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2 Ziyue Liu

Abstract We extend the multiprocess dynamic models to the general non-Gaussian

and nonlinear setting. Under this framework, we propose specific models to simulta-

neously model hormone smooth basal trend and pulsatile activities. The pulse input

is modeled by two processes: one as a point mass at zero and oneas a gamma dis-

tributed random variable. This gamma-driven approach ensures the pulse estimates to

be nonnegative,which is an intrinsic characteristic of hormone dynamics. The smooth

trend is modeled by smoothing splines. Both additive and multiplicative observational

errors are investigated. Parameters are estimated by maximizing the marginal likeli-

hood. Baseline and pulses are estimated by posterior means.For implementation,

particle filter is adopted. Unlike the traditional condensation method where a single

distribution is used to approximate a mixture of distributions, this particle filter ap-

proach allows the model components to be accurately evaluated at the expense of

computational resources. The specific models are applied toa cortisol series. The fi-

nite sample performance is evaluated by a simulation. The data application and the

simulation show that the biological characteristics can beincorporated and be accu-

rately estimated under the proposed framework.

Keywords Hormone pulses· Multiprocess dynamic models· Particle filter· Smooth

baseline· State space
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1 Introduction

Simultaneous modeling of hormone smooth basal trends and pulsatile activities has

been a scientifically important but statistically challenging task. For many hormones,

their secretions have both a basal oscillatory component that varies slowly and a

pulsatile component that causes abrupt rises in circulating concentrations (e.g. Veld-

huis et al 1989; Keenan and Veldhuis 1997). The secretion combined with distribu-

tion and clearance creates complex circulating hormone profiles, where both smooth

trends and pulsatile activities are apparent in many cases even by simple visual ex-

aminations. Additionally, the effects of circulating hormones on their target tissues

can have both a short term component and a long term component. For example, the

short term effect of adrenocorticotropic hormone (ACTH) onthe adrenal glands is in

minutes and depends on rapid ACTH concentration changes. The long term effect is

in hours and depends on the average ACTH levels (e.g. Hanukoglu et al 1990; Gallo-

Payet and Payet 2003). Naturally to many researchers, decomposing the hormone

dynamics into smooth trends and pulsatile activities and modeling them simultane-

ously are of great interest.

In the statistical literature, several simultaneous modeling methods have been de-

veloped. Komaki (1993) modeled small deviations from a constant baseline by a

Wiener process, which can lead to non-smooth baseline estimate. He modeled the

pulses by dividing the observation intervals into a finer grid and assuming each small

interval to be either secretion mode or elimination mode. However, this partition con-

tradicts the fact that hormones are continuously eliminated. Guo et al (1999) de-

veloped a smooth baseline plus pulses model where the baseline was modeled by



4 Ziyue Liu

smoothing splines. The pulses were modeled by a multiprocess dynamic linear model

and the pulse inputs were modeled as Gaussian random variables. This Gaussian dis-

tribution may lead to negative pulse input estimates, whichby definition should be

nonnegative. Yang et al (2006) proposed a two-stage nonlinear mixed effects model

for the pulse parameters. The nonlinear mixed effects component allows the pulse

estimates to be different from pulse to pulse. However, the first-stage pulse identifica-

tion methods were originally developed for constant baselines and may fail when the

basal trends have big curvatures. Johnson (2007) proposed to combine smooth curves

and deconvolution of hormone secretion and elimination forsimultaneous modeling.

The locations of pulses were modeled by point processes and the implementation

was by Markov chain Monte Carlo (MCMC). However, deconvolution is known to

be computationally ill-posed (e.g. Wahba 1990, Chapter 8).Adding point processes

and smooth curves may further increase the numeric difficulties. A modeling frame-

work that can incorporate the biological properties of hormone dynamics and at the

same time can be implemented straightforwardly is still unavailable.

