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Abstract: Mode matching plays an important role in measuring the
continuous variable entanglement. For the signal and idler twin beams
generated by a pulse pumped fiber optical parametric amplifier (FOPA), the
spatial mode matching is automatically achieved in single mode fiber, but
the temporal mode property is complicated because it is highly sensitive
to the dispersion and the gain of the FOPA. We study the temporal mode
structure and derive the input-output relation for each temporal mode of
signal and idler beams after decomposing the joint spectral function of
twin beams with the singular-value decomposition method. We analyze the
measurement of the quadrature-amplitude entanglement, and find mode
matching between the multi-mode twin beams and the local oscillators
of homodyne detection systems is crucial to achieve a high degree of
entanglement. The results show that the noise contributed by the temporal
modes nonorthogonal to local oscillator may be much larger than the
vacuum noise, so the mode mis-match can not be accounted for by merely
introducing an effective loss. Our study will be useful for developing a
source of high quality continuous variabl e entanglement by using the FOPA.
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1. Introduction

Continuous variable (CV) entanglement, whose quadrature-phase amplitudes possess quantum

cor|

relation, isnot only an important non-classical light source for studying quantum effects, but

also apowerful resourcefor quantum information technologies, such as quantum metrology and
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quantum imaging [1-4]. Quadrature-amplitude entangled optical fields at different wavelength
have been successfully generated by invoking non-degenerate parametric processin avariety of
nonlinear media [5-8], or by coherently combining two quadrature-amplitude squeezed states
at beam splitters [9, 10]. Nevertheless, constructing a high quality and compact source of CV
entanglement is still currently quite challenging.

Fiber-optical parametric amplifiers (FOPA), based on the four-wave mixing (FWM) in op-
tical fibers, provide a convenient and powerful tool to realize optical amplification in broad-
band and flexible wavelength range. On the one hand, all-optical functional operations, such
as wavelength conversion, phase-conjugate wave generation, and ultrahigh speed switching,
can be realized by utilizing FWM in fibers [11]. On the other hand, FOPA is aso a prominent
device to generate non-classical lights. Indeed, a variety of quantum states, such as entangled
photon pairs, single photons, and twin beams with intensity difference squeezing, have been
generated by FOPAs [12-15]. However, the generation of CV entanglement via an FOPA is
less studied [16]. Thisis partly because, for a FOPA based quantum light source, one usually
uses pulsed pump to suppress the background noise, such as guided acoustic wave Brillouin
scattering (GAWBS) and Raman scattering [17, 18]. As a result, the temporal mode structure
of pulse-pumped FOPASs is much more complicated than those pumped with continuous wave
(CW) light [19,20]. A relatively thorough theoretical analysison the generation of CV entangle-
ment viaa CW laser pumped FOPA was presented in Ref. [21], but the complexity of temporal
mode is not considered. In our previous work [22], we attempted to provide atheoretical model
of apulsed pumped FOPA to analyze the intensity difference squeezing of the twin beams, but
the heavy numerical simulations had to be carried out due to the mathematical complexity.

The major complexity involved in the pulse-pumped parametric process is the complicated
frequency correlation between the signal and idler twin beams [19]. This leads to mixed inter-
mode coupling in frequency domain [22] and thus the mode mismatch between the pulsed local
oscillator and signal/idler fields when homodyne detection is utilized for measuring the quadra-
ture components. The effect of mode mismatch in homodyne detection is usually modeled by
an effective loss, which introduces the vacuum noise and hence reduces the degree of quantum
entanglement of twin beams. It was argued that a factorized joint spectral function of the signal
and idler fields is necessary to decouple the frequency correlation and to describe the process
in asingle tempora mode fashion [23,24]. Recently, Wasilewski et al. utilize the singular value
decomposition (SVD) to decompose the fields generated from a pul se-pumped parametric am-
plifier into orthogonal temporal modes [20], which leads to decoupling of the modes. However,
the decomposition is on the Green functions that are related to the interaction Hamiltonian
in a complicated manner. Therefore, the mode analysis has to resort to numerical methods and
does not seem to provide useful insight for the experimental investigation. Nevertheless, the de-
coupling of the temporal modes significantly simplifies the discussions on the quantum nature
(noise reduction) of the signal and idler fields.

