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PREFACE

This dissertation is based on proposing a new electric machine in which the airgap reaches

the minimum value possible in order to maximize the electromagnetic torque, which is called

airgap-less electric motor. This machine which is already developed in the laboratory has

a torque density (torque per motor volume) which is comparable to hydraulic motors. It is

worth mentioning that the efficiency of this motor will have higher efficiency than hydraulic

machines due to a large number of energy conversion stages.

This dissertation is ultimately based on a journal paper, and two published conference

papers for the author Maryam Alibeik.
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�6�B�;�X �k�X�8 �U���V �T�`�2�b�2�M�i�b �i�?�2 �i�`���D�2�+�i�Q�`�v �Q�7 �i�?�2 �`�Q�i�Q�` �+�2�M�i�2�` �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K���+�?�B�M�2 ���M�/

�?�Q�r �i�?�2 �`�Q�i�Q�` �K�Q�p�2�K�2�M�i �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �`�Q�i���i�B�Q�M���H ���M�/ �i�`���M�b�H���i�B�Q�M���H

�K�Q�p�2�K�2�M�i�b�X �� �K�2�+�?���M�B�+���H �;�2���` �+���M �#�2 �m�b�2�/ �i�Q �+�Q�M�p�2�`�i �i�?�B�b �+�Q�K�#�B�M�2�/ �i�`���M�b�H���i�B�Q�M���H ���M�/

�`�Q�i���i�B�Q�M���H �K�Q�p�2�K�2�M�i �B�M�i�Q �`�Q�i���i�B�Q�M���H �Q�M�H�v �K�Q�p�2�K�2�M�i �B�7 �M�2�+�2�b�b���`�v �7�Q�` �� �b�T�2�+�B�}�+ ���T�T�H�B�+���i�B�Q�M �(�b�2�2
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�B�M �6�B�;�X �k�X�8 �U���V�X �.�m�2 �i�Q �i�?�B�b �K�Q�p�2�K�2�M�i�- �i�?�2 �;���T �#�2�i�r�2�2�M �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �+�?���M�;�2�b ���b ��

�7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���M�;�m�H���` �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�` �U� �V�X �h�?�2 �~�m�t �i�`���p�2�H�b �B�M �� �T���i�? �i�?���i �B�b �M�Q�`�K���H
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r 2
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�U�B2 = �B3 = 0�V�- �r�?�B�+�? �2�H�B�K�B�M���i�2�b �i�?�2 �K�m�i�m���H �B�M�/�m�+�i���M�+�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �T�Q�H�2 �R�X �h�?�2�`�2�7�Q�`�2�-
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�T���i�?�X �_�2�H�m�+�i���M�+�2 �Q�7 �i�?�2 �;���T �B�b �+���H�+�m�H���i�2�/ �B�M �k�X�j �X �h�?�2 ���`�2�� �Q�7 �i�?�2 �7�`�Q�M�i�@�+���T �UAg1�V �B�b �i�?�2 �b���K�2

���b �i�?�2 ���`�2�� �Q�7 �i�?�2 �#���+�F�@�+���T �UAg3�V ���M�/ �B�i �B�b �+�Q�M�b�B�/�2�`�2�/ ���bAg�X �a�m�#�b�i�B�i�m�i�B�M�; �k�X�j �B�M�i�Q �k�X�k �- �i�?�2

�b�2�H�7�@�B�M�/�m�+�i���M�+�2�b �7�Q�` �2���+�? �T�Q�H�2 �r�B�H�H �#�2 ���b �b�?�Q�r�M �#�2�H�Q�r�,

L11 = 2N 2
1� 0Ag2Ag=g(� )(Ag2 + 2Ag) �U�k�X�9�V

L22 = 2N 2
2� 0Ag2Ag=g(� � 2p=3)(Ag2 + 2Ag) �U�k�X�8�V
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�6�B�;�m�`�2 �k�X�3�X�.�2�p�2�H�Q�T�2�/ �/�B���;�`���K �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �2�H�2�+�i�`�B�+ �K���+�?�B�M�2�X

L33 = 2N 2
3� 0Ag2Ag=g(� + 2p=3)(Ag2 + 2Ag) �U�k�X�e�V

���b�b�m�K�B�M�;r1 � r2 �B�M �k�X�R �- �i�?�B�b �2�[�m���i�B�Q�M �+���M �#�2 �r�`�B�i�i�2�M ���b�,

g (� ) = r21 [1 � cos (� )] �U�k�X�d�V

�a�m�#�b�i�B�i�m�i�B�M�; �k�X�d �B�M�i�Q �k�X�9 �-  �k�X�8 �- ���M�/ �k�X�e �- �i�?�2 �b�2�H�7�@�B�M�/�m�+�i���M�+�2�b �+���M �#�2 �/�2�}�M�2�/ ���b�,

L11 = 2N 2
1� 0Ag2Ag=r21(1 � cos(� ))( Ag2 + 2Ag) �U�k�X�3�V

L22 = 2N 2
2� 0Ag2Ag=r21(1 � cos(� � 2p=3))(Ag2 + 2Ag) �U�k�X�N�V

L33 = 2N 2
3� 0Ag2Ag=r21(1 � cos(� + 2p=3))(Ag2 + 2Ag) �U�k�X�R�y�V
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�*�Q�M�b�B�/�2�`�B�M�; �� �+���b�2 �B�M �r�?�B�+�? �i�?�2 �`�Q�i�Q�` �B�b �i�Q�m�+�?�B�M�; �� �T�Q�B�M�i �#�2�i�r�2�2�M �i�r�Q �T�Q�H�2�b �B�b �b�?�Q�r�M �B�M �6�B�;�X

 �k�X�3 �U�+�V�X �h�?�B�b �`�2�;�B�Q�M �B�b ���H�b�Q �b�?�Q�r�M �B�M �6�B�;�X �k�X�3 �U�/�V ���b �b�2�+�i�Q�` �k�- �r�B�i�? �`�2�b�T�2�+�i�b �i�Q �i�?�2 �+�m�`�`�2�M�i�b �B�M

�i�?�2 �K���+�?�B�M�2�X �A�i �B�b �Q�#�p�B�Q�m�b �i�?���i �#�Q�i�? �+�m�`�`�2�M�i�b �B1 ���M�/ �B2 �2�t�B�b�i �B�M �i�?�B�b �`�2�;�B�Q�M �b�Q �i�?�2 �`�Q�i�Q�` �r�B�H�H

�#�2 ���i�i�`���+�i�2�/ �i�Q �� �T�Q�B�M�i �#�2�i�r�2�2�M �T�Q�H�2�b �R ���M�/ �k�X �h�?�2 �b���K�2 �T�`�Q�+�2�/�m�`�2 �?���T�T�2�M�b �r�?�2�M �+�m�`�`�2�M�i