Multiprocess dynamic models (MDMs) present a natural framework for complex

hormone dynamics. In the literature, two classes of multiprocess dynamic models

(MDMs) have been proposed (Harrison and Stevens 1971, 1976), among which we

will focus on Class II in this paper. Instead of assuming thata system evolves over

time according to a single process, Class II MDMs allow the system to follow one

of several processes at each time point. Consequently, MDMsare extremely flexible

and have wide applications such as forecasting, capturing abrupt events and outliers,

and modeling complex dynamics (e.g., West and Harrison 1997, Chapter12). Appli-
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cations to hormone pulses have been explored under Gaussianand linear structures

(Bolstad 1988; Guo et al 1999). Specifically, the pulse inputwas modeled by two

processes: a point mass distribution at zero indicating no pulse and a Gaussian ran-

dom variable indicating a pulse. The chance of being a pulse was captured by a prior

probability to be estimated from the data. The exponential decay of the pulses was

characterized by an autoregressive process of order 1 (AR(1)). The observations of

the overall hormone levels were modeled using additive Gaussian errors.

One major challenge for MDMs is the computational complexity. For a single-

process linear Gaussian dynamic model which is also known asa state space model,

its components can be exactly evaluated in the order ofO(T) for T time points by

the Kalman filtering and smoothing algorithms. For MDMs evenwith Gaussian and

linear structures, such exact algorithms no longer exist. This is because that the mul-

tiple processes introduce a mixture of distributions and the number of possible com-

binations grows exponentially with respect to the number oftime points. Harrison

and Stevens (1971, 1976) proposed to approximate this mixture by a single distri-

bution at each time point, henceO(T) algorithms can be obtained. Such collapsing

or condensation methods have also been extended to several specific non-Gaussian

and nonlinear cases (Bolstad 1995; Sohn and Kang 1996; Oikonomou 1997). On the

other hand, these approximation methods confine the obtainable accuracies of the es-

timations. The evaluated likelihood is not the true likelihood. Additionally, hormone

dynamics like other biological processes are likely be non-Gaussian or nonlinear or

both. How to construct MDMs according to the biological properties and how to

calculate the true likelihood and accurately estimate the model components are still
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unclear. Note that an alternative is to adopt a fully Bayesian approach and use MCMC

for implementation (e.g., Frühwirth-Schnatter 2001), which path we will not pursue

in this paper.

In this paper, we adopt a particle filter approach to MDMs to simultaneously

model hormone smooth basal trends and pulsatile activities. Particle filter is also

known as sequential Monte Carlo. It is a set of algorithms to numerically evaluate in-

tegrations where a workable analytic form does not exist (Gordon et al 1993). In this

method, the model components including the marginal likelihood are approximated

by sequential draws from the underlying distributions. These draws are known as par-

ticles. The accuracies of the approximations can be increased to any desired levels at

the expense of more particles. As the number of the particlesgoes to infinity, these ap-

proximations converge to the true values (e.g. Del Moral 2004). Particle filter is well

developed and has been widely applied to nonlinear and non-Gaussian models. How-

ever, the potential applications of particle filter to MDMs have not been explored. By

adopting particle filter, MDMs can be accurately evaluated.Additionally, nonlinear

and non-Gaussian structures can be incorporated with straightforward implementa-

tions. Thus, we first extend MDMs to a general nonlinear and non-Gaussian situation.

We then construct specific models for hormone dynamics. The smooth basal trend is

viewed as a shared component for all the processes and is modeled by smoothing

splines. The pulse inputs are modeled by gamma random variables to ensure non-

negativity. Multiplicative observational errors are explored in additional to additive

Gaussian errors. In the particle filter implementations, wefirst draw the indicators

of the underlying processes according to their one-step-ahead probabilities. We then
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draw one random variable corresponding to each indicator. The numerically evalu-

ated marginal likelihood is used for parameter estimation and inference. Other model

components are numerically evaluated by posterior values,which can be obtained by

several algorithms such as Godsill et al (2004).

The paper is organized as follows. The model is presented in Section 2. Estima-

tion and inference are in Section 3. A small simulation is performed in Section 4. A

cortisol data example is given in Section 5. Discussion and concluding remarks are

given in Section 6.

