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Eigenvalues of Bethe vectors in the Gaudin model

A. 1 Molev and E. E. Mukhin

Abstract

A theorem of Feigin, Frenkel and Reshetikhin provides expressions for the eigen-
values of the higher Gaudin Hamiltonians on the Bethe vectors in terms of elements
of the center of the affine vertex algebra at the critical level. In our recent work,
explicit Harish-Chandra images of generators of the center were calculated in all
classical types. We combine these results to calculate the eigenvalues of the higher
Gaudin Hamiltonians on the Bethe vectors in an explicit form. The Harish-Chandra
images can be interpreted as elements of classical W-algebras. We provide a direct
connection between the rings of ¢-characters and classical W-algebras by calculating
classical limits of the corresponding screening operators.
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1 Introduction

In their seminal paper [7], Feigin, Frenkel and Reshetikhin established a connection between
the center 3(g) of the affine vertex algebra at the critical level and the higher Gaudin
Hamiltonians. They used the Wakimoto modules over the affine Kac-Moody algebra g to
calculate the eigenvalues of the Hamiltonians on the Bethe vectors of the Gaudin model
associated with an arbitrary simple Lie algebra g. The calculation depends on the choice
of an element S of the center and the result is written in terms of the Harish-Chandra
image of S; see also [§], [9] and [24] for a relationship with the opers and generalizations
to non-homogeneous Hamiltonians.

The center 3(g) is a commutative associative algebra whose structure was described by
a theorem of Feigin and Frenkel [6], which states that 3(g) is an algebra of polynomials in
infinitely many variables; see [10] for a detailed exposition of these results. Simple explicit
formulas for generators of this algebra were found in [5] for type A and in [15] for types
B, C and D; see also [4] and [I7] for simpler arguments in type A and extensions to Lie
superalgebras. The calculation of the Harish-Chandra images of the generators in type A
is straightforward, whereas types B, C' and D require a rather involved application of the
g-characters; see [16]. Our goal in this paper is to apply these results to get the action of
the higher Gaudin Hamiltonians on tensor products of representations of g in an explicit
form and calculate the corresponding eigenvalues of the Bethe vectors. In type A we thus
reproduce the results of [I9] obtained by a different method based on the Bethe ansatz.

We will begin with a brief exposition of some results of [7] and [9]. Our main focus
will be on Theorem 6.7 from [9] expressing eigenvalues of a generalized Gaudin algebra on
Bethe vectors in terms of opers associated with tensor products of Verma modules. Then
we will apply this theorem to the classical Lie algebras to write explicit Gaudin operators
and their eigenvalues on Bethe vectors.

A connection between the Yangian characters (or g-characters) and the Segal-Sugawara
operators played an essential role in the calculation of the Harish-Chandra images in [16].
We will explore this connection further by constructing a map gr taking a character to an
element of the associated classical W-algebra. We will also establish multiplicativity and
surjectivity properties of this map.

2 Feigin—Frenkel center and Bethe vectors

Let g be a simple Lie algebra over C equipped with a standard symmetric invariant bilinear
form ( , ) defined as a normalized Killing form

1
(X,Y) = 575 tr (ad X adY), (2.1)



where hY is the dual Coxeter number for g. The corresponding affine Kac—Moody algebra
g is defined as the central extension

i-oltt]@CK, (2.2)

where g[t, 7] is the Lie algebra of Laurent polynomials in ¢ with coefficients in g; see [14].
For any r € Z and X € g we set X[r] = X¢". The commutation relations of the Lie
algebra g have the form

(X[, Y[s]] = (X, Y][r+ 8] +76, (X, Y)K, XY eg,

and the element K is central in g.

The universal enveloping algebra at the critical level Ug;(g) is the quotient of U(g) by
the ideal generated by K + hY. Let I denote the left ideal of U.;(g) generated by g[t] and
let Norm I be its normalizer,

NormI = {v € Uyi(g) | Iv C I}.