�B2 ���M�/ �B3 �2�t�B�b�i ���i �i�?�2 �b���K�2 �i�B�K�2 �Q�` �+�m�`�`�2�M�i�b �B1 ���M�/ �B3 �2�t�B�b�i ���i �i�?�2 �b���K�2 �i�B�K�2�- �B�M �r�?�B�+�? �i�?�2

�`�Q�i�Q�` �r�B�H�H �#�2 ���i�i�`���+�i�2�/ �i�Q �� �T�Q�B�M�i �B�M �#�2�i�r�2�2�M �T�Q�H�2�b �k ���M�/ �j �Q�` �T�Q�H�2�b �R ���M�/ �j �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M

�i�?�B�b �+���b�2�- �i�?�2�`�2 �r�B�H�H �2�t�B�b�i �K�m�i�m���H �B�M�/�m�+�i���M�+�2�b �#�2�i�r�2�2�M �T�Q�H�2�b�X �h�?�2�b�2 �K�m�i�m���H �B�M�/�m�+�i���M�+�2�b �+���M

�#�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �k�X�k �,

L12 = 2N 1N2� 0AgAg2=(g1(� ) + g2(� ))(2Ag + Ag2) �U�k�X�R�R�V

L13 = 2N 1N3� 0AgAg2=(g1(� ) + g3(� ))(2Ag + Ag2) �U�k�X�R�k�V

L23 = 2N 2N3� 0AgAg2=(g2(� ) + g3(� ))(2Ag + Ag2) �U�k�X�R�j�V

�B�M �r�?�B�+�?�,g1 (� ) = r21 [1 � cos (� )] ; g2 (� ) = r21�(1 � cos(� � 2p=3)�); ���M�/g3 (� ) = r21�(1 �

cos(� + 2p=3)�)�X

�L�Q�r �i�?���i �i�?�2 �b�2�H�7�@ ���M�/ �K�m�i�m���H�@�B�M�/�m�+�i���M�+�2�b �?���p�2 �#�2�2�M �+���H�+�m�H���i�2�/�- �i�?�2 �~�m�t �H�B�M�F���;�2�b �r�B�H�H

�#�2 ���b �b�?�Q�r�M �#�2�H�Q�r�X �A�i �B�b �r�Q�`�i�? �K�2�M�i�B�Q�M�B�M�; �i�?���i �B�M �i�?�2 �2�[�m���i�B�Q�M�b �b�?�Q�r�M �#�2�H�Q�r �i�?�2 �K�m�i�m���H

�B�M�/�m�+�i���M�+�2�bL12; L23; and L13 ���`�2 �i�?�2 �b���K�2 ���bL21; L32; and L31�X

� 1 = L11�B1 + L12�B2 + L13�B3 �U�k�X�R�9�V

� 2 = L21�B1 + L22�B2 + L23�B3 �U�k�X�R�8�V

� 3 = L31�B1 + L32�B2 + L33�B3 �U�k�X�R�e�V
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�l�b�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �~�m�t �H�B�M�F���;�2�b�- �i�?�2 �+�Q�@�2�M�2�`�;�v �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �b�?�Q�r�M �#�2�H�Q�r�,

wc =
Z JX

�D=1

� �Dd�B�D �U�k�X�R�d�V

�l�b�B�M�; �k�X�3 �@ �k�X�R�e �B�M �k�X�R�d �- �i�?�2 �+�Q�@�2�M�2�`�;�v �r�B�H�H �#�2�,

wc =
� 1

2

� �
L11�B21 + L22�B22 + L33�B23

�
+ 2L12�B1�B2 + 2L13�B1�B3 + 2L23�B2�B3 �U�k�X�R�3�V

�h�?�2 �i�Q�`�[�m�2 �+���M �#�2 �+���H�+�m�H���i�2�/ ���b�,

T�2= @ wc=@� �U�k�X�R�N�V

�l�b�B�M�; �2�t�T�`�2�b�b�B�Q�M�b �k�X�R�3 ���M�/ �k�X�R�N �- �i�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7 �i�?�2 �i�Q�`�[�m�2 �r�B�H�H �#�2 ���b �b�?�Q�r�M �#�2�H�Q�r�,

T�2= �
r21 sin (� )k1

(r21 � r21 cos (� ))2 �
r21 sin

�
� � 2p

3

�
k2

�
r21 � r21 cos

�
� � 2p

3

�� 2 �
r21 sin

�
� + 2p

3

�
k3

�
r21 � r21 cos

�
� + 2p

3

�� 2

+
4r21 sin

�
� + 2p

3

�
k4

�
2r 21 � r21 cos

�
� + 2p

3

�� 2 +
4r21 sin

�
� � 2p

3

�
k5

�
2r 21 � r21 cos

�
� � 2p

3

�� 2 +
4r21 sin (� )k6

(2r 21 � r21 cos (� ))2

�U�k�X�k�y�V

�k�X�R�X�k �1�t�T�2�`�B�K�2�M�i���H �a�2�i�m�T

�� �T�`�Q�Q�7�@�Q�7�@�+�Q�M�+�2�T�i �H���#�Q�`���i�Q�`�v �T�`�Q�i�Q�i�v�T�2 �r���b �#�m�B�H�i �i�Q �p���H�B�/���i�2 �i�?�2 �i�?�2�Q�`�2�i�B�+���H ���b�b�m�K�T�i�B�Q�M�b�X

�h�?�2 �K���i�2�`�B���H �b�2�H�2�+�i�2�/ �7�Q�` �i�?�B�b �}�`�b�i �T�`�Q�i�Q�i�v�T�2 �B�b �H�Q�r �+���`�#�Q�M �b�i�2�2�H �R�y�k�y�- �r�?�B�+�? �?���b �K���;�M�2�i�B�+

�~�m�t �/�2�M�b�B�i�v �b���i�m�`���i�B�Q�M ���`�Q�m�M�/ �k �h�2�b�H���X �"�Q�i�? �b�i���i�Q�` �T�Q�H�2�b ���M�/ �`�Q�i�Q�` �r�B�H�H �#�2 �#�m�B�H�i �r�B�i�? �H�Q�r

�+���`�#�Q�M �b�i�2�2�H �R�y�k�y�X �6�B�;�X �k�X�N �U���V �b�?�Q�r�b �� �T�?�Q�i�Q �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �K���+�?�B�M�2 �B�M �T�2�`�b�T�2�+�i�B�p�2 ���M�/

���b�b�2�K�#�H�2�/ ���b �� �b�B�M�;�H�2 �m�M�B�i�X �6�B�;�X �k�X�N �U�#�V�- �B�M �i�m�`�M�- �/�2�T�B�+�i�b �b�m�+�? �� �K���+�?�B�M�2 �r�B�i�? �i�?�2 �7�`�Q�M�i �+���T

