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Abstract

In this work, three-dimensional (3D) analytical models for non-axial symmetric workpieces,
including ellipsoid and cylinder, are derived to predict the coating thickness distributions in the
EB-PVD process. Additionally, 3D analytical models for axial symmetric workpieces, including
disk and sphere are presented, which will be used for deriving the non-axial symmetric
workpiece solutions. The models are based on extending the two-dimensional (2D) models of a
disk workpiece by Schiller [1] and a circular arc on a cylinder by Fuke [2]. The 3D models for
disk and sphere workpieces are also presented which are used to derive the non-axial symmetric
models. The results show that the 3D analytical models are consistent with the 2D models, and
also in excellent agreement with our finite element (FE) model predictions and experimental data

in the literature.
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Nomenclature

Parameter Description Unit
dso Maximum film thickness for a4, a,=0 mm
a, Ay Angles of divergence in x-, y-direction, o
respectively
0] Angle of divergence from the source for
symmetric workpiece
h, Distance of workpiece and coating source mm
h' Height of any point above h,, mm
n Index on evaporation rate (2 ~ 6)
0 Inclination angle of the tangent o
Ty Distance from maximum point thickness mm
t Position coefficient for cylinder
a,b Major axis and minor axis of ellipsoid mm
dsq 34 Disk local film thickness mm
dsc 3q Cylinder local film thickness mm
dss 34 Sphere local film thickness mm
dse 34 Ellipsoid local film thickness mm




1 Introduction

Electron Beam Physical Vapor Deposition (EB-PVD) is an important coating technique that
utilizes electron beams as a source to evaporate coating materials, which are then deposited on a
substrate [3, 4]. In addition to extensive experimental studies (e.g., [5, 6]), several computational
models have been developed to understand the coating thickness distributions. Based on the ray-
tracing method, Fuke et al. [2] extended Schiller’s flat plate model [1] and proposed an
analytical model for the disk- and cylinder-shaped workpieces. However, only coating thickness
along the middle cross-sections of the disk or cylinder is predicted, which renders the model
essentially a two-dimensional (2D) model along the tangential direction [2]. Mao ef al. proposed
a neural network-based model to predict the thickness in a hot-dip galvanization plate [7]. Cho
applied a heuristic algorithm to optimize the uniformity of coating thickness and substrate
temperature [8]. Xie et al. studied the influence of the spraying parameters on the spray flow
field and coating thickness distribution during the air spray process [9]. Pereira et al. developed a
computational model with the shadow effect taken into consideration [10]. Pereira’s model is

applied to predict the coating thickness distribution in a three-pin rotatory component [10].

Although the above-mentioned effort, a three-dimensional (3D) analytical model for coating
prediction is still needed. Analytical models have the advantage of being easy to use for fast
calculations, which can be used as a first-order estimation. Additionally, analytical models can
be used as a benchmark solution for other types of computational models. In this work, we
propose the three-dimensional analytical models for coating thickness on non-axial symmetrical
workpieces, including ellipsoid and cylinder. Special cases, such as disk and sphere substrates,
are also presented. We demonstrate that our 3D models have good agreement with reduced 2D

models and finite element (FE) models.

2 Derivations of 3D analytical solutions for coating thickness
In this section, the detailed derivations of each shape workpiece are presented. It is noted that, in
real applications, the evaporation pool on the target surface has a spatical size. In this work, a

point-like source is assumed in the model, which is needed for deriving the analytical solutions.



Additionally, the coating thickness of the same shape workpiece is calculated using the finite
element method, as presented in our recent work [11]. Our previous finite element model for
coating thickness prediction [11] has the major advantage of computational efficiency, which is
faster than the traditional ray-tracing based model by about two orders of magnitude. This is
because the Gaussian distribution heating source used in the finite element has the same profile
as the cosine relation used in the ray-tracing method. Firstly, the model simulates the temperature
profile of a metal substrate heated by a heating source with a Gaussian distribution. The model is
successfully demonstrated by three validation cases, including a stationary disk, a stationary
cylinder, and a rotary three-pin component [11]. In this work, we apply our finite element model
to simulate the coating thickness in the workpieces presented in this study, in order to compare

with the derived analytical solutions.

