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ABSTRACT

This thesis studies critical zones of automated vehicles. The goal is for the automated

vehicle to complete a car-following or lane change maneuver without collision. For instance,

the automated vehicle should be able to indicate its interest in changing lanes and plan

how the maneuver will occur by using model predictive control theory, in addition to the

autonomous vehicle toolbox in Matlab. A test bench (that includes a scenario creator, motion

logic and planner, sensors, and radars) is created and used to calculate the parameters of a

critical zone. After a trajectory has been planned, the automated vehicle then attempts the

car following or lane change while constantly ensuring its safety to continue on this path. If

at any point, the lead vehicle brakes or a trailing vehicle accelerates, the automated vehicle

makes the decision to either brake, accelerate, or abandon the lane change.
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1. INTRODUCTION

1.1 Thesis Background

An automated vehicle is a vehicle that is designed to function without the presence of

a human driver. The design of automated vehicles has been noted to have begun in the

1920s and the development of the prototypes started in the 1980s as shown in Fig. 1.1.

The technology behind automated vehicles was inspired by science fiction when automobile

manufacturers wanted road systems with navigation systems that would be used to control

vehicles. In 1939, the Futurama exhibit which was planned by Norman Bel Geddes imagined

driver-less cars controlled on electrically charged roads.

Up until 1980, all proposals for automated vehicles included the modification of roads

with radio, magnetic, or electrical control systems. In the 1980s, automobile manufacturers

worked with universities and started the design of self-navigating automated vehicles, which

use cameras, radar, and ultrasonic sensors. Research has shown that automated vehicles can

reduce traffic accidents, provide economic and societal benefits, and improve traffic conges-

tion and delays, as the underlying systems of these vehicles are less prone to distractions [ 1 ].

Automated vehicles also enhance driving comfort, optimize fuel consumption, decrease gas

emissions, and improve driver’s performance [ 2 ].

Fig. 1.2 expands on how there is vast research on various models about how automated

vehicles can perform tasks such as lane change, car following, collision avoidance, adap-

tive cruise control, cooperative adaptive cruise control, lane-centering control, etc. while

capitalizing on ensuring the safety of the driver and occupants.

12



Figure 1.1. Features of Vehicles.
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Figure 1.2. Levels of Automation.

With the rapid development of automated driving technology, there has been an increase

in the development of advanced systems that can perform various tasks that involve longitu-

dinal and lateral motion. This thesis focuses on the study of car-following and lane-changing

maneuvers of automated vehicles.

1.2 Literature Review

There are different theories that have been used to study vehicle following and lane

changes in automated vehicles, such as model predictive control, game theory, behavior

models, and learning models. An ego vehicle (also an automated vehicle) should always have

the ability to plan its trajectory, show its intention to make a lane change, and execute/abort

its plan based on the responses from surrounding vehicles [ 3 ].

Lane changes are complex maneuvers that include both longitudinal and lateral motions.

It also includes sub-maneuvers such as lane changing, lane keeping, and merging in a sequen-

tial manner. A safe lane change not only depends on the ego automated vehicle, but also

relies on external factors such as road conditions, weather, relative velocity, relative distance,

and many more [ 4 ].

For the design of Advanced Driver Assistance Systems (ADAS) and automated Vehicles,

safety is one of the most important factors to consider. In the modeling of intelligent vehicles,

safety and risk seem to go hand in hand. Risk can be thought of as the possible scenarios
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where a vehicle could be damaged. To safely design vehicles, different mathematical models

are used to predict possible scenarios [ 5 ]. There are mainly three types of models:

Physics-based motion models

Physics-based motion models (Fig. 1.3) assume that the motion of vehicles only depends

on the laws of physics. It assumes a constant speed and orientation for vehicles. Dynamic

and kinematic models are used to predict future motion with the use of control inputs like

steering, acceleration, braking, and properties of the vehicle.

For road safety, physics-based motion models are mostly used for trajectory prediction

and collision risk estimation. Evolution models which include dynamic models are based on

Lagrange’s equations and kinematic models that describe the motion of a vehicle using the

relationship between parameters of movements such as position, velocity, and acceleration

while excluding forces that affect motion. There are different methods for using these models

for trajectory prediction, such as single trajectory simulation, Gaussian noise simulation, and

Monte Carlo simulation.

Maneuver-based models

Maneuver-based models study the relationship between the future motion of a vehicle

and the intended maneuver of the driver. They treat vehicles as independent maneuvering

entities. A vehicle’s motion on a road network is assumed to correspond to an independently

executed series of maneuvers. Fig. 1.4 shows a Maneuver based motion model

Interaction-aware motion models

Interaction-aware motion models consider the inter-dependencies between vehicle maneu-

vers, which leads to a more accurate description of the motion profile, a better understanding

of the traffic scenario, and more detailed risk analysis. These models in Fig. 1.5 are based

on prototype trajectories or Dynamic Bayesian Networks (DBN). Prototype trajectories is

a good method, however, it does not consider inter-vehicle influences during the learning

15



Figure 1.3. Physics-based motion model [ 5 ].
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Figure 1.4. Maneuver-based motion model [ 5 ].
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phase as the number of motion patterns becomes too complicated to manage. The majority

of interaction-aware motion models are based on Dynamic Bayesian Networks (DBN).

Figure 1.5. Interaction-aware motion model [ 5 ].

Another important aspect of motion planning for automated vehicles is collision pre-

diction. if a possible collision can be predicted, the intended maneuver for an automated

vehicle can be carefully planned to ensure it is avoided. This is done by first predicting the

potential future path for all objects in the scenario, then detecting collisions between each

pair of trajectories to determine the risk estimate based on the total possibility of a collision.