2 The Model

2.1 The General Model

We extend MDMs to a general nonlinear and non-Gaussian situation as follows

y(t j) | α (t j) ∼ pk
{

y(t j) | α (t j)
}

, (1)

α (t j) | α
(

t j−1
)

∼ pk
{

α (t j) | α
(

t j−1
)}

, (2)

α (0) ∼ p{α (0)} , (3)

k = 0, · · · ,K −1,

for j = 1, · · · ,T. Equation (1) is the observation equation. The state vectorα(t j) is re-

lated to the observationy(t j) through the probability density functionpk(·). It can be

the traditional linear observational equation with Gaussian noise, or linear but with a

non-Gaussian noise, or a nonlinear observation equation such as in generalized linear

models. The subscriptk indicates which process the system follows at timet j among
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K candidates. The probability of being thekth process isπk(t j ) with ∑πk(t j) = 1,

which can be a function of the system history up tot j−1. Given all the state vectors,

the observations are independent. Equation (2) is the stateequation. It defines how

the system evolves over time. At each time point, the system can follow one of the

K possible processes. The state process is Markovian. Equation (3) defines the ini-

tial condition of the system. It can be obtained as a mixture of K initial conditions

corresponding to theK processes.

The proposed model can be viewed as an integration of MDMs andnonlinear

non-Gaussian state space models. The development of MDMs has mainly focused

on linear relationships and Gaussian perturbations. On theother hand, the nonlinear

non-Gaussian state space models have focused on a single process. The combination

of the two will inherit strengths from both approaches. Especially, the well-developed

particle filter in nonlinear non-Gaussian state space models can be adopted for com-

putation. Note that theK processes do not need to be totally different. Some of them

may share a common component.

2.2 A Specific Model for Hormone Dynamics

The true circulating hormone concentrationµ(t j) is decomposed as follows

µ (t j) = x(t j)+ f (t j) , (4)

wherex(t j ) is the pulsatile process andf (t j ) is the smooth basal trend. Without loss

of generality, time is scaled tot ∈ [0,1]. The basal hormone levelf (t j ) is modeled

by a smoothing spline as a member of Sobolev spaceW2, which comprises functions
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that are absolutely continuous up to the first derivative andhave square integrable

second derivative. It is incorporated into the model as the following dynamic linear

model (Wecker and Ansley 1983)

f (t j) = Fv(t j) , (5)

v(t j) = H (t j)v
(

t j−1
)

+η (t j) . (6)

The observation matrix isF = (1 0). The state vector isv(t j ) = { f (t j ) ḟ (t j) }
⊤

and ḟ (t j) is the first derivative with respect to time. The state transition matrix is

H(t j) = {1 ∆ t j ; 0 1} with ∆ t j = t j − t j−1. The innovation isη (t j)∼ N(0,λ Σ(t j ))

with Σ(t j ) = { 1
3∆ t3

j
1
2∆ t2

j
; 1

2∆ t2
j ∆ t j } andλ is the smoothing parameter. Equations

(5) and (6) are initialized at time zero asv(0) ∼ N(0,κ I2) with κ → ∞ andI2 is the

2×2 identity matrix.

The pulsatile activities are modeled as

x(t j) = φ jx
(

t j−1
)

+ ξ (t j) . (7)

The coefficientφ j captures the exponential elimination. In one-compartmentmodels,

elimination takes the form of exp(−a×∆ t) for some parametera > 0. For equally

spaced data, it simplifies to a constant coefficientφ . The pulse inputξ (t j) can take

one of the two statuses as follows

ξ (t j) = 0, if I (t j) = 0, (8)

ξ (t j) ∼ gamma(α,β ) , if I (t j) = 1. (9)

When I(t j) = 0, it indicates that there is no pulse during(t j−1, t j ]. WhenI(t j) = 1,

it indicates that there is one or more pulses. The probability of I(t j) = 1 is π1(t j) =
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Pr{I(t j) = 1}. For simplicity considerations, we assume thatI(t j)’s are serially in-

dependent andπ1(t j) = π for all j ’s. Innovationsη (t j) andξ (t j) are serially and

mutually independent.