�`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2 �b�i���i�Q�` �#�Q�/�v�X �.�2�i���B�H�b ���#�Q�m�i �i�?�2 �B�M�i�2�`�M���H �T�Q�H�2 �b�i�`�m�+�i�m�`�2 ���M�/ �b�i���i�Q�` �r�B�M�/�B�M�;

���`�2 �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X �k�X�N �U�+�V�X �6�B�M���H�H�v�- �6�B�;�X �k�X�N �U�/�V �b�?�Q�r�b ���M �m�T�T�2�` �p�B�2�r �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/

�K���+�?�B�M�2 �+�Q�M�M�2�+�i�2�/ �i�Q �i�?�2 �/�`�B�p�2 �b�v�b�i�2�K�- �r�?�B�+�? �B�b �b�?�Q�r �b�+�?�2�K���i�B�+���H�H�v �B�M �6�B�;�X �k�X�R�y �X

�6�B�;�X �k�X�R�R �b�?�Q�r�b �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b �+�Q�H�H�2�+�i�2�/ �7�Q�` �i�?�2 �T�`�Q�T�Q�b�2�/ ���B�`�;���T�@�H�2�b�b �2�H�2�+�i�`�B�+ �K���@

�+�?�B�M�2�X �h�?�2 �T�`�Q�}�H�2 �Q�7 �i�?�2 �+�m�`�`�2�M�i �r���b �B�K�T�H�2�K�2�M�i�2�/ �r�B�i�? �� �S�q�J �+�Q�M�i�`�Q�H �b�i�`���i�2�;�v �Q�T�2�`���i�B�M�;
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�U���V �U�#�V

�U�+�V �U�/�V

�6�B�;�m�`�2 �k�X�N�X�S�?�Q�i�Q�b �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �2�H�2�+�i�`�B�+ �K���+�?�B�M�2 �r�B�i�? �B�i�b �/�`�B�p�2 �b�v�b�i�2�K�X
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�6�B�;�m�`�2 �k�X�R�y�X�J���+�?�B�M�2 �/�`�B�p�2 �b�v�b�i�2�K�X

�6�B�;�m�`�2 �k�X�R�R�X�1�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b�, �+�m�`�`�2�M�i�b �B�M �T�Q�H�2�b �R ���M�/ �k�X

�B�M �Q�T�2�M �H�Q�Q�T�X �h�?�2 �i�Q�T �r���p�2�7�Q�`�K �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X �k�X�R�R �B�b �i�?�2 �+�m�`�`�2�M�i �Q�7 �T�Q�H�2 �R�- �r�?�B�H�2 �i�?�2

�#�Q�i�i�Q�K �Q�M�2 �B�b �i�?�2 �+�m�`�`�2�M�i �Q�7 �T�Q�H�2 �k�X

���H�i�?�Q�m�;�? �B�i �r���b �2�t�T�2�+�i�2�/ �i�Q �?���p�2 �� �b�K�Q�Q�i�? �K�Q�p�2�K�2�M�i �Q�7 �i�?�2 �`�Q�i�Q�` �B�M�b�B�/�2 �i�?�2 �b�i���i�Q�`�-

�K�Q�p�2�K�2�M�i �r���b �K�Q�`�2 �H�B�F�2 �� �b�i�2�T�T�2�` �K���+�?�B�M�2�X �6�Q�` �2�t���K�T�H�2 �r�?�2�M �+�m�`�`�2�M�i �B�b ���T�T�H�B�2�/ �i�Q �T�Q�H�2

�R�- �i�?�2 �`�Q�i�Q�` �i�Q�m�+�?�2�b �T�Q�H�2 �R �m�M�i�B�H �i�?�2 �T�Q�B�M�i �i�?���i �+�m�`�`�2�M�i �B�M �T�Q�H�2 �R �B�b �x�2�`�Q�X ���i �i�?�B�b �K�Q�K�2�M�i

�i�?�2 �+�m�`�`�2�M�i �B�b ���H�`�2���/�v ���T�T�H�B�2�/ �i�Q �T�Q�H�2 �k ���M�/ ���b �� �`�2�b�m�H�i �`�Q�i�Q�` �U�i�?���i �B�b �M�Q�r �`�2�H�2���b�2�/ �7�`�Q�K

�T�Q�H�2 �R�V �D�m�K�T�b ���M�/ �i�Q�m�+�?�2�b �T�Q�H�2 �k ���M�/ �B�b �M�Q�i �`�Q�H�H�B�M�; �b�K�Q�Q�i�?�H�v�X �"���b�2�/ �Q�M �i�?�B�b �Q�#�b�2�`�p���i�B�Q�M �B�i
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�r���b �/�2�+�B�/�2�/ �i�Q �B�M�+�`�2���b�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T�Q�H�2�b �B�M �Q�`�/�2�` �i�Q �?���p�2 �b�K�Q�Q�i�?�2�` ���M�/ �K�Q�`�2 �+�Q�M�i�B�M�m�Q�m�b

�K�Q�p�2�K�2�M�i�X �L�2�t�i �b�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �� �i�r�2�H�p�2 �T�Q�H�2 �b�B�t �T�?���b�2 ���B�`�;���T�@�H�2�b�b �2�H�2�+�i�`�B�+ �K���+�?�B�M�2 �r�B�i�?

���M �B�M�i�2�`�M���H �`�Q�i�Q�`�X
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�k�X�k ���B�`�;���T�@�H�2�b�b �1�H�2�+�i�`�B�+ �J���+�?�B�M�2 �r�B�i�? �a�B�t �"�B�T�Q�H�2�b ���M�/ �a�B�t �S�?���b�2�b

���b �K�2�M�i�B�Q�M�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- ���B�`�;���T�@�H�2�b�b �2�H�2�+�i�`�B�+ �K���+�?�B�M�2 �m�b�2�b �T�?�v�b�B�+���H �+�Q�M�i���+�i

�#�2�i�r�2�2�M �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �i�Q �K���t�B�K�B�x�2 �7�Q�`�+�2 ���M�/ �`�Q�i���i�B�Q�M���H �i�Q�`�[�m�2�X �6�B�;�X �k�X�R�k �T�`�2�b�2�M�i�b

�/�B�z�2�`�2�M�i �p�B�2�r�b �Q�7 �� �j�. �b�F�2�i�+�? �7�Q�` �i�?�2 �T�`�Q�T�Q�b�2�/ �K���+�?�B�M�2�X �6�B�;�X �k�X�R�k �U���V �b�?�Q�r�b �i�?�2 �b�i���i�Q�` �r�B�i�?