Collision prediction can either be binary, where trajectories are discretized and a search for

the possibility of a collision is performed at each time stamp; or probabilistic, where the risk

is calculated in a probabilistic setting over possible future trajectories and detecting whether

or not there is the presence of a collision. Other risk factors that complement collision risk

exist as well. The impact of a possible collision could be influenced by certain indicators

such as the velocity of the vehicles [  6 ], the probability that both vehicles will be in the same
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position at once, and the configuration of the collision [ 7 ]. They could be measured as a

response to time such as Time-To-Collision (TTC) and Time-To-React (TTR).

Model Predictive Control Method

Lane change maneuvers in automated vehicles include decision-making and path planning

while ensuring that sufficient inter-vehicular spacing is being maintained to avoid collision

with other surrounding vehicles. The amount of space between vehicles can be used to

determine when automated vehicles make changes by modeling critical zones. With the use

of kinematic motion models to calculate the critical time gap, automated vehicles can decide

whether to brake or steer. In order to model a critical zone; linear motion models are used

to model the motion of all vehicles involved, the critical zone is calculated based on different

scenarios at every time instant. The ego vehicle uses longitudinal and lateral acceleration

to plan evasive maneuvers. The vehicle motion is modeled using a point mass model and is

discretized using zero-order hold. Leading vehicles are always assumed to travel at a constant

velocity while having the ability to come to an immediate stop at any time. Trailing vehicles

are assumed to travel at a constant velocity until the ego vehicle signals its intention to

begin a maneuver. Trailing vehicles are assumed to have three responses: decelerate to allow

the ego vehicle to make a change, continue at its initial speed, or accelerate to inhibit the

lane change. The motion planning which involves getting the vehicle from its initial position

to the final desired position is written as a standard quadratic programming optimization

problem, constraints such as speed are set to ensure the entire maneuver is within the limits

of the critical zone [ 3 ].

Instead of critical zones, a hierarchical control system with an inner loop and outer loop

can be used. The inner loop is an adaptive cruise controller which ensures the ego vehicle

maintains a relative distance from the leading vehicle while maintaining its speed. The outer

loop decides which preceding vehicle the automated vehicle will follow to minimize the cost

function and the optimal amount of space between vehicles that will allow the ego vehicle

to initiate a lane change. The driving decision entropy of drivers in the main lane is the cost

function. The driving behavior model is also used to predict the decision of drivers in the
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target lane. A driver can either accelerate thereby rejecting the intention of the ego vehicle,

accept the cut in action, or remain undecided [ 8 ].

There are different driving scenarios that exist on highways. When it comes to lane

changes, there are mandatory lane changes (Fig. 1.6), that occur when a lane is ending,

and the driver has no option but to merge onto the closest lane. For simplicity, there is one

vehicle in the merging lane and at least two in the target lane.

Figure 1.6. Mandatory lane change scenario [ 8 ].

During lane changes on highways, one of the biggest concerns is the harmonization be-

tween the ego vehicle and surrounding human drivers in a mixed traffic situation. The

probability of the driver in main lane accepting the lane change can be quantitatively mod-

eled and analyzed using a logistic regression model and a Bayesian network. In this thesis,

the road has two straight main lanes and one merging lane which connects to the left lane

of the main road.

One approach is to use a controller based on Randomized Model Predictive Control

(RMPC), where at every time step various speed profiles are generated for the ego vehicle.

These speed profiles are used to predict potential trajectories for both the automated vehicle

and surrounding vehicles in the main lane. The stochastic decision model for decision-

making was used to define the decision entropy of drivers, it outputs a “1” or “0” to show if

the merging decision has been accepted or rejected.

To find the optimal speed for merging, MPC is formulated as a nonlinear optimization

problem. Two types of models are used, one for the decision of the human driver and the
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other for whether the car accelerates or decelerates. The acceptance model works based

on the logistic regression model; it estimates the state of acceptance. The motion model is

based on a switched PD acceleration control law for the ego vehicle. The ego vehicle uses

the PD control to keep a safe distance from the leading vehicle. The reference distances are

set according to the average distance of the leading vehicle that has been collected when the

state of acceptance is reject and undecided. The gains, kp and kd are set by trial and error.

RMPC can be used when obtaining real-time solutions become an issue, it is promising

when it comes to solving nonlinear and stochastic MPC problems. The Monte Carlo-based

forward prediction of state trajectories with a sampling of random inputs is the highlight of

RMPC [  9 ]. [  8 ] solves the same traffic scenario but uses speed profiles to determine optimal

speed. It uses driver behavior models and two control loops to determine optimal space

between vehicles. It focuses on reducing the computational time by using a Hamilton –

Jacobi equation to solve the control problem.

Adaptive Cruise Control is one of the features of automated vehicles. The goal is to

maintain the longitudinal velocity of a vehicle as well as maintain its relative distance to a

leading vehicle. MPC is one of the most common approaches for designing an ACC algo-

rithm because of its ability to handle various constraints. In [  2 ], a controller that combines

analytical optimal and predictive control theory is used. In order to get an explicit and

low-cost function, analytical optimal control methods are applied although they are sensi-

tive to modeling errors and uncertainties. A model-free RMPC can also be used to get an

optimal solution but it involves tedious computations. The combination of both methods

is proposed to design a nonlinear optimal controller for the ACC. The analytical solution

uses the integral of tracking error to generate various input values while the RMPC selects

the true optimal value. The ACC controller takes in the position of the target vehicle and

its velocity then determines the appropriate position and velocity for the ego vehicle while

satisfying constraints.

For lane changes to occur, the automated vehicle needs to be able to plan a path for

how it will complete the task before initiating a maneuver. MPC with terminal set con-

straints can be used for this. [ 10 ] uses situational awareness and a trajectory framework

planning, it combines potential field-like functions and reachability sets of a vehicle to iden-

21



tify safe zones that the automated vehicle can use. Lane changes can be treated as moving

obstacle maneuver avoidance problems where RRTs are used but this approach led to large

jerk which caused discomfort to the driver, MPC can be used to improve this due to its

ability to formulate vehicle dynamics where constraints are set as finite horizon constrained

optimization problems to prevent the collision. Collision avoidance constraints are usually

non-convex, this results in a limitation of the feasibility and uniqueness of the solution. To

solve this, researchers used convexification (a receding horizon control for automated vehicles

in dynamic environments), change of the reference frame [ 11 ], and approximation. A math-

ematical framework that includes a target generation block, a trajectory generation block,

and an artificial potential field is used.