The normalizer is a subalgebra of U.;(g), and I is a two-sided ideal of NormI. The Feigin—
Frenkel center 3(g) is the associative algebra defined as the quotient

3(g) = NormI/L. (2.3)
Any element of 3(g) is called a Segal-Sugawara vector. The quotient

‘/cri(g) = Ucrl(/g\)/l (24)

is the vacuum module at the critical level over g. It possesses a vertex algebra structure.
As a vector space, Vi(g) is isomorphic to the universal enveloping algebra U(g_), where
g_ = t'g[t!]. Hence, we have a vector space embedding

3(g) = Ulg-)-

Since U(g_) is a subalgebra of Ug;(g), the embedding is an algebra homomorphism so that
the Feigin-Frenkel center 3(g) can be regarded as a subalgebra of U(g_). This subalgebra
is commutative which is seen from its identification with the center of the vertex algebra
Veri(g) by

3(9) = {v € Veu(g) | gftJo = 0}, (2.5)

As a vertex algebra, the vacuum module V,,;(g) is equipped with the translation operator

T Vari(9) = Vari(9), (2.6)



which is determined by the properties
T:1—0 and [T.X[r]] =—rX[r—1], Xeg

We also regard T' as a derivation of the algebra U(g_). Its subalgebra 3(g) is T-invariant.
By the Feigin-Frenkel theorem, there exist elements Si,...,S, € 3(g), where n = rank g,
such that all elements T'" S are algebraically independent, and every Segal-Sugawara vector
is a polynomial in these elements:

3@ =C[T"S, |l=1,...,n, r

WV

0l. (2.7)

We call such a family Sy,...,S, a complete set of Segal-Sugawara vectors.

Choose a Cartan subalgebra h of g and a triangular decomposition g =n_@® h S n,.
Consider U(g_) as the adjoint g-module by regarding g as the span of the elements X [0]
with X € g. Denote by U(g_)" the subalgebra of h-invariants under this action. Consider
the left ideal J of the algebra U(g_) generated by all elements X [r] with X € n_ and r < 0.
By the Poincaré-Birkhoff-Witt theorem, the intersection U(g_)" N J is a two-sided ideal
of U(g_)" and we have a direct sum decomposition

U@-)" = (U@-)" nJ) @ U(h-),
where 6_ = t~!p[t~1]. The projection to the second summand is a homomorphism
U(@-)" - U(h-) (2.8)

which is an affine version of the Harish-Chandra homomorphism. By the Feigin—Frenkel
theorem, the restriction of the homomorphism (2.8)) to the subalgebra 3(g) yields an iso-
morphism

f:3(8) — W(e), (2.9)
where W(Lg) is the classical W-algebra associated with the Langlands dual Lie algebra Lg;
see [10] for a detailed exposition of these results. The W-algebra W(Lg) can be defined as a
subalgebra of U(H_) which consists of the elements annihilated by the screening operators;
see [10, Sec. 8.1] and also [16] for explicit formulas in the classical types.

Given any element x € g* and a nonzero z € C, the mapping

U(g-) — U(g), X[r]— Xz2"+0,-1x(X), Xe€g, (2.10)

defines an algebra homomorphism. Using the coassociativity of the standard coproduct on
U(g_) defined by
AY—»YR1+1QY, Yeg.,

for any ¢ > 1 we get the homomorphism
U(g-) — U@-)"* (2.11)
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as an iterated coproduct map. Now fix distinct complex numbers zq,..., 2z, and let u be a
complex parameter. Applying homomorphisms of the form (2I0) to the tensor factors in
(2.110)), we get another homomorphism

T U(g) — U(g)®, (2.12)

given by
¢

U X[ =) Xa(za —u)" + 6,21 X(X) € U(g)®",
a=1
where X, = 18071 @ X ® 19¢—9); see [24]. We will twist this homomorphism by the
involutive anti-automorphism

<:U(g-) > U(@-), X[r]——-X[r], Xeg, (2.13)
to get the anti-homomorphism
®: U(g-) — Ug)™", (2.14)

defined as the composition ® = ¥ o . Since 3(g) is a commutative subalgebra of U(g_),
the image of 3(g) under @ is a commutative subalgebra A(g), of U(g)®¢, depending on the
chosen parameters zi, ..., z;, but it does not depend on u [24]; see also [9, Sec. 2].