The initialization has two parts:v(0) andx(0). Forx(t) with zero innovations, it

eventually decreases to zero as its stationary distribution. Forx(t) with gamma(α,β )

innovations, its stationary mean and variance areα/{β (1−φ)} andα/{β 2(1−φ2)},

respectively (Grunwald et al 2000). Consequently, we initializex(t) by treatingx(0)

as a mixture of the two where the later one has a weight ofπ . For v(0), exact dif-

fuse initialization is well developed in the linear Gaussian case (see, e.g. Durbin and

Koopman 2012, Chapter 5). It is, however, much less studied in the particle filters.

We thus adopt a numeric diffuse by settingκ to a large number such as 1000.

The true hormone concentrationµ(t j) can be observed with either additive errors

or multiplicative errors as follows

y(t j) = µ (t j)+ ε (t j) , or y(t j) = µ (t j)e(t j) , (10)

wherey(t j) is the observed value. The additive error is usually modeledasε(t j ) ∼

N(0,σ2
ε ). The multiplicative error can be modeled by a nonnegative random variable

with unit mean. In this paper, we will investigate lognormalmultiplicative errors

parameterized as log{e(t j)} ∼ N(−σ2
e/2,σ2

e). This parameterization ensures that

E{e(t j)} = 1. Both the additive errors and the multiplicative errors are assumed to

be serially independent and identically distributed. Overall, this specific model has

six parametersθ = (λ φ π α β σ2
ε )⊤ or θ = (λ φ π α β σ2

e
)⊤ .
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3 Estimation and Inference

The parametersθ are estimated by maximizing the marginal likelihood which can be

decomposed as a product of sequential conditional densities

L(θ | y) = p{y(t1) | θ )
N

∏
j=2

p
{

y(t j) | y1: j−1,θ
}

, (11)

wherey is the collection of all observed data andy1: j = {y(t1), · · · ,y(t j )}. The maxi-

mized marginal likelihood can be used for inference purposesuch as model selection.

The model components are estimated by the posteriors. In particle filter, these are ap-

proximated by discrete weighted random draws. A large body of literature on particle

filter has been produced. Interested readers can see Creal (2012) for a review. For

the filtering step, we adapt the classical bootstrap filter (Gordon et al 1993), which

utilizes the transition density to generate random draws. For a given parameter vector

θ , the algorithm is outlined in the follows forN particles.

Algorithm 1 Bootstrap filter (Gordon et al 1993)

1. At j= 0, for i = 1, · · · ,N, drawα(i)(0) according to its initial distributions.

2. For j = 1, · · · ,T:

(1) For i = 1, · · · ,N:

(i) Draw I (i)(t j) from a multinomial distribution with parameters n= 1 and

(π1, · · · ,πK).

(ii) Based on the drawn indicator I(i)(t j) = k, drawα(i)(t j) ∼ pk{α(i)(t j ) |

α (i)(t j−1)}.

(iii) Calculate the weight w(i)(t j) = pk{y(t j) | α (i)(t j )}.
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(2) For i = 1, · · · ,N, normalize the weights as

w̃(i) (t j) =
w(i) (t j)

∑N
b=1w(b) (t j)

(3) The filtered probability of being the kth process is

∑I (a)(t j)=k w̃(a) (t j)

∑N
b=1w̃(b) (t j)

(4) Resample N particles̃α(i)(t j)’s with replacement from{α(i)(t j)}
N
i=1 accord-

ing to weights{w̃(i)}N
i=1.

(5) For i = 1, · · · ,N, letα(i)(t j) = α̃(i)(t j).