In this paper, we follow the same idea of Wasilewski et a [20] for mode decomposition.
However, instead of decomposing the Green functions, we apply the SVD method to the so
called joint spectral function (JSF) that is directly related to the interaction Hamiltonian and
can be directly determined by the experimental parameters of pump and nonlinear medium. We
first extend our multi-frequency model in Ref. [22] and derive the evolution of the decomposed
tempora modes, showing that the temporal modes are completely decoupled. We then theo-
retically study the CV entanglement properties of the twin beams by numerically calculating
the degree of entanglement when the experimental parameters of the FOPA and the local os-
cillators are varied. The result shows that the influence of the temporal mode mismatch on the
homodyne detection process are far more complicated than the simple model of an effective de-
tection loss due to the coherent superposition of the temporal modes of twin beams. Therefore,
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Fig. 1. Conceptual diagram of generating quadrature amplitude entanglement from a fiber
optical parametric amplifier (FOPA). és(i)(wg(i)), the operator of input signal (idler) field;
Bs(i) (ws(i)), the operator of the output signal (idler) field; HDS/HDi, homodyne detection
system for signal/idler field; LOs/LOi: Local oscillators of HDSHD; fs(i): the operator of
photocurrent out of HDS/HDi.

controlling the mode-matching between the temporal modes of the signal/idler beam and the
local oscillator of homodyne detection systemsiis crucial for developing a high quality source
of pulsed CV entanglement.

The rest of the paper is organized as follows: In Sec. |1, after briefly reviewing our previous
work [22] on the evolution of the output fields generated from a pulse-pumped FOPA, we char-
acterize the tempora mode structure of the signal and idler fields after applying the SVD to JSF
and derive the input-output relation of the FOPA in each temporal mode. In Sec. 111, we ana-
lyze the entanglement properties of signal and idler beamsin the decomposed temporal modes.
In Sec. IV, we discuss the influence of mode matching when the quadrature entanglement is
measured by the homodyne detection system. Finally, we briefly concludein Sec. V.

2. Temporal modeproperty of thesignal and idler fieldsgenerated from a pulse-pumped
FOPA

2.1. Multi-frequency mode model

We start by introducing the multi-frequency mode theory developed in Ref. [22]. For the para-
metric process of four wave mixing (FWM) in a pulse pumped FOPA (see the area in dashed
framein Fig.1), two pump photons at angular frequencies wp: and wp, are coupled via 2 of
the nonlinear fiber to simultaneously create signal and idler photons at frequencies ws and @,
respectively, such that wp; + wp2 = ws+ wj. The Hamiltonian of this processis

H(t) = Ciy® / AV [Eps () Er2(DES) OB (t) + hicl, 1)

where C; is a constant determined by experimental details and the units of quantized optical
fields, Ep1 and Epp are the fields of strong pump pulses propagating along the fiber. When the
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FOPA is pumped with a transform limited pulsed laser, whose spectrum is Gaussian shaped,
we have

Epn(t) = Eoe*iyppz/e*(wpn*wpo)z/%%ei(kpszpnt)da)pn (n=1,2), )

where op, wpo and kp are the bandwidth, central frequency, and wave vector of the pump, re-
spectively, and Eo is related to the peak power through the relation P, = 2ncp E0 The phase

term e 17707 is originated from the self-phase modulation with y = 3;’%‘ denoting the non-

linear coefficient of fiber, where Agt ¢ denotes the effective mode area of fiber and c isthe speed
of light in vacuum. The quantized one-dimensional negative-frequency field operators

B = [ datal(ape e (33

and
/dO) —I (kiz—oft) (3b)

respectively describe the inputs of sgnal and the idler fields. After substituting Egs. (2) and
(3) into Eq. (1) and changing dV in Eq. (1) to dV = A¢:dz, we carry out the integral over the
whole fiber length L (from 0 to L) and arrive at the Hamiltonian in the time dependent form

14t/ At
3wponch / dopdopdaldolal(wl)al (o)

S.nC(AikL) exp{ _ wpl - (DPO) +2((DP2 - (DPO)Z }efi(wp1+wp27w§7wl/)t + hC(4)
2 20}
where Ak = ks + ki — 2kp + 2yPp with kyj) denoting the wave vector of signal (idler) field isthe
phase mismatching term.
Because of the broadband nature of the pulsed pump fields, the output signal (idler) field
Bs(i) (o) isasuperposition of many amplified input signal (idler) frequency modes &g (o)),
and a general input-output relationships of the operators are [22]

be(ws) = U'as(09)0 = [ hus(s, ad)as(@l)dal+ [ has(os @))a] (0))daf  (52)

Bi(a)i) U /h1I o, &) (o))do! +/h2. wl,ws)as(ws)dws, (5b)

where Sand | respectively represent the integration frequency range of the signal and idler
fields, and the functions hyg, hos, hyj, hyi are referred to as Green functions, which determine
the amplification process of FOPA. The operators of the input and output fields satisfy the

commutation relation [&s(wl; ), &l (wh)] = 8(wl; — wl,) and [bs(ws1), bl (00)] = 8(0g — 0e),
respectively. The unitary evolution operator

0 = ex {f”fﬁ) }z@(p{G[/ F(ak o8l (08 (@)dalde ~hel}, ()

is determined by the Hamiltonian in Eq. (4), where G o< yPyL is the gain coefficient of FWM,
and the joint spectrum function (JSF)

iAKL —(wh+ o —2wp0)?, . AKL
F (o] Cn ex ( ) ex s P Vsine(——
( S ) N EXP 2 { 40_’% } ( 2 )v (n
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with Cy denoting a constant to ensure the satisfaction of normalization condition
[ |F (0l o) |?dolde’ = 1, is referred to as the probability amplitude of simultaneously find-
ing a pair of signal and idler photons within the frequency range of o, — .+ dw} and
o — o +day, respectively.