�b�B�t �#�B�T�Q�H�2�b �U�i�r�2�H�p�2 �i�2�2�i�?�V�- �6�B�;�X �k�X�R�k �U�#�V �T�`�2�b�2�M�i�b �i�?�2 �`�Q�i�Q�`�X �6�B�;�X �k�X�R�k �U�+�V ���M�/ �6�B�;�X �k�X�R�k �U�/�V

�?�B�;�?�H�B�;�?�i �#�Q�i�? �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` ���M�/ �?�Q�r �i�?�2 �`�Q�i�Q�` �B�b ���H�H�Q�r�2�/ �i�Q �i�Q�m�+�? �i�?�2 �b�i���i�Q�`�X �h�?�2

�7�Q�`�K�2�` �b�?�Q�r�b �� �p�B�2�r �B�M �T�2�`�b�T�2�+�i�B�p�2 �r�?�B�H�2 �i�?�2 �H���i�i�2�` �/�2�T�B�+�i�b �� �i�Q�T �p�B�2�r�X

�U���V �U�#�V

�U�+�V �U�/�V

�6�B�;�m�`�2 �k�X�R�k�X�j�. �p�B�2�r�b �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �j �#�B�T�Q�H�2 �K���+�?�B�M�2�X
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�h�?�B�b �K���+�?�B�M�2 �r�B�H�H �#�2 �2�t�+�B�i�2�/ �r�B�i�? �� �K���;�M�2�i�B�+ �#�B�T�Q�H�2 �+�Q�M�}�;�m�`���i�B�Q�M ���b �b�?�Q�r�M �B�M �6�B�;�X

 �k�X�R�j �U���V�X �h�r�Q �i�2�2�i�? �7�Q�`�K �� �T���B�` �T�Q�H�2 �r�?�2�`�2 �Q�M�2 �Q�7 �i�?�2 �i�2�2�i�? �B�b �M�Q�`�i�? �r�?�B�H�2 �i�?�2 �Q�i�?�2�` �Q�M�2

�B�b �b�Q�m�i�? �2�K�m�H���i�B�M�; �� �*�@�+�Q�`�2 �+�Q�M�}�;�m�`���i�B�Q�M�X �h�?�2 �+�Q�M�i�B�M�m�Q�m�b �`�Q�i�Q�` �K�Q�p�2�K�2�M�i �B�b �Q�#�i���B�M�2�/ �#�v

�2�t�+�B�i�B�M�; �i�?�2�b�2 �T�Q�H�2�b �r�B�i�? �� �K���+�?�B�M�2 �/�`�B�p�2 �b�v�b�i�2�K ���b �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X �k�X�R�j �U�#�V�X �6�B�;�X �k�X�R�9 �- �B�M

�i�m�`�M�- �b�?�Q�r�b �� �b�2�[�m�2�M�+�2 �Q�7 �b�M���T �b�?�Q�i�b �U�i�Q�T �p�B�2�r�V �i�?���i �/�2�K�Q�M�b�i�`���i�2 �?�Q�r �i�?�2 �T�`�Q�T�Q�b�2�/ �K���+�?�B�M�2

�Q�T�2�`���i�2�b�- �B�X�2�X�- �i�?�2 �`�Q�i�Q�` �i�Q�m�+�?�2�b �/�B�z�2�`�2�M�i �T�Q�b�B�i�B�Q�M�b �Q�7 �i�?�2 �b�i���i�Q�` ���b �i�?�2 �2�t�+�B�i���i�B�Q�M �;�Q�2�b �7�`�Q�K

�#�B�T�Q�H�2 �R �i�Q �#�B�T�Q�H�2 �e �r�B�i�? �� �+�Q�m�M�i�2�` �+�H�Q�+�F �r�B�b�2 �K�Q�p�2�K�2�M�i�X

�U���V

�U�#�V

�6�B�;�m�`�2 �k�X�R�j�X�U���V �"�B�T�Q�H�2 �+�Q�M�}�;�m�`���i�B�Q�M�X �U�#�V �K���+�?�B�M�2 �/�`�B�p�2 �b�v�b�i�2�K�X

�6�B�;�m�`�2 �k�X�R�9�X�a�2�[�m�2�M�+�2 �Q�7 �b�?�Q�i�b �b�?�Q�r�B�M�; �� �+�Q�M�i�B�M�m�Q�m�b �`�Q�i�Q�` �K�Q�p�2�K�2�M�i�X

�A�i �B�b �M�Q�i�2�r�Q�`�i�?�v �i�Q �K�2�M�i�B�Q�M�- �i�?�2 �`�Q�i���i�B�Q�M �+�`�2���i�2�/ �#�v �i�?�B�b �K���+�?�B�M�2 �B�b �b�B�K�B�H���` �i�Q �i�?���i �Q�7

�?�v�/�`���m�H�B�+ �K���+�?�B�M�2�b�- ���b �b�2�2�M �B�M �6�B�;�X �k�X�9 �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X �"�Q�i�? �i�v�T�2�b �Q�7 �K���+�?�B�M�2�b �U�i�?�2

�T�`�Q�T�Q�b�2�/ ���B�`�;���T�@�H�2�b�b �2�H�2�+�i�`�B�+ �K���+�?�B�M�2 ���M�/ �i�?�2 �?�v�/�`���m�H�B�+ �K���+�?�B�M�2�V �?���p�2 �� �`�B�;�B�/ �#�Q�/�v �`�Q�i�Q�`

�r�B�i�? �� �+�Q�K�#�B�M�2�/ �i�`���M�b�H���i�B�Q�M���H ���M�/ �`�Q�i���i�B�Q�M���H �K�Q�p�2�K�2�M�i�b�X �� �K�2�+�?���M�B�+���H �;�2���` �+���M �#�2 �m�b�2�/

�i�Q �+�Q�M�p�2�`�i �i�?�B�b �+�Q�K�#�B�M�2�/ �i�`���M�b�H���i�B�Q�M���H ���M�/ �`�Q�i���i�B�Q�M���H �K�Q�p�2�K�2�M�i �B�M�i�Q �� �`�Q�i���i�B�Q�M���H �K�Q�p�2�K�2�M�i
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�Q�M�H�v �B�7 �M�2�+�2�b�b���`�v �7�Q�` �� �b�T�2�+�B�}�+ ���T�T�H�B�+���i�B�Q�M�X �h�?�B�b �i�v�T�2 �Q�7 �;�2���` �#�Q�t �?���b �#�2�2�M �m�b�2�/ �B�M �?�v�/�`���m�H�B�+

�K���+�?�B�M�2�b ���M�/ �B�i �B�b �� �}�`�K�H�v �2�b�i���#�H�B�b�?�2�/ �i�2�+�?�M�Q�H�Q�;�v �r�?�B�+�? �?���b ���H�b�Q �#�2�2�M �b�?�Q�r�M �B�M �6�B�;�X �k�X�8 �U�#�V