The potential field maps the surrounding vehicles based on obstacle’s position, orien-

tation, and relative velocity. The target generation block searches for the safest point on

the road which is compatible with dynamics of the surrounding vehicles and computes the

reference state set. It combines the safe zones in the potential field with the capability of

the vehicle dynamics of the surrounding vehicles derived from the reachable set. MPC is

used to generate possible trajectories to steer the vehicle to the target state. [ 12 ] uses this

approach to solve a reference tracking problem, it guarantees a closed-loop stability and

persistent feasibility of the optimization problem. In addition to a coordinate frame, a ve-

hicle frame (V-frame) is used, which is in the center of gravity of surrounding vehicles and

uses Roll-Pitch-Yaw (RPY) convention. Obstacle frame (O-frame), which is in the center

of gravity of the leading vehicle, and road frame (R-frame), which is the projection of the

origin of v-frame onto the rightmost edge of the road with x-axis in the direction of travel,

are used. This method has the advantage of being able to steer the state of a constrained

systems toward any set-point regardless of whether it was in the terminal set or not and

if an admissible state was targeted. It steers the system to the closest admissible state.

With the increase of in consumers purchasing more self-driving cars, there is an increase

in blended traffic situations involving human-driven and automated vehicles. The current

safety requirements for self-driving cars make it overly conservative which makes it difficult

to negotiate with human drivers in merge scenarios. In order to overcome this, game theory

can be added to MPC to improve the control performance.
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Due to the fact that there is a wide range of various decisions that can be made by different

drivers in the same driving scenario, a controller that uses experimental validation and game

theoretic learning can be used. An aggressiveness estimation algorithm is proposed, which is

based on the construction of a heuristic utility function for human drivers in order to match

different driving behaviors by varying the driver’s aggressiveness. Previous studies of driver’s

aggressiveness are typically offline surveys which measures aggressiveness by frequency of

candidate’ aggressiveness behavior such horn honking, tailgating, etc. The results from this

research are related to candidate’s information such as age, gender, etc. However, processing

such information online for automated vehicles is difficult. Some research shows the influence

of driver’s aggressiveness in a simulation environment, the behavior of each driver is different

depending on whether they are classified as conservative, neutral, or aggressive. In [  13 ] and

[ 14 ], aggressive drivers operate at a higher speed, accelerate faster, maintain smaller following

distance when following another vehicle and they have higher risk of collision when changing

lanes. Driver’s aggressiveness in this case is a parameter used to describe the driving utility

including headway distance and vehicle speed.

This approach uses an online aggressiveness estimation algorithm that uses a driver’s

real-time behavior. A mandatory lane change (MLC) is used here as there is limited time to

make a decision and adjust vehicle’s speed and position before the end of the merging area

is reached. Research attempt to study MLC has shown that there is an assumption that

a longitudinal controller is separated from the lane change process while the lane change

strategy is developed in a rule-based manner. In Game Theory, vehicles are considered

participants of a game, and traffic rules are typically considered to be implicit in different

decision models. [  15 ] describes it as a two-person non-zero-sum game which can be described

as an interpretation of Hidas’ driver courtesy scheme where vehicles share the payoffs or

heuristics of the lane-changing process. GTMPC controls surrounding vehicle’s longitudinal

acceleration and lane decision and consists of a high-level and low-level controller. The

high-level controller is the aggressiveness estimator and multiple games, where it observes

the response of a GCV to the SV, then approximates its aggression. A Stackelberg game

is then established between both vehicles. The high-level controller simulates the motion

of both vehicles to determine the benefits and costs of all possible strategies according to
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the Stackelberg algorithm. The solution of the game is to find the vehicles with the highest

payoff. This selection becomes an input to the low-level controller. The low-level controller

uses this result along with the IDM model to predict the motion of the trailing vehicle which

is used as a reference for the MPC. The MPC outputs the optimal longitudinal acceleration

and the optimal amount of time to initiate a lane change. At the high level, MPC is used

to predict the potential trajectory of both players which is used to create the payoff of each

player for each strategy combination of each game. In the low level, it controls the motion of

the surrounding vehicle and tries to initiate the lane change in front of the trailing vehicle.

In summary, it executes the lane change, merges into traffic, maintains its lane, and stays

in the center of the lane while maintaining its speed. [  16 ] uses a four-stage hybrid model

predictive controller. This low-level controller regulates the longitudinal position and lane

decision of the SV. It focuses on using MPC to handle constraints in different lanes while

also generating a target gap. The low controller divides the lane change process into four

stages: traveling in the current lane (TCL), leaving the current lane (LCL), crossing the lane

marking (CLM), and traveling in the target lane (TTL). The purpose of the four stages is

to identify what constraints the MPC deals with depending on what lane the SV is in. In

TCL or LCL, SV only considers constraints associated with the current lane. In CLM, SV

considers constraints in both lanes. Finally, in TTL, only constraints related to the target

lane are considered.