According to Ref. [22], the Green functionsin Eq.(5) are related to the JSF F (ws, ;) and the
gain coefficient G in the form of an infinite series

) 2n .
(s )= B+ 3 o J[ -+ [ dordn--damn s
{  F(os, 01)F(wp, 03)F(04,05) - F(w2n_2,020-1) X
F* (w2, 01)F* (04, 03)F* (ws, ws) - - - F* (0%, won-1) } 8
, , oo 2n+1
hos(@s, ) = GF (e, ) + P 1 (2nt 1) // /dwldwz
{  F*(o2,0)F*(04,03) - F*(wn, 0n-1) X
F (s, 01)F (02, @3)F (@4, 05) - - - F (20, o) } ©)
/ / - Gzn
hyi(@r, @) = 5<wi—w.>+n§1(2n)!//m/dwldwz...dwm,l
{F (o1, ®)F (w3, 02)F (w5, 04) - - - F(w2n—1, 02n—2) X
F* (o1, 02)F* (03, 04)F (05, 06) - - - F* (wpn-1, @) } (10)
oo G2n+1
h(@.0) = Gyeho)+ 3 oy [ [ dowdon

{ F*(wl,wz)F*(w:’nwAf)'“F*((D2n717(02n)
F(wl,a)i)F(a)g,a)z)I[/(COS,CO4)"'F((Dé,a)zn)} . (11)

2.2.  Sngular value decomposition and multi-temporal mode model

When the JSF isfactorizable, i.e., F(ws, w) = ¢ (ws) (i), the Green functionsin Egs. (8-11)
can be significantly simplified since the signal and the idler fields can be described by asingle
tempora mode model [22]. In general, however, the JSF is not factorizable. In this case, after
applying SVD method to JSF, we arrive at [25]

=Y red(ws)yi(wr)  (k=1,2,...), (12)
K

where the complex functions ¢x(ws) and yi(wi), satisfying the orthogonal conditions

Oy (@s) o (s)dws = Ska ke and [y (o) Yio(@i)day = ko, respectively, represent the
spectrum of signal and idler fields in the kth order temporal mode, and the real eigenvalue
re > 0, satisfying the normalization condition ¥, |rx|2 = 1, is referred to as the mode amplitude.
For the sake of clarity, the mode index k are arranged in a descending order, so that the mode
amplitudes satisfy ry_1 > r > ryy1--- for k> 2. For the case of k = 1, the functions ¢1 (ws)
and v (wy) arereferred to as the fundamental mode.
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Substituting Eg. (12) into Egs. (8)-(11), we can significantly simplify the Green function in
the form of decomposed mode:

has(ws, 05) = 8(ws— f) +%[cosh(rk x G) — 1] ¢w( s) ¢ (25) (13)
hos(ws, ) = Zgnh(fk x G) ¢w(0s) yic(@) (14)
hyi(, ) = +Zk, [cosh(ric < G) — 1) wic( @) yi () (15)
hoi (@1, @) = anh rk X G) k(@) ox(@s). (16)

Accordingly, the input-output relation of the FOPA in Eq. (5) can be simplified as

Bis = cosh(Gxr)As+sinh(r x G)A! (17)
Bq = cosh(Gxry)Ay+sinh(rg x G)AL, (18)
with
As = [ si(@haaldof (19
A = [viaha(o)de 20
Bo = [ oi(a)bs(w)dal (21)
Bi = [ wi(o)bi(a)da. (22)

The operatorsin Egs. (19)-(22) can be viewed as the generalized annihilation operators for in-
dividual SVD modes described by ¢« (@s) and yi (i), because they always satisfy the standard
commutation relationships for bosons: [Aks(ki)’A;(rs(ki)] =1 and [Bysui). é‘k;(ki)] = 1. In fact, the

single-photon state of Als|0> = [ dwsk(ws)|1ws), for example, describes a single-photon wave
packet having the temporal shape of g(t) = dwsdx(ws)e ' /27. Notice that in Egs. (17) and
(18), different modes are decoupled from each other. The operators of signal (idler) field at
the input and output of FOPA, Aks(i) and Bksm, have the same temporal profile determined by

Ok(os) (wi(a)).