�B�M �i�?�2 �T�`�2�+�2�/�B�M�; �b�2�+�i�B�Q�M�X

�k�X�k�X�R �J���+�?�B�M�2 �J�Q�/�2�H�B�M�;

���b �i�?�2 �`�Q�i�Q�` �b�T�B�M�b �7�Q�H�H�Q�r�B�M�; �i�?�2 �b�i���i�Q�` �T�Q�H�2 �2�t�+�B�i���i�B�Q�M�- �B�i�b �+�2�M�i�2�` �b�T���M�b �� �+�B�`�+�H�2�X �.�m�2 �i�Q

�i�?�B�b �K�Q�p�2�K�2�M�i�- �i�?�2 �;���T �#�2�i�r�2�2�M �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �+�?���M�;�2�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���M�;�m�H���`

�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�` �U� �V�X� �B�b �i�?�2 ���M�;�H�2 �Q�7 �i�?�2 �i�Q�m�+�?�B�M�; �T�Q�B�M�i �#�2�i�r�2�2�M �`�Q�i�Q�` ���M�/ �b�i���i�Q�`�-

���b �b�?�Q�r�M �B�M �6�B�;�X �k�X�R�8 �X �L�Q�i�B�+�2 �7�`�Q�K �i�?�B�b �}�;�m�`�2 �i�?���ir2 �U�`���/�B�m�b �Q�7 �i�?�2 �`�Q�i�Q�`�V ���M�/r1 �U�`���/�B�m�b

�Q�7 �i�?�2 �b�i���i�Q�`�V �r�2�`�2 �K���/�2 �H���`�;�2 ���M�/ �b�K���H�H �U�`�2�b�T�2�+�i�B�p�2�H�v�V �i�Q �7���+�B�H�B�i���i�2 �i�?�2 �p�B�b�m���H�B�x���i�B�Q�M�X �6�B�;�X

 �k�X�R�8 �U�#�V �b�?�Q�r�b �?�Q�r �i�?�2 �;���T ���i �T�Q�b�B�i�B�Q�M �R �U�B�X�2�X�- �b�2�2�M �#�v �i�?�2 �+�2�M�i�2�` �Q�7 �T�Q�H�2 �R�V �+���M �#�2 �r�`�B�i�i�2�M ���b

�� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���M�;�H�2� �X

�U���V �U�#�V

�6�B�;�m�`�2 �k�X�R�8�X�:�2�Q�K�2�i�`�B�+ ���T�T�`�Q���+�? �m�b�2�/ �7�Q�` ���B�`�;���T �/�2�`�B�p���i�B�Q�M�X

�h�?�2 �2�t�T�`�2�b�b�B�Q�M �Q�7 �i�?�2 �;���T �+���M �i�?�2�`�2�7�Q�`�2 �#�2 �/�2�`�B�p�2�/ ���b �b�?�Q�r�M �#�2�H�Q�r�,

g(� ) = r2 � r21 cos(� ) �
q

r 2
1 � r 2

21 sin2(� ) �U�k�X�k�R�V
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�r�?�2�`�2r21 �B�b �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �#�Q�i�? �`���/�B�B �U�B�X�2�X�-r21 = r2 � r1�V�X �A�M �i�?�B�b �/�2�b�B�;�M�- �i�?�2 �`���/�B�m�b

�Q�7 �i�?�2 �`�Q�i�Q�` ���M�/ �b�i���i�Q�` ���`�2 �+�H�Q�b�2 �i�Q �2���+�? �Q�i�?�2�`�- �B�X�2�Xr1 � r2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �;���T �2�t�T�`�2�b�b�B�Q�M

�+���M �#�2 �b�B�K�T�H�B�}�2�/ ���b �/�Q�M�2 �B�M �U �k�X�k�k �V�X

g(� ) = r21�(1 � cos(� )�) �U�k�X�k�k�V

�U���V �U�#�V

�6�B�;�m�`�2 �k�X�R�e�X�S�Q�B�M�i�b �Q�7 �B�M�i�2�`�2�b�i �7�Q�` ���B�`�;���T �/�2�`�B�p���i�B�Q�M�X

�6�B�;�X �k�X�R�e �b�?�Q�r�b �i�?�2 �;���T�b �7�Q�` �� �b�B�M�;�H�2 �T�Q�b�B�i�B�Q�M�- �r�?�B�+�? ���`�2 �b�B�t �T�Q�B�M�i�b �Q�7 �B�M�i�2�`�2�b�i �B�M �i�2�`�K�b

�Q�7 �;���T �K�2���b�m�`�2�K�2�M�i�b�X �h�?�2 �+�2�M�i�2�` �Q�7 �2���+�? �i�Q�Q�i�? �`�2�T�`�2�b�2�M�i�b �i�?�Q�b�2 �T�Q�B�M�i�b �Q�7 �B�M�i�2�`�2�b�i ���b �b�2�2�M

�B�M �6�B�;�X �k�X�R�e �7�Q�` �i�r�Q �/�B�z�2�`�2�M�i �`�Q�i�Q�` �T�Q�b�B�i�B�Q�M�b�X �6�B�;�X �k�X�R�e �U���V �b�?�Q�r�b �� �T�Q�b�B�i�B�Q�M �r�?�2�`�2g2a = 0�-

�r�?�B�H�2 �6�B�;�X �k�X�R�e �U�#�V �b�?�Q�r�b �� �T�Q�b�B�i�B�Q�M �r�?�2�`�2g5a = 0�X �A�M �#�Q�i�? �+���b�2�b �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X �k�X�R�e ���H�H

�i�?�2 �Q�i�?�2�` �;���T�b ���`�2 �M�Q�i �x�2�`�Q�X

�h�?�2 �;�2�M�2�`���H �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �;���T�b �+���M �#�2 �i�?�2�M �/�2�}�M�2�/ ���b�,

gn (� ) = r21�(1 � cos(� �
p(2�B� 3)

12
)�) �U�k�X�k�j�V

�r�?�2�`�2n = 1a;1b;2a; :::;6b�- ���M�/ �B �;�Q�2�b �7�`�Q�K �R �i�Q �R�k �+�Q�`�`�2�b�T�Q�M�/�B�M�;�H�v�X
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�k�X�k�X�k �J���;�M�2�i�B�+ �*�B�`�+�m�B�i

�h�?�2 �K���;�M�2�i�B�+ �~�m�t �2�M�i�2�`�b �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �B�M �� �T���i�? �i�?���i �B�b �M�Q�`�K���H �i�Q �i�?�2�K�- ���M�/ �r�B�i�?