For automated vehicles to be commercialized, the safety of the system has to be guar-

anteed. This requires a safe and robust algorithm with the ability to plan trajectories while

responding appropriately in normal and high-risk driving scenarios. For automated vehi-

cles to be able to handle various situations, objectives and constraints need to be set for

trajectory planning that is based on numerical optimization. [  10 ] creates an algorithm that

plans trajectories that take into consideration miscellaneously shaped critical zones where

automated vehicles can avoid collisions. Instead of using time gaps, it allows the critical

zones to be defined by the longitudinal and lateral motion of the automated vehicle. To

successfully navigate traffic situations, EV must do it in a self-assertive manner and not

excessively conservative. The algorithm for path planning includes the determination of

possible lateral motion trajectories of the maneuver, determination of the longitudinal safety
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critical zones that correspond to the lateral trajectories, and the longitudinal motion. The

lateral motion of the EV for determining the Scenario Model Predictive Control (SMPC) is

another technique, the algorithm presents a safer way for detecting lane changes on highways

and motion planning. Over the past decade, there has been an increasing number of studies

in Advanced Driver Assistance Systems (ADAS) due to new sensor technology and a wider

range of capabilities of computational hardware.

ADAS provides support to drivers by aiding in collision avoidance, lane changes, and

others. ADAS can also estimate and predict traffic scenarios by measuring the vehicle’s en-

vironment through laser scanners, radars, cameras, ultrasonic sensors, and vehicle-to-vehicle

communication. Other approaches that use Physics-based models do not take into account

the driver’s control actions as they only apply laws of motion and friction limits, this in turn

makes the accuracy of results only up to the human’s reaction time. For longer prediction

times, a maneuver-based model is used and for a higher level of realism, interaction-aware

models are recommended. MPC is extremely useful for proper control of multi-variable

systems with constraints on inputs and states. It also allows the integration of forward in-

formation and constraints. Deterministic Model Predictive Control (DMPC) which is based

on deterministic traffic predictions can be used for path-following models with constraints in

scenarios where there are no other vehicles. Stochastic MPC is a more advanced approach

that applies probabilistic traffic prediction to MPC using stochastic uncertainty. Its key

feature is the inclusion of chance constraints. These allow a systematic tradeoff between

control performance and probability of state constraints in a stochastic setting [ 17 ].

1.3 Thesis Contributions

This thesis is an expansion of [ 3 ], which calculates and models critical zones to determine

the optimal space for an ego vehicle to perform a car following and a lane change. It applies

the theory to different traffic scenarios. The paper [ 3 ] only covers one scenario. This thesis

expands the theory and technology to different scenarios. It introduces a lane following

scenario, a lane change scenario, and then a second lane change scenario where the lead

vehicle brakes. These scenarios were modeled and simulated in Matlab using the autonomous
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driving, Simulink, and MPC toolboxes. The results of the simulation experiments validated

the performance of the algorithm.

1.4 Thesis Organization

Chapter 1 focuses on the literature review. The literature review explores the various

approaches that MPC can be applied to the lane change maneuver. Every method has

an advantage or shortcoming while some methods are designed to be an improvement of a

previous theory such as RMPC and GTMPC. This thesis focuses on the use of critical zones

to determine the optimal time for an ego vehicle to begin a car following or lane change.

In Chapter 2, the problem is formulated. The development of critical zones is explained

based on if it’s a leading or trailing vehicle. It also highlights the assumptions that are

used to determine the critical time gap that the ego vehicle uses to plan its trajectory. This

chapter also discusses acceleration profiles and how they are used to generate equations for

calculating critical zones. The critical time gap varies depending on if it is a leading or a

trailing vehicle.

Chapter 3 discusses the motion planner and controllers used in the thesis. It introduces

different scenarios to be simulated, the test benches used for simulation, and related param-

eters.

Chapter 4 discusses the results from the simulation experiments and summarizes the

thesis.
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2. PROBLEM FORMULATION

2.1 Critical Zone Modeling

This section introduces the problem and proposes the solution by defining the calculation

of critical zones. An automated vehicle has to maintain its lane while following a lead a

vehicle without entering the critical zone of another vehicle. When it has the intention of

performing a lane change, it has to be able to plan a and execute one while paying attention

to the behavior of other vehicles on the road. A critical zone is an area around a vehicle

where the autonomous vehicle can either brake or steer to reduce the chances of a collision.

A kinematic model that calculates the critical time gap needed to safely maneuver within

the limits of the critical zone is used. To safely steer, the critical zone depends on the relative

lateral position between vehicles. The main goal of the automated vehicle is to successfully

complete a maneuver from its original lane to another lane. In this study, critical zones

are depicted as shaded regions around each vehicle, to prevent a collision, the EV is never

allowed to be in any of the critical zones throughout the maneuver. To calculate critical

zones, a time gap is used as the safety indicator based on the capacity of a vehicle to brake

to a stop.

The amount of time it takes for a vehicle to reach a reference position is defined as the

time gap between a vehicle and the reference position. Reducing margins of critical zones

makes it easier for an automated vehicle to complete a lane change in dense traffic but there

still needs to be sufficient margin that allows for evasive action in worst case scenarios. An

ego vehicle is expected to have the ability to plan the maneuver, signal to other vehicles

to show its intention and complete or abandon the lane change based on the response of

surrounding vehicles. This gives the EV a lot more freedom while planning its trajectory in

an efficient and self assertive way [ 10 ].

The goal is to determine the critical zone around surrounding vehicles of importance,

seek desired final position, and plan the motion to reach the position without collision. The

relative lateral or offset and relative velocity between an ego vehicle and a surrounding vehicle

is used to calculate whether the EV should brake or steer to avoid a collision. The following

assumptions are used to model a critical zone: All motion is based on linear motion models.
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For the ego vehicle, a point mass model established by kinematic relations and the triple

integral of jerk defines displacement. The motion of surrounding vehicles is represented using

a constant velocity model. Assumed worst case scenario is used to calculate the critical zone.

Longitudinal and lateral acceleration profiles that are based on the specifications for comfort

are used by the ego vehicle to plan evasive maneuver.