2.3. Temporal/spectral property of twin beams generated by the FOPA with broad gain band-
width in telecom band

Aiming at developing an all-fiber source of CV entanglement by using the commercially avail-
able fiber components, which is compact and low cost, we will analyze the temporal/spectral
structure of the twin beams generated by a pulse-pumped FOPA in telecom band. We assume
the central wavelength of pump isvery close to the zero dispersion wavelength of the nonlinear
fiber and the gain bandwidth of FWM in the fiber is very broad. In this case, for the sake of
convenience, we rewrite Eq. (7) as

exp{ —(QZ;-ZQi)Z }si nc(%), (23)
p

iAkL)

F(Qs, ) = Cyexp (—

where Qg is related to wg;) and central frequency of signal (idler) field wgio) through the
relation Qg = i) — Oxyio)- Here the wave-vector mismatch term Ak, approximated by only
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Fig. 2. Spectral properties of twin beams generated by a pulse pumped FOPA with broad
gain bandwidth in telecom band. (a) Normalized absolute value and (b) phase of the JSF,
|F(Qs,Qi)/F(0,0)] and arctan(%). (c) Relative mode strength ry/r1 for the de-
composed k-th order temporal mode of twin beams ¢y (@ws) wi(@;). (d) Theintensity and (€)
phase of the first three decomposed mode in signd field ¢ (Qs) (k= 1,2,3). (f) Theinten-
sity and (g) phase of the first three decomposed mode in idler field y (i) (k=1,2,3). In
plots (d)-(g), solid, dashed and dot-dashed lines are for the mode with index k =1, k = 2,

and k = 3, respectively. In the calculation, we have 2yP, + %Az =0,p=02x % and

Bs=0.2x 2% inEq. (24)

considering the 2nd-order and 3rd-order dispersion coefficients of the nonlinear fiber 3, and
Ba, isgiven by [26]

Bs
8

where A = oy — wjp is the detuning between the signal and the idler fields. Note that, at the
central frequency of thesignal and idler fields (s, ©; = 0), the maximum gain is achieved when
the first two terms in Eq. (24) counterbalance each other by satisfying the condition 2yP, +
ﬁz A? = 0. So we will adapt this condition in the numerical analysis presented hereinafter.

We first study the temporal mode property of the twin beams by calculating the JSF. For
the sake of brevity, all the frequency scales are in the unit of the pump bandwidth op. Inthe

calculation, the dispersion coefficients B, = 0.2 x ,_A" and B3 = 0.2 x LA are substituted in
Egs. (23) and (24). Figure 2(a) plot the normalized amplitude of JSF |F (s, Q;)/F (0,0)|. One
sees that the frequencies of signal and idler fields are anti-correlated. The distribution ranges of
frequency in the direction perpendicular and paralel to the line of Qs+ Q; = 0 are confined by
the the pump envelope term exp ( &) and phase matching term smc(Ak'-) respectively.

Figure 2(b) plots the phase of JSF, arctan(%). One sees that the phase is within the

range [—, r]. The discontinuity of the phase values comes from the & phase jump, which is

P2 2 &
2

Ak 2/Pp + 71 A(Qs— Qi) + = A%(Qs+ Q). (24)
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occurred when the value of s nc[AkL | changes from positive to negative or vice versa.

We then study the decomposed temporal modes of the signal and idler twin beams. In the
simulation, the normalized amplitude and phase of the JSF in Figs. 2(a) and 2(b) are digitized
with 21000 x 1000 matrix M, and the matrix is decomposed into the form M = SAl, where ma-
trix A is diagonalized with the diagonal elements serving as the mode amplitudes ry, and S(1)
is the matrix representing mode profiles ¢y (2s) (yi (i) of the signal (idler) by the discrete re-
lation Sk = ¢ (| = Qs/0p) (lh = wk(l = Qi/0op)). Figure 2(c) shows the relative mode strength
rg/r1 for the decomposed mode with the index k. It is clear that the amplitudes of higher order
modes attenuate quickly, therefore, for the signal and idler twin beams, most of the contribution
isincluded in the modes with k < 10.

Figures 2(d) and 2(e) show the temporal mode profiles of individual signal beam ¢ (Qs),
in which only the first three dominant modes are plotted. From the mode intensity | ¢ (Qs)|?
in Fig. 2(d), one sees that the spectral bandwidth of the mode increase with the mode index
k, and the number of predominant peaks is the same as the mode index k, although the small
peaks which are less than 10% of the predominant peaks may exist due to the oscillation of the
phase matching term sinc( 5= AKL))  From the phase distribution Arg[¢y(Qs)] in Fig. 2(€), one sees
that the phase varies Imearly except in some frequency points at which a  phase jJump exists.
Comparing Figs. 2(d) and 2(e), we find that the 7 phase jump happens at the frequencies at
which the values of the intensity | ¢ (Qs)|? are zero.