2.1 Disk workpiece
In order to derive 3D models, first Schiller’s 2D disk model [1] is revised for 3D space. Fuke’s
2D disk coating thickness is [2]:

1
dsd_3d/dsO = w3 (1)

(1+tanZa) 2

Given the suggested values for n are 2~6 [2], the power term nTH in Equation 1 can be

reasonably to assume to be n without losing much accuracy in the angle range interested, and the

coating thickness for a disk workpiece becomes:

1
(1+tanZa)n

dsd_Bd/dso = (2)



Disk Substrate

Coating source

Figure 1: Disk workpiece coating process

For 3D case as shown in Figure 1, the distance between the maximum film thickness center point

and any coating point, 7, 1S:

1
Tsq = h, * (tan’a, + tan®a,)z (3)

Therefore, the 3D disk coating thickness is:

1

dsq 3a/dso =" (1+tan2a; +tan2a;)" )
2.2 Cylinder workpiece
Fuke’s 2D solution for a cylinder workpiece is shown in Figure 2 [2]:
h3-cos?
dgc/dso = [(hvi—oi,)o;] -cos(a + 0) - cos"a (5)



In this work, we extend Fuke’s 2D cylinder solution f(d, @) in Equation 5 to a 3D solution
f(d, ay, a;), as shown in Figure 2. The distance between the maximum film thickness center

point and any coating point on the cylinder surface is an arc, and it can be expressed as:

Toe = \/(hv “tanay)? + ((hv + h') - tan az)z (6)

The normalized arc distance, ¢, is:

t = \/(hv -tana;)? + ((h, + k') - tan az)z/hv (7)

Combining Equations 4 and 6, the coating thickness for the 3D cylinder workpiece d 34 is

derived as:
dsc 3a/dso = (1 —t)-d; - d, (8)

where d,and d, are expressed as follows:

1

= Gty )
2, 2
d, = [}?;l:::l';z] - cos(ay + 0) - cos"a, (10)



Cylinder Substrate

Coating source

Figure 2: Cylinder workpiece coating process

2.3 Sphere workpiece
The solution of the 3D sphere workpiece thickness dgs 34 can be derived by combining the 3D
disk (Equation 4) and 3D cylinder (Equation 8) solutions and it becomes:

hi  cosajycosia,
(hy+th")2 (1+tan2aq+tanay)n

dss_3d/ dso =

(1)

h3

(hy+h')?

where is the position coefficient to the sphere surface; (cos?a; + cos?a,) is for

calculating the thickness along the tangential direction in the 3D cylinder solution (Equation 8);
and (1 + tana; + tan®a,)" is the symmetry character part from the 3D disk solution (Equation

4).



Sphere Substrate

'

Coating source

Figure 3: Sphere workpiece coating process

2.4 Ellipsoid workpiece
The ellipsoid substrate has long and short axes, expressed as a and b, respectively. The coating
thickness on an ellipsoid workpiece is symmetric along the axes. The 3D ellipsoid local film

thickness dg, 34 1s determined by extending the 3D sphere solution and it becomes:

h3 ab-cos?a;-cos?

(hy+th")2 (1+a?-tan?ay+b2-tanay)"

az

dse_Bd/dSO = (12)



Ellipsoid Substrate

Coating source

Figure 4: Ellipsoid workpiece coating process

3 Results and discussion
To evaluate the derived analytical solutions, we compare the coating thickness between the
derived analytical model in this work, the finite element model presented in our recent paper [11],

and experimental data in the literature.

3.1 Disk workpiece
The 3D normalized coating thickness prediction of the disk workpiece using the derived
analytical model (Equation 4) is shown in Figure 5. As expected, the thickness distribution

shows is axially symmetric, with a Gaussian distribution characteristic.
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Figure 5: Predicted coating thickness distribution using the 3D analytical model (Equation 4) for
a disk workpiece.

To compare with other data in the literature, the thickness along the disk diameter is plotted in
Figure 6. The results from the FE model [11], Fuke’s 2D analytical model [2], and Fuke’s
experimental data [2] are also included. Our 3D analytical model agrees well with other models

and experimental data, suggesting the validity of our 3D analytical model.
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Figure 6: Normalized thickness distribution along the diameter of the disk, including 3D FE
model, 3D analytical model in this study, 2D analytical model [2], and experimental data [2].