The equations used to calculate the critical zones depend on if the vehicle of interest

known as the target vehicle is a leading or trailing vehicle. A leading vehicle is the target

vehicle in front of the ego vehicle and a trailing vehicle is behind a leading vehicle. If it is a

leading vehicle, the ego vehicle plans a maneuver under the assumption that the ego vehicle

could brake at any time. If it is a trailing vehicle, the driver could either decelerate to accept

the lane, accelerate to reject the lane change, or remain indecisive. The behavior of drivers

in other vehicles are always of interest as it determines how the ego vehicle should plan its

motion [  16 ], [ 18 ]. For the purpose of this thesis, the assumption is that the trailing vehicle

always accepts the intention of the ego vehicle to initiate a lane change.

2.2 Acceleration Profiles

The longitudinal and lateral motion of the vehicle determine the shape and size of the

critical zones. The longitudinal and lateral acceleration profiles are used to derive equations

for the critical zones. A longitudinal model explains the relationship between the acceleration

of a vehicle and the different forces impacting the motion of the vehicle lengthwise [  19 ]. The

lateral profile describes the relationship between the position of a vehicle and the forces

influences its motion horizontally. Longitudinal profiles are considered in reference to the

velocity of the vehicle while the lateral profile is for the steering behavior. The best steering

or braking maneuver is used to decide on which longitudinal and lateral profiles should be

used. For the braking profiles, longitudinal jerk is considered as constant until the maximum

deceleration is achieved and maintained for some time. In the main setup, the scenario in

Fig. 2.1 was considered.

The leading vehicles are labeled as L and the trailing vehicles are labeled as T . This

shows the relationship between the EV and other target vehicles as well as the critical zones.
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Figure 2.1. Lane change scenario [ 3 ].

Figure 2.2. Longitudinal acceleration profile for braking [ 3 ].
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The longitudinal acceleration model in Fig. 2.2 depicts how a vehicle begins with an

acceleration a0 and then at time t0, it accelerates to amax. It stays at that value of accel-

eration until t1, then it begins to decelerate at t2 as it slows down to stop for a total travel

time of tf .

Figure 2.3. Lateral acceleration profile for steering [ 3 ].

In Fig. 2.3, the lateral acceleration profile models the vehicle’s behavior. It shows how

as time increases, the vehicle maintains its lane and stays in a straight line.

2.3 Critical Zone for Leading Vehicles

To model a critical zone for a leading vehicle, the assumption is that the leading vehicle

can abruptly stop at a point in time. The critical time, Tcrit, in regards to a leading vehicle

is the minimum amount of time the automated vehicle needs to initiate an emergency action

such as braking or steering. Tbrake is the critical time gap the ego vehicle must maintain to

avoid colliding with the leading vehicle by braking. Vego is the velocity of the ego vehicle, Sego

is the braking distance based on the relevant acceleration profile, and Smin is the minimum

longitudinal safety gap that must be maintained by two vehicles after it has stopped. Instead

of braking, the ego vehicle has the option of steering to avoid a collision as well. Tsteer is the

critical time the ego vehicle must maintain to prevent hitting the leading vehicle by steering

the vehicle away. With reference to the lateral acceleration profile, Slatsafe, is the required

time for the automated vehicle to travel a safe distance. Ws, Wl, and We are the minimum

lateral distance that must be maintained between vehicles, the width of the leading vehicle,

and the width of the ego vehicle, respectively. Offset is the relative velocity and relative

lateral distance between the ego vehicle and surrounding vehicles.
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Tbrake = Sego + Smin
Vego

(2.1)

Slatsafe = (((1/2) ∗ Wlead) + ((1/2) ∗ Wego) + (Wmin) − (offset)) (2.2)

V0 =
(((jmax

y ∗ t2
init))

2 (2.3)

S0 =
((jmax

y ∗ t3
init))

6 (2.4)

V1 = ((V0) + ((amax
y ) ∗ (t1 − tinit))) (2.5)

S1 = S0 + (V0 ∗ (t1 − tinit)) +
(amax

y ((t1 − tinit)2)
2 (2.6)

S2 = S1 + (V1 ∗ (t2 − t1)) +
(amax

y ((t1 − t2
init)

2 −
Jmax

y ∗ ((t2 − t3
1)

6 (2.7)

S3 = (S2) + V max
y (tf − t2) (2.8)

Tcrit = min(Tbrake, Tsteer) (2.9)

Scrit = Tcrit ∗ Vego (2.10)

2.4 Critical Zone for Trailing Vehicles

For trailing vehicles, critical time is how long it takes the ego vehicle to abort the lane

change and move away from the initially intended path of motion. In order to properly

model critical zones for trailing vehicles, all possible scenarios for what behavior the vehicle
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could exhibit has to be considered. There are three different options that a trailing vehicle

could respond to: decelerate and allow the ego vehicle to proceed with the lane change, fail

to notice while continuing at its current speed, and the worst-case scenario where the vehicle

accelerates to prevent lane change. A driver accelerating to cut off the ego vehicle is typical

in dense traffic where there is a preference of reduced time headway and small inter-vehicle

gaps. An assumption of a constant acceleration model is used for this. When the automated

vehicle avoids approaching the vehicle by safely traveling the minimum lateral distance, the

amount of time needed is known as Tcritical. Slatsafe is calculated the same way as it is done

for leading vehicles. The critical time gap in regard to trailing vehicles only involves steering.