�i�?�B�b �;�2�Q�K�2�i�`�B�+ �+�Q�M�}�;�m�`���i�B�Q�M�- �B�i �B�b �2�t�T�2�+�i�2�/ �i�Q �7�`�B�M�;�2 �b�H�B�;�?�i�H�v�X �h�Q �b�B�K�T�H�B�7�v �i�?�2 �K�Q�/�2�H�B�M�;�- �Q�M�H�v

�� �T���i�? �M�Q�`�K���H �i�Q �i�?�2 �b�i���i�Q�` �r���b �+�Q�M�b�B�/�2�`�2�/�- �r�?�B�+�? �B�b �`�2���b�Q�M���#�H�2 �B�7 �i�?�2 �`���/�B�m�b �Q�7 �i�?�2 �`�Q�i�Q�` �B�b

�+�H�Q�b�2 �i�Q �i�?�2 �`���/�B�m�b �Q�7 �i�?�2 �b�i���i�Q�` �Ur1 � r2�V�X

�6�B�;�X �k�X�R�d �U���V �b�?�Q�r�b �i�?�2 �2�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i �Q�7 �i�?�2 �K���;�M�2�i�B�+ �/�2�p�B�+�2 �b�?�Q�r�M �B�M �6�B�;�X �k�X�R�j �- �r�?�2�`�2

Rs ���M�/R r ���`�2 �i�?�2 �`�2�H�m�+�i���M�+�2 �Q�7 �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�`�- �`�2�b�T�2�+�i�B�p�2�H�v�cRn �B�b �i�?�2 �`�2�H�m�+�i���M�+�2 �Q�7

�i�?�2 �;���Tn �U�r�B�i�?n = 1a�-1b�-2a�- �X�X�X�-6b�V�c ���M�/Fn �B�b �i�?�2 �K���;�M�2�i�Q�@�K�Q�i�B�p�2�@�7�Q�`�+�2 �+�`�2���i�2�/ ���i �i�Q�Q�i�?

n�X �h�?�2 �`�2�H�m�+�i���M�+�2 ���`�2 �;�B�p�2�M �#�v�,

R r = l r =(� r A r ) �U�k�X�k�9�V

Rs = ls=(� sAs) �U�k�X�k�8�V

Rn = gn (� )=(� 0As) �U�k�X�k�e�V

�U���V �U�#�V

�6�B�;�m�`�2 �k�X�R�d�X�U���V �1�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i �Q�7 �i�?�2 �K���;�M�2�i�B�+ �/�2�p�B�+�2�X �U�#�V �1�[�m�B�p���H�2�M�i
�+�B�`�+�m�B�i �m�b�2�/ �7�Q�` �K�2�b�? ���M���H�v�b�B�b�X
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�r�?�2�`�2� r �B�b �i�?�2 �T�2�`�K�2���#�B�H�B�i�v �Q�7 �i�?�2 �`�Q�i�Q�`�-� s �B�b �i�?�2 �T�2�`�K�2���#�B�H�B�i�v �Q�7 �i�?�2 �b�i���i�Q�`�-l r �B�b �i�?�2

�H�2�M�;�i�? �Q�7 �i�?�2 �~�m�t �T���i�? �B�M �i�?�2 �`�Q�i�Q�` ���b �b�?�Q�r�M �B�M �6�B�;�X �k�X�R�j �U���V�-A r �B�b �i�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M���H ���`�2��

�Q�7 �i�?�2 �`�Q�i�Q�` �U���b �b�2�2�M �#�v �i�?�2 �~�m�t �H�B�M�2�b�V�-As �B�b �i�?�2 �+�`�Q�b�b�@�b�2�+�i�B�Q�M���H ���`�2�� �Q�7 �i�?�2 �b�i���i�Q�` �U���b �b�2�2�M

�#�v �i�?�2 �~�m�t �H�B�M�2�b�V�-ls �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �~�m�t �T���i�? �B�M �i�?�2 �b�i���i�Q�`�-� 0 �B�b �i�?�2 �T�2�`�K�2���#�B�H�B�i�v �Q�7 ���B�`�X

�6�B�;�X �k�X�R�d �U�#�V �b�?�Q�r�b �i�?�2 �2�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i �Q�7 �6�B�;�X �k�X�R�d �U���V �r�B�i�? �p�B�`�i�m���H �~�m�t�2�b� 11�-� 21�-� 22�-

� 32�-� 33�-� 43�-� 44�-� 54�-� 55�-� 65�-� 66�- ���M�/� 61 �m�b�2�/ �7�Q�` �i�?�2 �K�2�b�? ���M���H�v�b�B�b�- �r�B�i�?�,
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� 1a
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� 3b
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� 5b

� 6a
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1 0 0 0 0 0 0 0 0 0 0� 1

1 � 1 0 0 0 0 0 0 0 0 0 0

0 � 1 1 0 0 0 0 0 0 0 0 0

0 0 1 � 1 0 0 0 0 0 0 0 0

0 0 0 � 1 1 0 0 0 0 0 0 0

0 0 0 0 1 � 1 0 0 0 0 0 0

0 0 0 0 0 � 1 1 0 0 0 0 0

0 0 0 0 0 0 1� 1 0 0 0 0

0 0 0 0 0 0 0� 1 1 0 0 0

0 0 0 0 0 0 0 0 1� 1 0 0

0 0 0 0 0 0 0 0 0� 1 1 0

0 0 0 0 0 0 0 0 0 0 1� 1
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�h�?�2 �K���;�M�2�i�Q�@�K�Q�i�B�p�2�@�7�Q�`�+�2 �U�J�J�6�V �7�Q�` �i�?�2 �}�`�b�i �K�2�b�? �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b�,

F11 = R11ab� 11 � R1b� 21 � R1a� 61 �U�k�X�k�d�V

�r�?�2�`�2R11ab = R1a + R1b + Rs + R r �X �h�?�2 �`�2�b�i �Q�7 �i�?�2 �J�J�6�b �+���M �#�2 �/�2�`�B�p�2�/ �B�M �� �b�B�K�B�H���` �r���v�X

�k�X�k�X�j �A�M�/�m�+�i���M�+�2�- �1�M�2�`�;�v ���M�/ �h�Q�`�[�m�2

�6�Q�` �b�B�K�T�H�B�}�+���i�B�Q�M �T�m�`�T�Q�b�2�b�- �#�Q�i�? �b�2�H�7 ���M�/ �K�m�i�m���H �B�M�/�m�+�i���M�+�2 �+���M �#�2 �/�2�`�B�p�2�/ ���b�b�m�K�B�M�;

�i�?���i �i�?�2 �`�2�H�m�+�i���M�+�2 ���+�`�Q�b�b �K���;�M�2�i�B�+ �+�Q�`�2�b ���`�2 �M�2�;�H�B�;�B�#�H�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �`�2�H�m�+�i���M�+�2 �Q�7