The mode profiles of the intensity and phase distributions of individual idler beam, (i)
and Arg[yk ()], are shown in Figs. 2(f) and 2(g), respectively. We find that the difference
between the intensity distributions of signal (|¢x(Qs)|?) and idler (Jwk(€2)|?) modes is very
small. This is because the absolute value of the JSF in Fig. 2(a) is only dslightly asymmetric
with respect to the line of Qs+ Q; = 0. On the contrary, the phase distribution of the y (<)
in Fig. 2(g) differs significantly from that of ¢« (Qs) in Fig. 2(€). The notable differenceisin
consistent with the phase distribution of the JSF in Fig. 2(b), where the asymmetry with respect
to the line of Qs+ Q; = 0is more obvious than that in Fig. 2(a) because the dispersion for the
signa and idler field is different.

3. Generation of continuous variable entanglement

After applying SVD to JSF (see Eq. (12)), the decomposed temporal modes of the signal and
idler fields, defined by ¢ (Qs) and yi (), respectively, are decoupled from each other. There-
fore, we can study the CV entanglement of the signal and idler fields by utilizing the single-
mode method [1].

According to the generalized operators of the kth order mode in Egs. (19)-(22), the
quadrature-phase amplitudes of signal (idler) field, Xcsi) and Yisi), are defined as

~ 1

xks(ki) = \/E(Bks(kl) + Bks(k|)) (25)
N —0 A ~

Yies(i) = ﬁ(Bks(ki) - Bls(ki))- (26)

By substituting Egs. (17)-(18) into Egs. (25)-(26) and by assuming the input of the FOPA is
in vacuum state, we obtain the quadrature variances of the signal (idler) field in the kth order
mode <A>(32(i)> = <X52<i>> - <xs(i)>2 and <AY52(i)> = <Ys%i>> - <Ys(i)>2:

_ cosh? (1kG) +sinh? (rG)
5 :

AXS< AY2 (27)

Subsequently, it is straightforward to deduce the variances of the correlated quadrature-phase
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amplitudes of the twin beams, (A(Xs— X)2) and (A(Ys+Y))2):
1

(A(Xis — Xi)?) = (AMis+Yig)?) = [cosh (rG) +sinh(rG)]?

(28)

_ Substituting Eq. (28) into the inseparability coefficient Iy = (A(Xs — Xi)?) + (AYis +
Yii)?) < 2[27], we have
2
"= foosh (@) TS (R ~ >

which indicates that for signal and idler beams, described by the pair of mode functions ¢y (ws)
and yi (), the Duan’s inseparability criterion of entanglement is satisfied [27]. Equation (29)
clearly shows that Iy always decreases with the gain coefficient G and trends to zero as G
approaches to infinity. However, for a fixed coefficient G, the value of I increases with the
mode index k because the mode amplitude ry decreases with the increase of k. It is worth
noting that if the JSF of the FOPA is spectraly factorable, i.e., F(ws, i) = ¢(ws)y(wi), we
have ry = & 1. In this case, only the fundamental mode exists, and Iy in Eq. (29) is the same
as that in Ref. [21], describing a CW pumped FOPA operated as a single mode parametric
amplifier.

(29)

4. Detection of quadrature entanglement

Having demonstrated that the entangled signal and idler twin beams can be decomposed into
many pairs of SVD modes, in this section, we will formulate a homodyne detection (HD)
process and analyze how to improve the measured degree of entanglement. For simplicity, we
assume the polarization states of the individual signal (idler) field and itslocal oscillator of the
HDs (HDi), LOs (LOi), areidentical. So the optical fields can be represented as scalars.

The principle of measuring the quadrature components of signal and idler field by using
homodyne detectors, HDs and HDi, is shown in the area framed by the dash-dotted line in Fig.
1. The HDS/HD:I iscomprised of a50/50 beam splitter (BS) and two photodiodes (PD). Because
the signal and idler twin beams are pulsed fields, we take the local oscillators, LOs and LOi, as
transform-limited pulses in the form of

ELsii(t) = |oguiy €% /ALs(Li)(w)e_iwtda’+C~C~v (30)

where the amplitude of LOs (LOi) is much higher than that of the signa (idler) field, i.e.,
logsiyl >> 1, 6. represents the phase of LOs (LOI), and A gj) () is the spectrum of LOs
(LOi) satisfying the normalization condition [ |ALS(Li)(w)|2dw = 1. The overdl efficiency of
the HDs (HDi), including the transmission efficiency of the optical paths and the quantum
efficiency of the photodiodes, is denoted by 1), and can be modeled by a beam splitter with
transmission efficiency 7). In this case, the detected field operators of individual signal and
idler beams, &s(ws) and € (@), are written as

&s(@s) = /Msbs(ws) +1v/1— NsVs( w2s) (31)
Gi(@r) = v/mibi(@) +iy/1—m¥% (), (32)

where Vs(ws) and Vi () are vacuum operators introduced by the optical losses.