To calculate critical zone, the safety critical distance is needed. This is determined by finding

the distance traveled by each of the participating vehicles by using

Sego = Vego ∗ Tcrit (2.11)

Strail = Vtrail + (atrail ∗ T 2
crit)

2 (2.12)

Scrit = max((Strail − Sego), min(S)) (2.13)

where Vego and Vtrail are longitudinal velocities of the ego vehicle and trailing vehicle,

respectively, atrail is assumed constant acceleration for the trailing vehicle, Smin is the min-

imum safety distance the EV must maintain ahead of the trailing vehicle to determine the

critical zone, Scritical has to be calculated for every offset in order to create a critical zone.
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3. MOTION PLANNING - CONTROLLER

An ego vehicle has to be positioned at the center or as close as possible to the center of

the target lane during the planning of a lane change maneuver. A safe trajectory has to be

one that observes actuator, comfort, and safety constraints [  17 ]. The algorithm has to be

able to plan the motion in the longitudinal and lateral directions to reach the desired final

position while ensuring that an evasive maneuver is always possible. Automated vehicles have

constraints such as actuator saturation and lane width, which makes using Model Predictive

Control with the receding horizon a good idea for motion planning. Point mass model is

used for the motion of the vehicle, it is discretized using zero-order hold. The states of the

ego vehicle are represented by the following:

• x, y represent the position.

• Vy, Vx represent the velocity.

• ax, ay represent the acceleration.

• Jx, Jy represent jerk which is the input to the system.

For the EV to go from its initial position to a desired final position, the longitudinal

motion planning is represented like a standard QP optimization problem.
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minJ =
N−1∑
i=0

(X(i)T QX(i) + u(i)T Ru(i)) + X(N)T PfX(N) (3.1)

Subject to

X(K + 1) = AdX(k) + BdU(k), k = 0, , N (3.2)

X(0) = [xinitial, V (initial
x , 0]T (3.3)

X(N) = [xf inal, V f inal
x , 0]T (3.4)

[xmin, V min
x , amin

x ]T ≤ X(k) ≤ [xmax, V max
x , amax

x ]T

Ad =


1 ts

t2
s

2

0 1 ts

0 0 1



Bd =


t3
s

6
t2
s

2

ts


U is the control input to the systems with weight R as the cost. Constraints are set

to position to ensure that the limits of the critical zones are always respected. To include

actuator limitations or a smooth maneuver, the constraints for velocity, acceleration and

jerk can be adjusted. Planning the lateral trajectory is similar to that for the longitudinal

except that in this case, the lateral position constraints change with longitudinal position.

The constraints for critical zones are a function of critical time Tcritical, this can be calculated

for the entire horizon using the derived longitudinal trajectory. To calculate lateral position

constraints;

The longitudinal position x(t) for the entire prediction horizon is determined by longitu-

dinal motion planning.

The critical zone limits for leading and trailing vehicles are evaluated then used to find

Tcritical with respect to the surrounding vehicles for a given value of position.
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The value of Tcritical is substituted in the lateral expressions for the critical zone limits

then used to determine the lateral constraints.

Solving the MPC helps to find the lateral trajectory which is done at a regular sampling

interval.

3.1 First Scenario: Car Following

The first scenario is an example where the ego vehicle follows the lead vehicle while

making sure it does not enter any of the critical zones. The critical zone is modeled based

on the worst case scenario that the lead vehicle can abruptly come to a full stop or brake

at any point in time. In this scenario, the lead vehicle maintains a constant velocity and

travels in a straight line. This situation uses just the longitudinal profile as it studies just the

movement of the ego vehicle on the same lane. The goal here is for the ego vehicle to safely

follow the lead vehicle without any collision. This scenario involves the ego vehicle traveling

at a constant velocity of 10 m/s while the lead vehicle maintains its velocity of 20 m/s. This

scenario was simulated in Matlab with the use of the Model Predictive Control Toolbox,

Simulink, Sensor Fusion and Tracking Toolbox, and the Automated Driving Toolbox. In

order, to create the lane following system in Simulink, the solution was broken down into

different subsystems;

3D Scenario Environment

A 3D scenario has to be added to the test bench in order to create and simulate the

scenario in 3D. Fig. 3.1 uses a ”game like” environment which is available as one of the

applications in the Matlab toolbox. This subsystem gives details on the cars’ specifications,

type of road, weather conditions, camera sensors and radar sensors used. It is responsible

for converting the coordinates of the vehicles with respect to the center of the rear axle to

a 3D coordinate system. The outputs from the cameras and radars go to the systems that

detect lane boundaries, collisions and ensuring that the ego vehicle maintains a safe distance

from the lead vehicle. It also ensures that the ego vehicle always stays within its intended

lane.

35



Figure 3.1. Simulation 3D scenario
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Lane Marker Detector

The block in Fig. 3.2 contains the algorithm that allows the ego vehicle to know where

the lane boundaries are. The outputs from the front camera is taken as an output. The front

camera provides information about the lanes. It lets the vehicle know the type of marking

s on the line, whether the lane has dashed or straight lines to determine where the vehicle

can initiate a lane change.

Forward Vehicle Sensor Fusion

Fig. 3.3 is an algorithm that takes the detection from the radar and camera sensor. The

image from the camera sensor is an input while the output is the vehicle information which

are detected as boxes. These detection from the vision and radar sensors become inputs that

are entered into the next block for clustering .The clustering algorithm is applied to the data

to separate it into similar groups [  20 ] . After the data is clustered, they are merged with

the detection from the vision detection. Then a joint probabilistic data association tracker

is used to determine the tracks.

Lane Following Decision Logic

This the model that determines how the lane following logic will work. The lane following

decision logic in Fig. 3.4 takes tracks determined in the Forward Vehicle Sensor Fusion block

as input. It also takes in the width of the lane and the position selector as inputs. These

inputs go into the block that is responsible for selecting a lead vehicle. It outputs the

relative distance, relative velocity and the track index. It also uses the lane information to

find where the center of the lane will be. The lead vehicle that is selected then becomes the

Most Important Object (MIO) as it is a target vehicle.

Lane Following Controller

The model in Fig. 3.5 details the values for the steering angle and the controls for

acceleration. It utilizes the center of the road and the longitudinal velocity to determine the
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curvature of the road, the lateral deviation and the relative yaw angle. The Model Predictive

Controller takes the set velocity, longitudinal velocity, curvature, lateral deviation, relative

yaw angle of the lead car, relative distance and relative velocity as inputs. The controller then

outputs the steering angle and the acceleration mode of the vehicle. A watchdog controller

is used as a safety mechanism while the under the assumption that the lead vehicle could

brake to a stop at any time. A watchdog braking controller is used as a fail safe mode [ 21 ]

to ensure that the ego vehicle brakes if it ever functioning outside of the determined ranges.