3.2 Cylinder workpiece

As shown in Figure 7, the thickness distributions along the cylinder axial direction are different
from the tangential direction. The tangential direction results are plotted in Figure 8. The axial
direction, which is not available in the 2D model [2], shows a more uniform distribution on the

edge, suggesting the necessity of the non-axial symmetric model.
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Figure 7: Predicted coating thickness distribution using the 3D analytical model (Equation 8) for
a 3D cylinder workpiece.

The tangential direction results in Figure 8 show that the 3D analytical model has an excellent
agreement with the FE model and Fuke’s 2D axial symmetrical model [2]. Therefore the 3D
analytical model can be used with confidence for predicting coating thickness in a cylinder

workpiece.
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Figure 8: Normalized thickness distribution along the tangential direction of the cylinder,
including the 3D analytical model in this study, the 3D FE model[11], and the 2D analytical
model [2].

3.3 Sphere workpiece
The thickness distribution using the sphere model (Equation 11) is shown in Figure 9. Similar to
the disk model, it shows axial symmetry, with the center as the maximum. The cross-sectional

distribution shows a quadratic characteristic that was also shown in Ref. [2].
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Figure 9: Predicted coating thickness distribution using the 3D analytical model (Equation 11)
for a sphere workpiece.

Figure 10 shows the normalized thickness distribution on the sphere workpiece surface, using
both the analytical solution and the FE model, along with the two divergence angles a4, and a, It
is noted that there is a small discrepancy between the two methods. This is because, in the FE
model, a fitting step of the temperature distribution on the workpiece surface is required, for

converting the temperature field to the coating thickness distribution [11].
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Figure 10: Normalized thickness distribution in a sphere workpiece, including 3D FEM and 3D
analytical model in this study.

3.4 Ellipsoid workpiece
Using the FE model [11], the predicted thickness distributions in the sphere (a/b=1) and
ellipsoids with two axis ratios (a’/b = 1.5 and 2) are given in Figure 11. The sphere workpiece

shows an axial symmetry, while the ellipsoid workpieces are different based on the directions.
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Figure 11: 3D FE model results of the normalized coating thickness in a 3D sphere (a/b=1), and
ellipsoid (a/b=1.5 and a/b=2) workpieces.

As shown in Figure 12, the thickness distributions along the long-axis direction (case a) are
different from the short-axis direction (case b). The long-axis direction has a more even
thickness distribution in the oy angle range, indicating the need for the non-axial symmetric

model.
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Figure 12: Predicted coating thickness distribution using the 3D analytical model (Equation 12)
for an ellipsoid workpiece (a/b=2).

Due to symmetry, half of the coating thickness distributions along the ellipsoid surface are
plotted, as shown in Figure 13. As the axis ratio, a/b increases from 1 to 2, the workpiece is
stretched from a sphere to an elongated ellipsoid. The coating thickness is also spread along the
long axis direction. Also in Figure 12, both the 3D analytical and FE models show a similar trend
in the coating thickness distribution. The difference between the two models is caused by the

temperature conversion procedure used in the FE model.
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Figure 13: Normalized thickness distributions in ellipsoid workpieces in ellipsoids with different
a/b ratios (a/b=1, 1.5, and 2), including the 3D FE and 3D analytical models in this study.

Conclusions

In this work, 3D analytical models for non-axial symmetric workpieces, including ellipsoid and
cylinder, are derived to predict the coating thickness distributions in the EB-PVD process.
Additionally, 3D analytical models for axial symmetric workpieces, including disk and sphere

are presented. The major conclusions are summarized below.

1. For the disk workpiece, the derived 3D analytical model agrees well with the FE model,
Fuke’s 2D analytical model, and experimental data, suggesting the validity of our 3D
analytical model.

2. For the cylinder workpiece, the 3D model shows that the axial direction, which is not
available in Fuke’s 2D model, has a more uniform distribution on the edge, suggesting

the necessity of the non-axial symmetric model.

18



3. For the sphere workpiece, similar to the disk model, there is an axial symmetry. The
cross-sectional distribution in the 3D model shows a quadratic characteristic, the same as
in Fuke’s 2D model.

4. For the ellipsoid workpiece, the long-axis direction has a more even thickness
distribution than the transverse direction, indicating the need for the non-axial symmetric

model.
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