�i�?�2 �;���T�b�X �h�?�2�`�2�7�Q�`�2�- �6�B�;�X �k�X�R�3 �U���V �+���M �#�2 �2�K�T�H�Q�v�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �b�2�H�7�@�B�M�/�m�+�i���M�+�2 �Q�7 �i�?�2

�8�8



�U���V

�U�#�V

�6�B�;�m�`�2 �k�X�R�3�X�1�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i�b �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �b�2�H�7�@�B�M�/�m�+�i���M�+�2

�r�B�M�/�B�M�; ���i �i�?�2 �i�Q�Q�i�? �R���X �6�B�;�X �k�X�R�3 �U�#�V �B�b �� �b�B�K�T�H�B�}�+���i�B�Q�M �Q�7 �6�B�;�X �k�X�R�3 �U���V �r�B�i�?R �2q1 =

R2ajjR2bjjR3ajj :::jjR6b�X �"�v �/�2�}�M�B�i�B�Q�ML1a;1a �B�b �;�B�p�2�M �#�v�,

L1a;1a =
N� 1a

�B1
=

N 2

R1a + R1bjj (R �2q1)
�U�k�X�k�3�V

�h�?�2 �~�m�t �H�B�M�F���;�2 ���i �i�Q�Q�i�?1a �/�m�2 �i�Q �� �+�m�`�`�2�M�i �~�Q�r�B�M�; ���i �i�Q�Q�i�?1b �+�Q�M�b�i�B�i�m�i�2�b �� �K�m�i�m���H

�~�m�t�- �r�?�B�+�? �?���T�T�2�M�b �i�Q �#�2 �i�?�2 �b���K�2 ���b �i�?�2 �b�2�H�7�@�B�M�/�m�+�i���M�+�2�- �B�X�2�X�-L1a;1b = L1a;1a�X ���H�H �i�?�2 �Q�i�?�2�`�b

�K�m�i�m���H �B�M�/�m�+�i���M�+�2 �`�2�H���i�2�/ �i�Q �i�Q�Q�i�?1a �UL1a;1b�- L1a;2a�- L1a;2b�- �X�X�X�-L1a;6b�V �+���M �#�2 �+���H�+�m�H���i�2�/

�b�B�K�B�H���`�H�v�X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2 �K�m�i�m���H �B�M�/�m�+�i���M�+�2L1a;2a �B�b �+���H�+�m�H���i�2�/ �r�B�i�? �i�?�2 �2�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i

�b�?�Q�r�M �B�M �6�B�;�X �k�X�R�N �r�B�i�?R �2q2 = R1bjjR3ajjR3bjj :::jjR6b�X �A�M �i�?�B�b �+���b�2L1a;2a �B�b �i�?�2 �H�B�M�F���;�2 �~�m�t

���i �i�?�2 �i�Q�Q�i�? �B�M1a �/�m�2 �i�Q �+�m�`�`�2�M�i �B2�X

�h�?�2 �H�B�M�F���;�2 �~�m�t�2�b ���`�2 �i�?�2�M �;�B�p�2�M �#�v�,

� n =
6X

�D=1

(Ln; �Da + Ln; �Db)�B�D �U�k�X�k�N�V

�r�?�2�`�2n = 1a�-1b�-2a�- �X�X�X�-6b�X
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�U���V

�U�#�V

�6�B�;�m�`�2 �k�X�R�N�X�1�[�m�B�p���H�2�M�i �+�B�`�+�m�B�i�b �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �K�m�i�m���H�@�B�M�/�m�+�i���M�+�2

�P�M�+�2 �i�?�2 �B�M�/�m�+�i���M�+�2 ���`�2 �/�2�}�M�2�/ ���b �K�2�M�i�B�Q�M�2�/�- �i�?�2 �p�Q�H�i���;�2 ���+�`�Q�b�b �2���+�? �+�B�`�+�m�B�i �B�b �/�2�}�M�2�/

���b�,

v�D= R �D�B�D+
d� �Da

dt
+

d� �Db

dt
�U�k�X�j�y�V

�r�B�i�? �D= 1; 2; :::; 6�- ���M�/R �D�B�b �i�?�2 �+�Q�B�H �`�2�b�B�b�i���M�+�2 �Q�7 �#�B�T�Q�H�2�b �R �i�?�`�Q�m�;�? �e�X �a�B�M�+�2 �i�?�2 �K���+�?�B�M�2

�p�Q�H�i���;�2�b ���`�2 �7�m�`�M�B�b�?�2�/ �#�v �i�?�2 �/�`�B�p�2 �b�v�b�i�2�K�- �i�?�2 �+�m�`�`�2�M�i�b �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �k�X�j�y �X �P�M�+�2

�i�?�2 �+�m�`�`�2�M�i�b�- �~�m�t�2�b�- ���M�/ �B�M�/�m�+�i���M�+�2 ���`�2 �/�2�}�M�2�/�- �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7 �2�M�2�`�;�v �+���M �#�2 �2�K�T�H�Q�v�2�/

�i�Q �/�2�}�M�2 �i�Q�`�[�m�2�X

�h�?�2�`�2 �+���M �#�2 �i�r�Q �i�v�T�2�b �Q�7 �p�Q�H�i���;�2�b ���T�T�H�B�2�/ �i�Q �i�?�2 �K���+�?�B�M�2�- �r�B�i�? �Q�` �r�B�i�?�Q�m�i �Q�p�2�`�H���T �Q�7

�i�?�2 �T�?���b�2 �p�Q�H�i���;�2�b ���b �b�?�Q�r�M �B�M �6�B�;�X �k�X�k�y �X �h�?�2 �K�m�i�m���H �B�M�/�m�+�i���M�+�2 �+���M �#�2 �M�2�;�H�2�+�i�2�/ �r�?�2�M

�i�?�2�`�2 �B�b �M�Q �Q�p�2�`�H���T�- ���b �b�?�Q�r�M �B�M �6�B�;�X �k�X�k�y �U���V�X �6�Q�` �7�m�`�i�?�2�` �b�B�K�T�H�B�}�+���i�B�Q�M�- �H�2�i�b ���b�b�m�K�2 �i�?���i �i�?�2

�`�2�H�m�+�i���M�+�2 ���r���v �7�`�Q�K �i�?�2 �i�Q�m�+�?�B�M�; �T�Q�B�M�i �B�b �+�Q�M�b�B�/�2�`���#�H�v �?�B�;�? �+�Q�K�T���`�2�/ �i�Q �i�?�2 �Q�M�2�b �+�H�Q�b�2 �i�Q