The watchdog controller constantly monitors the MPC and calculates the range it is meant

to work within, if the controller enters a state which is considered unsafe, the mechanism

calls for a corrective action. It could make the decision to reset the controller[ 22 ]. The

output from the MPC controller and braking controller go into a different block which now

determines if it is safe for the vehicle to proceed as intended.

Bicycle Dynamic Model

The ego vehicle is modeled using the bicycle dynamic model in Fig. 3.6. This models a

rigid two-axle single track vehicle body model to compute the longitudinal, lateral and yaw

motion. The block takes into account the mass of the vehicle, the aerodynamic drag and the

weight distribution between the axles.

Metrics Assessment Model

A metrics assessment model is basically the foundation of the entire lane following system.

This ensures that the lateral motion from the center of the lane is within the set range. It

makes sure that the vehicle is on the appropriate lane and that it stays in its lane throughout

the simulation. The metrics model in Fig. 3.7 also ensures that vehicles maintain the time

gap which is calculated from the critical zones. It ensures that there is no collision by

preventing the vehicle from entering the critical zones.
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Figure 3.7. Metrics Assessment model
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3.2 Second Scenario: Lane Changing

This scenario involves a complete lane change. The EV goes from its initial lane to the

center of a target lane where it has to place itself outside the parameters of the critical zones

for both the leading and trailing vehicles. In this scenario, the longitudinal profile remains

constant while the lateral acceleration profile changes. The ego vehicle has the ability to

select a lead vehicle and determine when it’s safe to plan a trajectory. The EV operates

under the assumption that the lead vehicle can brake at any time. and trailing vehicle can

ignore the intention of the ego vehicle to initiate a lane change and accelerate. With these

considerations, the ego vehicle should be able to initiate a lane change and complete it safely

without a collision. If either of the worst case scenarios happen, the ego vehicle initiates a

response by either to decelerating, braking, steering or choosing to abort the lane change and

remain in its current lane in order to avoid a collision. The test bench model in this case,

much similar to the model from scenario 1 above has multiple subsystems with the difference

of a lane change planner and controller. The test bench has the following subsystems;

Scenario and Environment Model

The scenario and environment block in Fig. 3.8 determines what the scene during the

simulation will be. It determines the number and type of vehicles, sensors and map data.

It controls the positions of the vehicles, uses a camera model to detect objects and outputs

clustered data from the detections using a statistical model. The system also uses an INS

sensor to output the position, velocity and orientation of the ego vehicle.

Vehicle Dynamics Model

A vehicle dynamics block in Fig. 3.9 uses a bicycle model for the ego vehicle.

Metrics Assessment Model

A metrics assessment subsystem is responsible for ensuring that the criteria for the lane

change is met. Fig. 3.10 includes a collision detection and jerk metrics block. For the collision
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detection, lane boundaries, data of the target vehicles, trajectory information, parameters

from the planner and longitudinal velocity are used as inputs. These values are used to

calculate the critical zone. The collision detection block verifies that there will be no collision,

it verifies the time gap using the critical zone equations for braking and steering. It also

checks to ensure that the vehicle is safe. The jerk metrics blocks is used to calculate the

longitudinal and lateral jerk.

Lane Change Planner

The lane change planner in Fig. 3.11 is one of the most important subsystems in this

test bench. This planner is also applied in scenario three, it is capable of handling different

traffic scenarios. It has a state conversion block which uses a frenet converter to translate the

coordinates of the ego vehicle to states. This output is then used to find all the surrounding

vehicles. The next block is the terminal state sampler. The terminal state sampler considers

the current state of the vehicles in the scenario, the parameters of the planner and uses these

to sample different terminal states for different behaviors. This is used to determine the

decision that the ego vehicle will make. This is whether the EV will proceed with a lane

change or what lane it will be moving to. The motion prediction box predicts the trajectory

of the other vehicles and uses the guess to generate different ways the ego vehicle could

perform the maneuver. The motion planner calculates the cost of performing each of the

generated trajectories then determines which would be the most effective.

Lane Change Controller

The lane change controller in Fig. 3.12 is responsible for ensuring that the ego vehicle

travels along the trajectory that was generated. It uses MPC to adjust the longitudinal accel-

eration and front steering angle of the EV within the set constraints for velocity, acceleration

and steering angle.
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Sensor Block

A sensor block is used by the ego vehicle to detect lane boundaries, objects and other

vehicles on the road. This block in Fig. 3.13 receives data from the cameras and radar sensor

on the EV and concatenates the data. It is responsible for tracking all the vehicles.

3.3 Third Scenario: Lane Change with Deceleration

In the third scenario, the autonomous vehicle completes a lane change but in this case,

the lead vehicle decelerates. The ego vehicle has to appropriately respond to the deceleration.

This scenario shows the the changes in both the lateral and longitudinal profiles both change.

The test bench model used here is the same as that in scenario 2.
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4. RESULTS AND CONCLUSION

4.1 Scenario 1 results

Scenario 1 simulates a lane following traffic scenario. In this scenario, only one lead car

is the target vehicle and the worst case scenario is that the lead car can abruptly brake. The

critical braking time was used as the time gap instead of a constant value. This allowed for

flexibility as the ego vehicle used the equations for braking time and lateral safe distance

to constantly update what the critical zones were. Scenario 1 is a lane following scenario

so there are no lateral changes here. In figure 4.1, the scenario is initially simulated for 10s

to predetermine if there are collisions. The cars are represented as boxes and the graph on

the left of the plot shows that there were no collisions in the scenario. Figure 4.2 shows

the scenario in the 3D scenario where the blue car is the ego vehicle. Figure 4.3 shows the

bird eye plot of scenario on the right and the scenario from the perspective of the driver

in the ego vehicle. It also highlights the everything within the radar of the EV which is

shown by the blue and red quadrants. Figure 4.4 is a plot showing the results of the relative

longitudinal distance between the ego vehicle and the lead vehicle which slowly increased over

time. The absolute velocity and acceleration stayed constant as both vehicles maintained

their velocities of 10 m/s and 20 m/s the entire time. Figure 4.5 shows the lane boundary

lateral offsets, lateral deviation, relative yaw angle and steering angle for the ego vehicle.