Resampling is an essential step of the particle filter. Without resampling, the sam-

ple path will soon be dominated by a few or even only one particle. This is the well-

known degeneracy problem. Resampling can be performed at each time point, or only

when the effective sample size (ESS), defined asESS= [∑N
i=1{w̃(i)(t j)}

2]−1, becomes

below certain threshold (Liu and Chen 1998). The sample before and after resampling

are both random samples from the filtered distribution. Before resampling, particles

have different weights. After bootstrap resampling, particles are equally weighted.

In calculating filtered items, it is usually the sample before resampling is used. The

conditional density that can be used for likelihood evaluation is approximated as

p̂
{

y(t j) | y1: j−1,θ
}

=
1
N

N

∑
i=1

w(i) (t j) . (12)

To generate posterior samples, Godsill et al (2004)’s algorithm is adopted.

Algorithm 2 Godsill et al (2004)

For l = 1, · · · ,L:

1. Samplêα(l)(tT) from{α(i)(tT)}N
i=1 with equal weight1/N.
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2. For j = T −1, · · · ,1:

(1) For i = 1, · · · ,N, calculate weight

v(i)
(

t j | t j+1
)

∝ p
{

α̂ (l) (t j+1
)

| α (i) (t j)
}

.

(2) Sampleα̂ (l)(t j) from{α(i)(t j)}
N
i=1 according to weights{v(i)(t j | t j+1)}

N
i=1.

3. α̂(l)
1:T = {α̂(l)(t1), · · · , α̂ (l)(tT)} is a realization from p(α1:T | y).

From the posterior sample, we can estimate the means, medians and variations for all

the model components. The posterior probability of being a particular process at time

t j can be calculated as the proportion of{α̂(l)(t j)}
L
l=1 that come from thekth process.

4 Simulation

In this section we evaluate the finite sample performance of the proposed method and

compare it with Guo et al (1999) and Yang et al (2006), which are hereafter referred

as GWB and YLW for the simplicity of presentation. Gaussian additive errors are

adopted for the reasons given in the next section. Three scenarios are used.

(S1). The baseline function isf (t) = 20+15sin(2πt). For each time point, the prob-

ability of being a pulse is 0.10. The magnitude, if a pulse, follows a normal dis-

tribution ξ j ∼ N(10,22), andφ = 0.7. Serially independent errors followε j ∼

N(0,12).

(S2). The baseline function isf (t) = 0.5cos(2πt)+ 2, t ∈ [0,1]. Pulse locations are

generated from an inhomogeneous Poisson process with intensity functionλ (t) =

35(0.26− (t−0.5)2). For each pulse, its magnitude follows a lognormal distribu-
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tion log(αi)∼ N(1,0.52). The pulse function is double exponential as

p(t − τi) =















exp{100(t − τi)} , t < τi ,

exp{−γi (t − τi)} , t ≥ τi ,

whereγi follows a lognormal distribution as log(γi) ∼ N(3.66,0.272). Serially

independent errors followε j ∼ N(0,0.52).

(S3). The baseline function isf (t) = 5sin(4πt+π)+10. For each time point, the prob-

ability of being a pulse is 0.15. The magnitude, if a pulse, follows a gamma distri-

butionξ j ∼ gamma(15.70,0.33), andφ = 0.8. Serially independent errors follow

ε j ∼ N(0,0.852).

Scenario 1 is adopted from GWB. The baseline function has bigcurvatures. The

pulses have big magnitudes and small variations. This meanswe have a high signal-

to-noise ratio in this scenario. Scenario 2 is adopted from YLW. With the given in-

tensity function, the number of overall pulses follows a Poisson distributionM ∼

Poisson(28/3). We do not fixM at 5 or 10 as in YLW. The baseline function has

small curvatures, which is important for the first stage pulse detection to work prop-

erly. Scenario 3 has a gamma pulse input as the true signals. The baseline function

also has more curvature than Scenario 2. For each scenario, 100 series are generated.

Each series hasT = 145 time points witht j = ( j − 1)/144. The proposed method,

GWB and YLW are applied to each series. For the proposed method, N = 1000 par-

ticles andL = 100 posterior draws are adopted.