Introduce the standard Chevalley generators e;, h;, f; with ¢ = 1,...,n of the simple
Lie algebra g of rank n. The generators h; form a basis of the Cartan subalgebra b of g,
while the e; and f; generate the respective nilpotent subalgebras ny and n_. Let A = [a;;]
be the Cartan matrix of g so that the defining relations of g take the form

lei, f5] = dijhi, [hi, hy] = 0,
[hisej] = aije;, (i, fi] = —ai; fj,
together with the Serre relations; see e.g. [14]. Given A € bh*, the Verma module M), is
the quotient of U(g) by the left ideal generated by n, and the elements h; — A(h;) with
1=1,...,n. We denote the image of 1 in M, by 1,.
For any weights Ai,..., Ay € b* consider the tensor product of the Verma modules
My, ®...®@M,,. We will now describe common eigenvectors for the commutative subalgebra

A(g), in this tensor product. For a set of distinct complex numbers wy, . . ., w,, with w; # z;
and a collection (multiset) of labels iy, ... 4, € {1,...,n} introduce the Bethe vector

qﬁ(wil,,w;’f) E]\4>\1 ®“‘®M>\e
by the following formula which originates in [25]; see [2] and also [7], [21] and references

d)(wil’,,_,wfgf)z Z ®Hﬁ Hfirl)\k, (215)

s Js+1 perk

therein:



summed over all ordered partitions I U I? U --- U I* of the set {1,...,m} into ordered
subsets I = {j}, j5,...,j& } with the products taken from left to right, where Wik, = 2
for s = ay.

Now suppose that xy € h*. We regard y as a functional on g which vanishes on n, and
n_. The system of the Bethe ansatz equations takes the form

¢ .« .«
27)\1 159 Qig .

Z(aj >_ZM:<@.J_,X>, i=1,....m, (2.16)
i

- w
=1

where the «; and ¢&; denote the simple roots and coroots, respectively; see [14].

We are now in a position to describe the eigenvalues of the Gaudin Hamiltonians on
the Bethe vectors. Given the above parameters, introduce the homomorphism from U(H_)
to rational functions in u by the rule:

o: Hl—r —1] — = H(u), Hebh, r=>=0, (2.17)

where

Let S € 3(g) be a Segal-Sugawara vector. The composition gof of this homomorphism with
the isomorphism (2.9) takes S to a rational function o(§(S)) in u. Furthermore, we regard
the image ®(S) of S under the anti-homomorphism (2.I4) as an operator in the tensor
product of Verma modules M), ® ... ® M,,. The following is essentially a reformulation
of Theorems 6.5 and 6.7 from [9]; in the case x = 0 the result goes back to [7, Theorem 3].

Theorem 2.1. Suppose that the Bethe ansatz equations (2.10) are satisfied. If the Bethe

vector ¢(w'', ... wim) is nonzero, then it is an eigenvector for the operator ®(S) with the

etgenvalue o(f(S)). ]

In what follows we will rely on the results of [4], [I5] and [16] to give explicit formulas
for the operators ®(S;) and their eigenvalues o((S;)) on the Bethe vectors for complete
sets of Segal-Sugawara vectors Si, ..., 5, in all classical types.

3 Gaudin Hamiltonians and eigenvalues

We will use the extended Lie algebra g C7 where the element 7 satisfies the commutation
relations

7, X[r]] = —r X[r — 1], [, K] = 0. (3.1)

Consider the extension of (2.9) to the isomorphism

f:38) @ Clr] = W("g) ® Cl7], (3.2)
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which is identical on C|[r].
For an arbitrary N x N matrix A = [A;;] with entries in a ring we define its column-
determinant cdet A and row-determinant rdet A by the respective formulas

cdet A = Z sgno - Ay - - - Ao (3.3)
ceG N
and
rdet A = Z sgno - Alg(l) Ce ANJ(N), (34)
ceG N

where G denotes the symmetric group.