When the response times of the HDs and HDi are much longer than the pulse durations of
signal, idler, LOs, and LOi fields, the result of the homodyne detection can be treated as atime
integral of the optical fields. The photocurrent out of HDs and HDi are expressed as [28]:

i’\s(i) = q/_w[ELS(LI)EA/é(T; + I"I.C.]dt7 (33)
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where 1 _
el = T / &) (@)e “do. (34)

isthe field operator of the detected signal (idler) beam, and the coefficient g is proportiona to
the electrical gain of detectors.

Since the decomposed modes functions, ¢y (ws) and wi(;), form acomplete and orthogonal
set in the frequency domain of signal and idler beams, the spectra of LOs and LOi (see Eq.
(30)) can be expanded into the Fourier series:

Als(ws) = Zk,éks(l)k(ws) (359)
Ali(w) = %éki wi(@r), (35b)
with ' ‘
Exs = |Exsle s = | /S ALs(0s) o (ws)das (363)
Eui = |Gl % = ./I'Au(mly;(wi)dwi, (36b)

where the complex coefficient & (&) characterizes the mode matching, |Es|? (|Ei|%) can
be viewed as the mode-matching efficiency, and 6xs (64) can be viewed as the relative phase
between the kth order signal (idler) mode ¢y (ws) (wk(wi)) and LOs (LOi). Using Egs. (30) and
(35), the photocurrentsin Eq. (33) can be rewritten as

Is = qloys| z |Esl[v/T1s%es(0s) + /1 — 1K) (379)
k
iAiZQ|aLi|zk‘,|§kiHm>A<ki(9i)“‘Vl—ni)zv]v (37b)
where 1 _ _
Xisi) (Os(iy) = 7 (€% Byg) + €% éls(ki)) (39)

with i) = 6OLg) + Oks(i) denoting the phase angle of the quadrature component of kth order
signal (idler) mode, and X, is the quadrature operator of the vacuum field. For the case of 6s =
6 =0and 6s = 6, = /2, respectively, st<ki)(63(i)) corresponds to the quadrature amplitude
and quadrature phase defined in Eq. (25). Note that in order to clearly demonstrate the mode
mismatching effect on measured degree of entanglement, in the analysis hereinafter, we will
assume the transmission efficiency of twin beams and detection efficiency of detectorsareideal,
ie,ns=n=1

4.1. The spectrum of the LO is matched to a specified SYD mode

When the spectra of LOs and LOi are the same as a pair of decomposed temporal mode, say
the kth order modes, Eqg. (35) issimplified as

As(ws) = ¢i(ws) (39)

ALi(@i) = yi(ai), (39b)

and the genera expression of the complex coefficients in Eq. (36) becomes &g = &ix = 1 and
&g = & =0 (I # k) because of the orthogonality. In this case, only the signal and idler fields
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described by the mode functions ¢y (ws) and wi (i), respectively, will contribute to the pho-
tocurrentsin Eq. (37). The evolution of the detected signal and idler fieldsis described by Egs.
(17) and (18) with an effective gain of Gert = r¢G, and the measured inseparability Iy is given
by Eqg. (29), which goesto zero as G becomes infinitely large.

Among the decomposed SVD modes, the fundamental mode (k = 1) has the largest mode
amplitude r1, so its effective parametric gain Gess = r1G is the highest. Hence, we can obtain
the highest degree of entanglement when the spectra of LOs and LOi are shaped to satisfy the
conditions A s(ws) = ¢1(ws) and A (1) = ya (). In particular, when the JSF of the FOPA is
factorable, i.e., F (ws, i) = ¢ (ws)w (i), and the spectraof LOs and LOi satisfy the conditions
As(ws) = ¢(ws) and ALj(wr) = w(a;), we will obtain the maximum degree of entanglement
for agiven gain parameter G becauser; = 1 and ry = 0 (k # 1), which means all the energy of
twin beamsis concentrated in the fundamental mode. However, it isworth pointing out that the
factorable JSF is not a necessary condition for obtaining the entanglement with a high degree.
As we have seen, we can always obtain the high quality entanglement characterized by insep-
arability Iy — 0 as G — « by shaping the spectrum of LOs and LOi to a pair of decomposed
modes and by increasing the gain coefficient G.