The proposed method produces reliable estimates forφ . For Scenario 1 where

φ = 0.7, the median of the parameter estimates is 0.69. For Scenario 2 where the

equivalentφ ’s are around 0.76, the median is 0.75. For Scenario 3 whereφ = 0.8,
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the median is 0.80. This suggests that the numerically evaluated marginal likelihood

by particle filter works well in parameter estimate. We further compare the proposed

method to GWB and YLW using four criteria: 1) mean squared errors (MSEs) of the

estimated baseline, which are calculated as the average squared difference between

the true baseline and the estimated baseline on the observational grid; 2) false positive

pulse numbers, which are the numbers of observations falsely identified as pulses;

3) false negative pulse numbers, which are the numbers of true pulses that are not

identified; 4) MSEs of the pulse inputs. For the proposed method and GWB, a pulse

is classified if its posterior probability is equal to or bigger than 0.5.

The results are displayed in Table 1 as median and interquartile range (IQR). In

estimating the baseline functions, GWB has the smallest medians and IQRs of MSE

for Scenario 1 and 2, and the proposed method has the smallestmedian and IQR

for Scenario 3. YLW, on the other hand, fails to reasonably estimate the baseline

functions for Scenario 1 and 3. In identifying the pulses, GWB produces the fewest

false negatives and false positives for Scenario 1 and 3, butit generates the most

false positives for Scenario 2. The proposed method performs similarly to GWB for

Scenario 1 and 3, but it leads to fewer false positives compared to GWB for Scenario

2. YLW generates the most false positives and false negatives for Scenario 1 and

3, while it does produce the fewest false positives for Scenario 2. For pulse input

magnitude estimates, GWB performs best for Scenario 1 and 3,while the proposed

method performs best for Scenario 2. One major disadvantageof GWB is that it may

lead to negative pulse estimates. For example for Scenario 3within the 100 series,

GWB leads to 12 negative pulse estimates with posterior pulse probability≥ 0.5, and
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Table 1 Simulation results displayed as (median, interquartile range)

Method

Data GWB YLW Proposed

Baseline MSE S1 0.22, 0.22 12.09, 20.34 0.41, 0.29

S2 0.08, 0.15 0.28, 0.66 0.33, 0.35

S3 0.63, 0.59 10.78, 11.86 0.61, 0.56

False positive S1 0, 0 2, 2 0, 0

S2 6, 6 2, 2 2.5, 3

S3 0, 1 2, 2 0, 1

False negative S1 0, 1 9, 4 0, 1

S2 2, 2.5 4, 2.5 4, 3

S3 2, 2 17, 4.5 3, 3

Pulse MSE S1 0.84, 0.53 19.66, 14.40 2.93, 1.99

S2 1.86, 1.70 3.74, 4.18 1.82, 2.26

S3 0.28, 0.20 3.49, 0.91 0.50, 0.26

23 negative pulse estimates with posterior probability within [0.25,0.5). For Scenario

1, these numbers are 2 and 3. For Scenario 2, these numbers are19 and 95.

5 Application to a Cortisol Series

In this section, we apply the proposed method to a cortisol series. We then compare

it to two other methods: GWB (Guo et al 1999) and YLW (Yang et al2006). The

data came from a study conducted at the University of Michigan Medical Center. The

study aimed to evaluate and compare the hypothalamic-pituitary-adrenal (HPA) axis

between patients with chronic fatigue syndrome or fibromyalgia or both and healthy

controls. The cortisol series used in this paper came from a healthy control. Blood
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samples were collected at 10-minute intervals over a 24-hour period beginning at

9am, hence 145 observations for each series. Details of the study can be found in

Crofford et al (2004). As the end product of the HPA axis, cortisol is a well-known

stress-related hormone and is of particular interest to many researchers. To fully un-

derstand the dynamics of cortisol, a model that can incorporate both its smooth base-

line and pulsatile activities according to the biological characteristics is needed.