�i�?�2 �+�Q�M�i���+�i �T�Q�B�M�i�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �b�2�H�7�@�B�M�/�m�+�i���M�+�2 �+���M �#�2 �b�B�K�T�H�B�}�2�/ ���b �7�Q�H�H�Q�r�B�M�;�,

L �Da;�Da = L �Db;�Db =
N 2

R �Da + R �Db

L �Da;�Da = L �Db;�Db =
N 2� 0As

r21�(2 � (
p

3+1)p
2

cos(� � p
3(�D� 1))�)

�U�k�X�j�R�V

�r�B�i�? �D= 1; 2; :::; 6�X
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�U���V �U�#�V

�6�B�;�m�`�2 �k�X�k�y�X�o�Q�H�i���;�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �K���+�?�B�M�2 �T�Q�H�2�b�, �U���V �M�Q �Q�p�2�`�H���T ���K�Q�M�;
�T�Q�H�2�b�- ���M�/ �U�#�V �Q�p�2�`�H���T ���K�Q�M�; �T�Q�H�2�b�X

�A�M �i�?�B�b �+���b�2 �i�?�2 �i�Q�i���H �2�M�2�`�;�v ���M�/ �2�H�2�+�i�`�Q�K���;�M�2�i�B�+ �i�Q�`�[�m�2 ���`�2 �;�B�p�2�M �`�2�b�T�2�+�i�B�p�2�H�v �#�v �i�?�2

�7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

Wc =
6X

�D=1

(L �Da;�Da + L �Db;�Db)�B2�D

T�2=
dWc

d�
=

6X

�D=1

� T�D�B2�D �U�k�X�j�k�V

�r�?�2�`�2

� T�D=
� 2

p
2N 2� 0As(

p
3 + 1) sin(� � p

3(�D� 1))

r21�(2
p

2 � (
p

3 + 1) cos(� � p
3(�D� 1))�)2

�k�X�k�X�9 �J�2�+�?���M�B�+���H �S�Q�b�B�i�B�Q�M ���M�/ �a�T�2�2�/

�h�?�2 �T�?�v�b�B�+���H �/�B�K�2�M�b�B�Q�M�b �Q�7 �i�?�2 �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �U�B�X�2�X�-r1 ���M�/r2�V �r�B�H�H �T�H���v ���M �B�K�T�Q�`�i���M�i

�`�Q�H�2 �Q�M �?�Q�r �i�?�2 �K�2�+�?���M�B�+���H �b�T�2�2�/ �U! m �V �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �2�H�2�+�i�`�B�+���H ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �U! �2�V

�/�2�}�M�2�/ �#�v �i�?�2 �B�M�p�2�`�i�2�`�X �h�Q �/�2�}�M�2 �?�Q�r �K�m�+�? �i�?�2 �`�Q�i�Q�` �b�T�B�M�b �B�M �/�2�;�`�2�2�b �r�?�2�M �i�?�2 �b�i���i�Q�`

�2�t�+�B�i���i�B�Q�M �+�Q�K�T�H�2�i�2�b ���M �2�M�i�B�`�2 �+�v�+�H�2�- �+�Q�M�b�B�/�2�` �i�?���i �T�Q�b�B�i�B�Q�M �R �b�?�Q�r�M �B�M �6�B�;�X �k�X�k�R �U���V �B�b �i�?�2

�B�M�B�i�B���H �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�`�X ���7�i�2�` �Q�M�2 �+�Q�K�T�H�2�i�2 �2�H�2�+�i�`�B�+���H �+�v�+�H�2�- �i�?�2 �`�Q�i�Q�` �r�B�H�H �#�2 ���i �T�Q�b�B�i�B�Q�M

�k �b�?�Q�r�M �B�M �6�B�;�X �k�X�k�R �U�#�V�X �6�`�Q�K �i�?�2 �b�i���i�Q�` �T�Q�B�M�i�@�Q�7�@�p�B�2�r �i�?�2 �`�Q�i�Q�` �i�`���p�2�H�2�/ ���M ���M�;�H�2 �2�[�m���H �i�Q

� �X
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�U���V �U�#�V

�6�B�;�m�`�2 �k�X�k�R�X�U���V �A�M�B�i�B���H �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�`�X �U�#�V �S�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�` ���7�i�2�`
� �2�H�2�+�i�`�B�+���H �/�2�;�`�2�2�b �7�`�Q�K �b�i���i�Q�` �T�Q�B�M�i �Q�7 �p�B�2�r�X

�U���V
�U�#�V

�6�B�;�m�`�2 �k�X�k�k�X�U���V �S�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�Q�i�Q�` ���7�i�2�` ���M �2�H�2�+�i�`�B�+���H �+�v�+�H�2�X �U�#�V �:�2�Q�K�2�i�@
�`�B�+���H ���T�T�`�Q���+�? �i�Q �}�M�/ ���M�;�H�2� �X

�A�M �Q�`�/�2�` �i�Q �+���H�+�m�H���i�2 �i�?�B�b ���M�;�H�2 �U� �V�- �r�?�B�+�? �+���M �#�2 �/�2�}�M�2�/ ���b �b�?�Q�r�M �B�M �6�B�;�X �k�X�k�k �U���V�- �T�Q�B�M�i�b

c ���M�/o ���`�2 �/�2�}�M�2�/ ���b �b�i���i�Q�` ���M�/ �`�Q�i�Q�` �+�2�M�i�2�`�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A�M �6�B�;�X �k�X�k�k �U���V �i�?�2 ���M�;�H�2� �+���M �#�2 �/�2�}�M�2�/ ���b�,

� = 2pr21=r2 �U�k�X�j�j�V

�8�N



�h�Q �}�M�/ ���M�;�H�2� �- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �}�M�/ �i�?�2 �m�M�F�M�Q�r�MX �- �r�?�B�+�? �B�b �i�?�2

�H�2�M�;�i�?ob�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 ���M�;�H�2� �+���M �#�2 �/�2�}�M�2�/ ���b�,

� = cos� 1 �(
r2cos( 2pr 21

r 2
) � r21

r1
�) �U�k�X�j�9�V

�A�7 �i�?�2 �2�H�2�+�i�`�B�+���H �7�`�2�[�m�2�M�+�v �B�b �/�2�}�M�2�/ ���bf �2 = 1=� �2�- �i�?�2 �2�H�2�+�i�`�B�+���H �b�T�2�2�/ �B�b �/�2�}�M�2�/ �#�v

! �2 = 2pf �2�X �L�Q�i�2 �i�?���i �B�i �r�B�H�H �i���F�2 �i�?�2 �b���K�2 �T�2�`�B�Q�/ �Q�7 �i�B�K�2 �7�Q�` �i�?�2 �`�Q�i�Q�` �i�Q �i�`���p�2�H� �`���/�B���M�b�-
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