4.2. The spectrum of the LO is not matched to any particular SVYD mode

In general, the LOs and LOi are not matched to any pair of the decomposed modes. The pho-
tocurrent out of HDS/HDi is contributed by all the temporal modes non-orthogonal to the spec-
trum of LOS/LOi (the mode-matching efficiency |Exs|? # O/|&i|% # 0, see Eq. (37)). Now let
us analyze how the multi-mode nature of the twin beams affect the experimentally measured
inseparability

lep = <A)A(E>EXD + <A?$>exp7 (40)
with
AXE erp = 413
< Jexo q2|aLsHOC|_| H (419)
Y, A(ls+1
AV )ep = _ {allst i) 41b
W¥ilew o?|ous||oi] H9+2 (41b)

denoting the measured variances of the correlation of quadrature-phase amplitudes of twin
beams, where 6 = 6, s = 6, refersto the phase of local oscillators. According to the expression
of photocurrent in Eq. (37), we have

(AX?)exp = Vixs + Vixi — 2Cx (429)
<A?.E>e<p =Ws+Wi+2Cy, (42b)
with .
Vs =Wys = 3, |&ks|*[cosh?(rk x G) + sinh? (1 x G)] /2 (438a)
k=1
Vo = Vi = 3 |&|2[cosh?(ry x G) +sinh?(r x G)] /2, (43b)
and

Cx = 2 Cxk = 2 |§ks§ki ‘ cosh(ry x G) sinh(rk X G) COS(9L5+ O + Oks+ Gki), (44a)
k=1 k=1

Cy = z Cyk=— z [ExsEii |cosh(rk x G)sinh(rg x G) cos(OLs+ 6L + Oks+ 6Bki)- (44b)
k=1 k=1
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Fig. 3. Mode matching efficiency |&s|? (|&i|?) and phase 6ys (8y) for the kth order de-
composed signal (idler) mode ¢y (ws) (wk(wi)) when the bandwidths of LOs and LOi are
oL = 0.60p (plots (8)-(d)), oL = 20p (plots (e)-(h)), and oL = 3oy, (plots (i)-(1)), respec-
tively. The parameters of the FOPA are the same asthose in Fig.2

where Vi) and Vyg(j) are the phase-independent noise variances for the signal (idler) field, and
Cx and Cy, which are sensitive to phase between the local oscillators and the signal and idler
modes, respectively, are the correlation terms of the quadrature-phase amplitudes between the
signal and theidler beams, respectively. Note that the minus sign in Eq. (44b) is originated from
the 7 /2-phase difference between two quadrature components.

From Egs. (40)-(44), one sees that the key to minimize the inseparability lep isto maximize
the correlation terms in Egs. (444a) and (44b) by adjusting the phase of the local oscillators 6, s
and 6,;. It is straightforward to maximize the individual terms Cyy and Gyk for a given mode
index k in Egs. (44a) and (44b), however, it is difficult to maximize the correlation term for all
the terms with |Ecs|? # 0/|&|? # O, because the phase 6ys and 6 may varies with the mode
index k. Thiswill generally result in a decrease in the measured degree of entanglement.

Having understood the measurement principle of entanglement, we are ready to study the
parameters that will influence the degree of the measured quadrature amplitude entanglement
generated by the FOPA analyzed in Sec. 2.3, which has a broad gain bandwidth in telecom
band. Assuming thelocal oscillators L Osand LOi have the same bandwidth o , but their central
frequencies are the same as the corresponding signal and idler fields, the spectrum of LOs/LOi,
which is Gaussian shaped and transform limited, can be expressed as:

1 — (i) — Ogig))?
A i (ogiy) = ex .
Ls(Li) (@i ) g p{ 207 }

We first analyze the mode matching of the homodyne detection systems. Using the twin
beams with mode structure shown in Fig. 2 and substituting Eq. (45) into Eg. (36), we calculate
the mode matching coefficient for each pair of the decomposed SV D modes. Figure 3 showsthe
calculated mode-matching efficiency and the phase for the kth order decomposed signal/idler
mode ¢x(ws)/yi(wi) when the bandwidths of LOs and LOi are o = 0.60p, oL = 20p, and
oL = 3op, respectively. For each case, one sees that the phase 6y of the signal (idler) mode
varies with the index k, indicating that it isimpossible to simultaneously obtain the maximized
correlation terms Cxy and Cyy for each pair of decomposed modes. On the other hand, since
only the modes with the non-zero mode matching efficiencies contribute to the measurement
of HDs and HDi, Fig. 3 shows that the main contribution is from the modes with index number
k < 5. Moreover, for the mode with afixed index number, the mode matching coefficient varies
with the bandwidth o . For the case of o = 0.60} (Figs. 3(a)-(d)), the sum of mode-matching
efficiency for the first- and third-order modes are about 90%, and the mode matching efficiency

(45)
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Fig. 4. Measured inseparability of twin beams, lexp, asafunction of gain coefficient G when
the bandwidths of LOsand LOi are o = 0.60p, oL = 20p and o = 3op, respectively. As
a comparison, lexp=Iy for the LOs and LOi with the spectra the same as the fundamental
modes ¢1(ws) and w1 (i) is also plotted. The results obtained for the JSF in Fig. 2 are
marked by cross points between the data and dashed line.

for the other modes are too small to be obviously observed; for the case of o, = 3o} (Figs.
3(i)-()), the mode matching efficiency for the first order is about 90%. While for the case
of oL = 20} (Figs. 3(e)-(h)), the mode matching is obviously better than the other two cases
because the mode-matching efficiency for the first order mode is very closeto 1.