5.1 Additive Errors versus Multiplicative Errors

The model in Section 2.2 with additive Gaussian errors was first applied to the cortisol

series. Parameter estimates areφ̂ = 0.80, π̂ = 0.34, α̂ = 1.48 for the gamma shape

parameter,̂β = 1.05 for the gamma scale parameter, andσ̂2
ε = 0.21. Figure 1 displays

the fitting results. The figure shows that the overall fitting is reasonably well. The

baseline and pulse inputs are estimated as posterior means fromN = 10000 particles

andL = 1000 posterior draws. The estimated baseline tracks the overall trend. The

estimated pulse inputs are all nonnegative and agree with the abrupt jumps in the

observed values. The proposed method generates posterior pulse probabilities that

have many nonzero values. One choice is to classify each point based on whether

the posterior pulse probability is bigger than 0.5. In this data example, the identified

pulses using this threshold all have nonzero magnitudes, while the identified non-

pulses have at most negligible magnitudes.

We then compared additive Gaussian errors with multiplicative lognormal errors.

In practice, hormone data have been analyzed both on the original scale and after

logarithmic transform. The rationale for logarithmic transform is that the measure-
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ment errors may be proportional to the true hormone levels. Indeed, the accuracies of

hormone assays are commonly quantified by coefficient of variation. Consequently,

a multiplicative error term on the original scale with unit mean seems worth investi-

gating. The same particle filter approach can be applied, except that the observational

density is lognormal. Figure 2 displays the fitting results.The estimated baseline

from multiplicative errors is very similar to the one from additive errors, hence not

displayed. At low overall hormone levels, the multiplicative error approach tends to

attribute small variations to pulses, such as the two pulsesidentified 5pm–6pm and

8pm–9pm. On the other hand, the additive error approach characterizes these vari-

ations as noises. For high overall hormone levels, the multiplicative error approach

tends to attribute relatively large variations to noises, such as 11am–1pm and 5am–

9am. But the additive error approach characterizes these variations by more pulses.

For this particular cortisol example, we prefer the additive error approach because

of two reasons. Firstly, the multiplicative error approachleads to suspicious overall

estimates, e.g., a peak between 11am–12noon, another peak around 4pm and a quick

dip between 3pm–4pm. On the other hand, the additive model approach fits these

time periods reasonably well. Secondly, high cortisol levels following sharp rise are

usually considered to be the results of multiple cortisol pulses. For example for the

period around 6am, the additive error approach identifies multiple pulses that can

explain these patterns well. But the multiplicative error approach identifies too few

pulses to explain these patterns. However, the multiplicative error approach would be

preferred when high resolution is needed at low hormone levels.
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5.2 Comparisons with Two Other Methods

Figure 3–5 display the comparisons of the proposed additive-error model with GWB

and YLW. Figure 3 displays the estimated baselines, where three methods agree with

each other for 1pm–3am. The proposed method led to lower estimates for 9am–1pm

and 3am–9am. It also generated baseline that roughly follows a 24-hour period. This

would be preferred because cortisol basal trends are supposed to exhibit a 24-hour

circadian rhythm. Figure 4 displays the estimated pulse inputs. YLW estimated one

pulse during 9am–1pm and four pulses during 3am–9am, which are less likely to

generate the observed patterns especially for the morning period. Both the proposed

method and GWB estimated multiple pulses for these two time periods, which explain

the observed patterns well. This suggests that YLW may underestimate the number

of pulses. GWB led to multiple small negative pulse input estimates during 9am–

11am and a big negative pulse input estimate around 8am, which are at odds with

the biological properties of hormone pulses. Figure 5 displays the estimated pulse

probability. The proposed method produces estimates closer to zero than GWB for

locations where pulses are unlikely. One possible reason isthat the estimated pulse

probability in GWB is only conditional on up-to-current observationsy1: j , while in

the proposed method it is conditional on all the observationsy1:T .