3.1 Type A

We will work with the reductive Lie algebra gl rather than the simple Lie algebra sly of
type A. We let E;; with 4,5 = 1,..., N be the standard basis of gly. Denote by h, n, and
n_ the subalgebras of gly spanned by the diagonal, upper-triangular and lower-triangular
matrices, respectively, so that Fiq,..., Eyy is a basis of b.

We start by recalling the constructions of some complete sets of Segal-Sugawara vectors
for gly. For each a € {1,...,m} introduce the element E[r], of the algebra

EndC"®...®EndC" ®U (3.5)
by N
Elr]e= > 190V ®e; @ 190" @ Eylr, (3.6)

ij=1
where the e;; are the standard matrix units and U stands for the universal enveloping
algebra of QT[N ® Cr7. Let H™ and A™ denote the respective images of the normalized
symmetrizer and anti-symmetrizer in the group algebra for the symmetric group &,, under
its natural action on (C™)®™_ In particular, H™ and A™) are idempotents and we identify
them with the respective elements H™ ® 1 and A™ ® 1 of the algebra (3.5). Define the
elements ¢, 4, ¥ a,0me € U(t7'gly[t7']) by the expansions

tr A (T+E[-11) ...+ E[-1n) = Cmo™" + @1 A R RN (3.7)
tr H(m) (T + E[_1]1> e (T _l_ E[_l]m> = me ,7-771 + wml ,7-771_1 + U + ,lvbmm? (38)
where the traces are taken with respect to all m copies of End C¥ in (3.5)), and

tr (7 + E[-1))" =0,,07" + 0, 7" 4 4 0 (3.9)



Expressions like 7 + E[—1] are understood as matrices, where 7 is regarded as the scalar
matrix 7. Furthermore, expand the column-determinant of this matrix as a polynomial

in 7,
cdet (T+ E[-1])) =7V + o, 7" "+ 4oy, 0, €Ut gly[t™]). (3.10)
We have ¢,,,, = p,, form=1,... N.

Theorem 3.1. All elements ¢, ., 1, . and 0, . belong to the Feigin-Frenkel center 3(gly).

ma
Moreover, each of the families

D1y PN Vi1, UNN and 011,.--,0yN
15 a complete set of Segal-Sugawara vectors for gly. ]

This theorem goes back to [5], where the elements ¢, were first discovered (in a slightly
different form). A direct proof of the theorem for the coefficients of the polynomial ([B.I0)

was given in [4]. The elements v,,, are related to ¢,,, through the quantum MacMahon

ma

Master Theorem of [13], while a relationship between the ¢,,, and 6,,, is provided by a
Newton-type identity given in [3, Theorem 15]. Note that super-versions of these relations
between the families of Segal-Sugawara vectors for the Lie superalgebra gl,,,, were given
in the paper [17], which also provides simpler arguments in the purely even case.

We will calculate the images of the Segal-Sugawara vectors under the involution (2.13)).
We extend it to the algebra U(¢t'gly[t™"]) ® C[r] with the action on C[r] as the identity
map.

Lemma 3.2. For the images with respect to the involution ¢ we have
tr AU (7 + E[-1]1) ... (7 + E[-1],,) = tt A" (7 — E[-1];) ... (T — E[~1],), (3.11)
tr H™ (1 + E[-1]) ... (1 + E[-1],) = tt H™ (7 — E[-1}1) ... (7 — E[-1],), (3.12)
tr (7 + E[-1])" = tr (1 — B[-1])", (3.13)

and
cdet (7 4+ E[—1]) — cdet (1 — E*[-1]), (3.14)

where t denotes the standard matriz transposition.

