 -1
-1 -1 -1
(s14 87 )ta t Sy 83 — 8283
-1 -1 -1
(81 + S1 )tg S9 "S3 — S253 tl
S185" + 8782 ~1 —1
52 — 557 t3 sy '8 — Sp87 "
2 —2 -1 -1
85 — Sg 89781 — 825 t3
So+ 85" 0 —8y — 55
-1
0 X S2 + 8o 0 X
—89 — Sy 0 Sp + Sy
t3 81_182 — 8182_1 —tg
-1 -1 -1 -1
81 S2 — 818, X t3 X —81 S22+ 515,
—t3 —Sl_ Sg + 8182_ t3
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D — D types.
So+ 85" 0 -1 —1
) ) 0 sy 485" -1 —1
D(2;2,2,2;2)D ) ot 0
—1 -1 0 o+ 85
tg 8182_1 — 81_182 tg tg
D(2 2.1.92: 2)D 8182_1 - 81_182 t3 to t2
D tg tg tg §189  — 5 182
t2 t2 8182_1 — 51 182 tg
t3 §1 82 — 8182_1 tl tl
—1
: : §1 2 = 5189 t3 t t
D(1:1,2,2;2)D ;) = s 0
~1 ~1 0 So + sy
. t2 ) §1 83 — 5153 ! tl tl
. . Sl_ S3 — 8183? tg tl tl
D(171737272)D ts ts ty 82_183 —8283_1
tg tg 82_183 — 82851 tl

C.4. General case. In Appendix we gave several deformed Cartan matrices of finite type, and
in Appendix several deformed Cartan matrices of affine type. In fact Appendix contains all
maximal submatrices of stable deformed affine Cartan matrices whose upper right and bottom left
corner elements are both non zero. Appendix [C.3] contains all non-stable deformed affine Cartan
matrices appearing in our construction.

It is important to keep in mind that we immediately obtain many more examples by permuting
S1, S2, S3. Another set of examples is obtained by reading the data from right to left. More precisely,
the matrices C' corresponding to X(co;¢1y- ..y ¢001)Y and to Y(cpp1; ¢y ..., c15¢0) X are related by
conjugation by the matrix (5,’_,.]'7()57)»:0.

The matrices listed in Appendices and allow us to write a deformed affine Cartan ma-
trix corresponding to arbitrary data X (co;cq,...,cpcon1)Y, since for larger ¢ the deformed Cartan
matrices stabilize. One has to follow the following procedure.

First, search the affine examples, keeping in mind the symmetries. If the matrix is found, stop. If
the matrix is not in the list, conclude that C' is stable, that is Cg, = Cyo = 0.

Second, find the listed matrix of the finite type and of the largest size corresponding to right most
colors: (¢o_iy...,copce01)Y (it is 2 x 2 for all cases except Y = D when it is 3 x 3). That gives the
right bottom submatrix of C.

Third, repeat for left most colors, that is, find the listed matrix of the finite type and of the largest
size corresponding to X (co; ¢y, ..., ¢;). This gives the left upper submatrix.

The rest nonzero entries of the matrix are recovered from matrices of type A.

The final result is the superposition of matrices which are linked via diagonal entries.

For example, the matrix C corresponding to B(2;3,1;3)C is a superposition of the last matrix of
type B in our list and of the second matrix of type C with necessary symmetries (the C; entry t; is
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common):
1/2 —1/2 _ 1/2 —-1/2
-2
tl t2 8?;’ — 53
0 -1 szsgl —|—82_183

Similarly, matrix C corresponding to B(2;3,2,1;3)C is a superposition of three: the fourth on type
B list, he second on type A list and the last on type C list. The first two share a common C ; entry
t1 and the last two share a common Cj 5 entry ts3.

sé/zsg + 52_1/2351 —351,,/2 — 351/2 0 0
ts t t3 0
0 t ty  —to(s3+s30)
0 0 —1 s185" +s7's3
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