6 Discussion

We have extended MDMs to a general nonlinear and non-Gaussian setting. The pro-

posed particle filter approach allows the model components to be accurately evalu-
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ated. In the literature, several specific nonlinear or non-Gaussian MDMs have been

developed, where condensation was used for implementation. For example, Bolstad

(1995) extended the condensation method to an MDM with Poisson observations

which allows shifts in the mean level and outliers. Sohn and Kang (1996) adopted a

nonlinear state equation with zero-mean perturbations andused linearization and con-

densation for implementation. Oikonomou (1997) extended the condensation method

to a system with gamma-distributed observations which has avariance inflation state

equation. The proposed particle filter approach is suitablefor the general nonlinear

and non-Gaussian setting. This would greatly broaden the types of MDMs that can be

constructed and applied. However, these advantages do require more computational

resources. For a simulated series in Section 4, it takes lessthan a minute for Guo

et al (1999)’s method on a personal computer with 3.00GHz Intel Core i7 3540M

CPU and 8.00GB RAM. For Yang et al (2006)’s method, it takes 3–5 minutes. For

the proposed method, it takes around 30 minutes.

For hormone dynamics, we have proposed a gamma-driven approach for hormone

pulses and allow additive errors and multiplicative errors. The data application and

simulation show that the parameters can be reliably estimated and the hormone pulse

estimates agree with their biological properties. In the literature, there are mainly two

approaches in modeling the hormone pulses. One approach is linear Gaussian MDMs.

The other approach is the deconvolution method developed byVeldhuis and Johnson

(e.g. Veldhuis and Johnson 1992). This method assumes that the circulating hormone

concentrations are the results of a convolution of pulsatile secretions and exponential

eliminations and aims to disentangle these two components.Both MDMs and the
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deconvolution method come from compartment models. The deconvolution method

emphasizes characterizing the hormone secretion patterns, while MDMs emphasize

capturing the circulating hormone patterns. In this paper,we have focused on the

MDM approach. MDMs are numerically easier to work with, and they also provide

sufficient information for hormone circulating patterns.

Conceptually, all the methods for simultaneous modeling ofhormone smooth

trend and pulsatile activities can be recast as MDMs. The smooth baseline plus pulses

model proposed by Guo et al (1999) is already in the form of MDM. The state space

approach proposed by Komaki (1993) can be viewed as a specialcase of MDMs.

The two-stage nonlinear mixed effects model proposed by Yang et al (2006) and the

Bayesian approach by Johnson (2007) can also be reformulated as MDMs, if the se-

cretion phase is assumed to be finite in time. Therefore, the proposed method provides

a general and unified approach for modeling complex hormone dynamics.
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Fig. 1 Additive-error model fitting results. The top panel displays the observed data as black dots con-

nected by a dotted line, the posterior draws of the overall fitas gray lines, the point-wise mean of the

posterior draws as a solid black line, and the fitted baselineas a solid black line. The second panel dis-

plays the posterior pulse probabilities. The gray horizontal line is at value 0.5. The third panel displays the

estimated pulse inputs. The bottom panel displays the drawsfrom the baseline posterior as gray lines, the

point-wise mean values and 95% confidence intervals as solidblack lines.
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Fig. 2 Comparing additive errors with multiplicative errors. Thetop panel displays the observed data as

black dots and the point-wise mean of the posterior draws from the proposed models, with the solid line

for additive errors and the dotted line for multiplicative errors. The middle panel displays the posterior

pulse probabilities, with circles for additive errors and pentagrams for multiplicative errors. The bottom

panel displays the estimated pulse inputs, with circles foradditive errors and pentagrams for multiplicative

errors.
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Fig. 3 Estimated baselines displayed as: Guo et al (1999) by the dashed curve, Yang et al (2006) by

the dotted curve, and the proposed method by the solid curve.The observed data are displayed as dots

connected by a dotted line.
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Fig. 4 Estimated pulse inputs displayed by stems with markers as: Guo et al (1999) by asterisks, Yang

et al (2006) by solid triangles, and the proposed method by circles.
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Fig. 5 Estimated pulse probabilities displayed by stems with markers as: Guo et al (1999) by asterisks,

and the proposed method by circles. The gray horizontal lineis at value 0.5.