The results correspond to the behavior of the vehicle as it maintained it’s lane the entire

time and stayed in the center of the lane. The results show that were no changes in the

lateral acceleration profiles and the vehicles maintained their initial velocities through out

the simulation.
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Figure 4.1. Lane following scenario

Figure 4.2. 3D scenario environment
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Figure 4.3. Bird eye plot
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Figure 4.4. Longitudinal profiles

This shows how the EV maintained the braking distance calculated from the leading

vehicle critical zone equations.
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Figure 4.5. Lateral profiles

The vehicle stays in the center of its lane through out the manuever and made no lateral

changes.
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4.2 Scenario 2 results

For scenario 2, the ego vehicle begins with a set velocity of 20 m/s while the lead vehicle

that is selected in the opposite lane travels with 24 m/s. The ego vehicle stays in it’s

line while it calculates the best time to make a lane change then initiates the lane change,

completes it and maintains its position in the new lane while ensuring there is no collision.

The simulation time for this scenario was 25s to allow the ego vehicle enough time to initiate

a lane change, complete it then proceed to follow the lead vehicle. Figure 4.7 shows the

performance of the Model Predictive Controller by displaying results of the curvature of

the road, lateral deviation, heading angle, ego velocity and steering angle. The graph for

the curvature remained flat the whole time as it was a straight road. Around 10s, all the

plots have a significant change as that is when the lane change occurred. The increase and

decrease of lateral deviation between 8 to 10s when the EV initiates its maneuver. The

heading angle shows the slight adjustment in degrees as the EV has to steer from one lane to

another lane. The Ego Velocity graph shows the EV slow down briefly to perform the lane

change safely and then adjust it’s speed back to its initial velocity. The steering angle shows

a minor adjustment in the angle from when the EV initiated the lane change and then when

it completed the maneuver. Figure 4.8 shows the graphs for the acceleration, longitudinal

and lateral jerk. These graphs just like in Figure 4.7 show changes around the 10s mark

when the lane change occurred. The plots all flatten out around 12s showing that the lane

change had been completed.

The lateral and longitudinal graphs show the acceleration of the vehicle and its behavior

through out the lane change maneuver. The lateral profile shows how the controller adjusts

itself during the lane change and then after the lane change is completed, the graph evens

back out as the vehicle now goes back to a lane following model.
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Figure 4.6. Safety checklist

Figure 4.7. Controller performance
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Figure 4.8. Lane change metrics
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4.3 Scenario 3 results

In scenario 3, the ego vehicle starts with a velocity of 15 m/s while the lead vehicle

starts with 14 m/s then slows down to 8 m/s before it increases to 13 m/s. There are also

trailing vehicles in these scenarios which are considered. The results show the longitudinal

and lateral profiles of the ego vehicle as well as the steering angle during the lane change.

The critical zone equations are used to constantly ensure that no collision occurs and that

the time gap values are relevant to the current position and time of the vehicles. Figure 4.9

shows the ego vehicle in its initial position while Figure 4.10 shows the vehicle in its final

position after it has completed the lane change. Figure 4.11 shows the safety checklist that

the algorithm goes through before beginning the simulation. Figure 4.12 there are three

points of interest where disturbances occur in the graph. The first one is right when the ego

vehicle goes from stationary then it accelerates and on its lane in less than 2s. Around 8s,

the graphs show the ego vehicle begin to initiate its lane change and the graphs settles again

after the maneuver has been completed. The lead vehicle abruptly slows down around 14s,

the response of the EV can be seen in all three graphs. Figure 4.13 shows the performance

of the controller in terms of the curvature of the road, lateral deviation, heading angle, ego

velocity and steering angle. The graphs show the behavior of the ego vehicle again before

the 2 second mark, around 8s and then around 14s showing it accelerated, performed a lane

change then slowed down when the lead vehicle decelerated. The lateral and longitudinal

results show the point in time when the vehicle begins its lane change. This lateral profile

in comparison to that from scenario two, shows the two periods of interest. It shows the

moment when the vehicle begins its lane change and how the lateral controllers adjusted and

also again when the lead vehicle braked to a stop.
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Figure 4.9. Initial position of ego vehicle
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Figure 4.10. Final position of ego vehicle after lane change

Figure 4.11. Safety checklist
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Figure 4.12. Lane change metrics
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Figure 4.13. Controller performance
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4.4 Summary

Ever since autonomous vehicles were invented, their features have increased from basic

to standard to advanced features where vehicles can now make decisions in real time in-

dependent of a driver. This thesis expanded on the critical zone method by applying the

equations from the original paper to different algorithms and traffic scenarios. The examples

in [  21 ] – [  23 ] were used as base templates to understand how the systems worked before the

equations, values and parameters and more adjustments to the test bench were made after

calculations. The minimum value derived from calculating the braking time and steering

time was set as the time gap for each scenario. Whenever a collision was detected, the

simulation immediately stopped citing the reasons for the failure which validated the safety

features implemented in the test benches. The results validated the theory from the paper as

it was tested on different scenarios although numerical values were different due to different

values for the length, width and simulation times used. In the future, this theory could be

expanded further by adding testing different behavior models of both leading and trailing

vehicles to see how the critical zones are modeled.
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