We then study the dependence of the measured degree of entanglement upon the mode match-
ing of HDs and HDi by numerically calculating the inseparability lep in different conditions.
Figure 4 shows the calculated lep as afunction of the gain coefficient G when the bandwidths
of LOs and LOi are o = 0.60p, oL = 20p, and oL = 30y, respectively. In the calculation,
for each gain coefficient, we deduce the corresponding mode structure and mode matching for
different spectrum of LOs and LOi, which is similar to the procedure of obtaining the plotsin
Figs. 2 and 3. Theresults corresponding to the JSF in Fig. 2 are marked by cross points between
the data and the dashed line. Additionally, as a comparison, the inseparability 11 for LOs and
LOi with the spectra the same as the corresponding fundamental modes ¢1(ws) and ya (@) is
also plotted in Fig. 4 as a function of G. Obviously, for afixed gain coefficient G, the value of
I1 is always smaller than that of leyp.

In Fig. 4, when the spectra of LOs and LOi are not matched to the fundamental modes,
one sees that for a fixed value of G, the lowest and highest lep respectively correspond to
the case of o, = 20p and o = 0.60p. If we compare the mode matching efficiency in Fig. 3,
it is straightforward to see that the measured degree of entanglement increase with the mode
matching efficiency between the local oscillators and the fundamental modes, |5/ and |3 |?,
and the departure between lep and 11 will increase when the spectra of LOs and LOi are more
evenly distributed among the decomposed othogonal modes.

From Fig. 4, one also sees that different from 11, which always decreases with the increase
of G, the measured le may increase with G when G is larger than a certain value. For the
case of o = 30y, it is obvious that lep Start to increase with G for G > 1.4. For the case
of oL = 20p, this kind variation trend is also observable: lep increases with G for G > 1.9.
We think the reason is because the the correlation term Cy/Cyy (See Egs. (44a) and (44b)) for
different k can not simultaneously achieve the maximum for the LOS/LOi with a given phase.
Although the mode matching efficiency of the first order mode is the highest (see Fig. 3), the
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noise variance of lep contributed by the signal and idler beams in higher order SVD modes
may exponentially increase with G, which will resultsin the unusual trend of lep. Moreover, it
isworth noting that the influence of mode mismatching effect on measured entanglement is not
equivalent to an effective detection loss because the noise contributed by higher order modes
with |Es|? # 0| &4|? # O will become significant, particularly in the high gain regime of FOPA.

5. Conclusion

In summary, we theoretically analyzed the temporal mode structure and the degree of measured
CV entanglement of the twin beams generated from a pulse-pumped FOPA by applying the
SVD to the JSF. We are able to successfully decouple different temporal modes and derive
the input-output relation for each temporal mode. The results indicate that the temporal mode
structures are highly sensitive to the dispersion of the nonlinear fiber and the gain coefficient
of FOPA. While for the measurement of CV entanglement, when the tempora modes of LOs
and LOi are the same as one pair of decomposed modes, ¢x(®s) and yi (@), the measurement
result of the homodyne detection systems is only contributed by the signal and idler fields in
the modes ¢x(ws) and wi (i), which is similar to case of pulsed pumped parametric amplifier
having a factorizable JSF; when the modes of LOs and LOi can not match any pair of the
decomposed modes, the measurement result of the homodyne detection systems is contributed
by all the modes non-orthogonal to the spectra of local oscillators, leading to a poor value
of the inseparability. Therefore, in order to obtain the high degree CV entanglement, making
the JSF factorable is not necessary, but matching the spectra of local oscillators to one pair of
decomposed modes is crucial. Moreover, for the FOPA with broad gain bandwidth of FWM
in telecome band, we numerically studied the temporal mode functions of the twin beams, and
calculated its corresponding degree of CV entanglement when the spectra of LOs and LOi of
HD systems are varied. The results demonstrate the detailed temporal mode structure of this
kind of FOPA as well as the strategy for optimizing the spectra of the local oscillators in the
detection process. Hence, our study is useful for developing a high-quality source of pulsed CV
entanglement by using the FOPA.

Our investigation indicates that the determination of the JSF, including the absolute value
(|F (&, @)|) and the phase term arctan( % ), isutmost important for the mode analysis
of a pulse-pumped parametric process. So far, the measurements of the absolute value of JSF
have been demonstrated [29-32]. If there is a practical scheme to realize the measurement of
the phase term of JSF, which has not been reported yet, it will be straightforward to realize the
required mode matching by shaping the spectra of LOs and L Qi [33].
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