Proof. The left hand side of (B:I1]) equals a linear combination of expressions of the form

tr A" E[ri]a, ... E[rpla, T (3.15)



with 1 < a; < -+ < a, < m. However, such an expression remains unchanged under any
permutation of the factors Elr;],,. This follows from the commutation relations

E[’/’]a E[S]b — E[S]b E[’/’]a = abE[T + S]b — E[T + S]bPab

for a < b, where

N
Pp=> 190V ge; @ 1% D @e;; @ 190mY) (3.16)
ij=1
is the permutation operator. We only need to observe that A" P,, = P,, A(™ = —A(™)
and use the cyclic property of trace. Hence the image of (3.15]) under ¢ equals

(=1)Ptr A™E[r1]a, ... Elrpla, 7

which verifies (B11]). The same argument proves (B.12). Now (B.I4) follows from the
relation

cdet (7 + E[-1]) = tr AN (7 + E[-1}1) ... (7 + E[-1]w) (3.17)

which is implied by the fact that 7 + E[—1] is a Manin matrix; see [3] for an extensive
review on Manin matrices. Indeed, by (B11]) for the image of (B.I7) under ¢ we get

tr AN (7 — BE[-1)1) ... (1 — E[-1]y) = tr AN (7 — E'[-1}1) ... (7 — B'[-1]n),

where we have applied the transposition ¢ ...ty with respect to all copies of End C" and
used the invariance of AWY) under this transposition. Since 7 — E*[—1] is also a Manin
matrix, the resulting expression coincides with cdet (7‘ - F t[—l]). Finally, (8.13]) follows
from the Newton-type formula connecting the coefficients of the polynomial in ([B.9]) with
those of ([B.I0); see [4, (3.5)]. O

With the parameters chosen as in Sec. 2, suppose that y vanishes on the subspace
n_ @ n, of gly so that we can regard x as an element of h*. Set

Byw) =3 Ele () e gty

u—=z

S}

a=1

Consider the row-determinant rdet (9, + E(u)) of the matrix 9, + E(u) = [8;;0, + Ey;(u)]
as a differential operator in 9, with coefficients in U(gly)®¢. Furthermore, in accordance

with (217), set

)\a(Eii> = OKi»(Eii)
Eii(u) = - - = X(Eii).
=3 S
In all the following eigenvalue formulas for the Gaudin Hamiltonians we will assume

that the Bethe ansatz equations (2.I6) hold.



Theorem 3.3. The eigenvalue of the operator rdet (&L + E(u)) on the Bethe vector (215)
is found by

rdet (9, + E(u)) ¢p(wi, ..., win) = (0 + Enn(w)) ... (Ou + Enn(w)) d(wi, ... wim).

Proof. To apply Theorem 2.1l we will find the image of the polynomial cdet (7‘ +FE [—1])
under the anti-homomorphism ®. We regard ¢ as the map

Ut gyt ™)) @ Clr] = U(gly)®" @ C[a,]
such that 7 — 0,. Note that by definition of the homomorphism (2.12) we have
U: El-1]— —E(u)
and so, by (3.14)),
® : cdet (1 + E[—1]) = cdet(, + E'(u)) = rdet (9, + E(u)). (3.18)

The images of the elements ¢; under the isomorphism (2.9]) for g = gl are easy to
obtain from (3.I0), they are found by

f:cdet(r + E[-1]) = (7 + Exn[—1]) ... (7 + Eu[-1]). (3.19)
Therefore,

oof:cdet(r + E[-1]) = (0 + Enn(w)) ... (Ou + Enr(u))
completing the proof. O

Formula (3.19) can be generalized to get the Harish-Chandra images of the polynomials

B and [B8). We get
f: tr A (7‘ + E[—l]l) (7‘ + E[—l]m) > 6m(’7‘ + Ey[-1],..., 7+ ENN[—I]),
frtr H™ (74 E[=1]1) ...(7 + E[-1]s) = b (7 + En[=1],...,7 + Exn[-1]),

where we use standard noncommutative versions of the complete and elementary symmetric

functions in the ordered variables x4, ..., z, defined by the respective formulas
b (1, .. xp) = Z Tiy - T4 (3.20)
11 <im
em(x1,...,1p) = Z Tiy oo Ty, (3.21)
11> >0

The following corollaries can be derived from Theorem B.3] or proved in a similar way with
the use of Lemma
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Corollary 3.4. The eigenvalues of the operators
tr A (Ou+ E(u)1) ... (0u+ E(u)) and tr H™ (8 + E(u)) ... (0 + E(u)n)
on the Bethe vector (218]) are found by respective formulas
em(au +&n(u),. ..., 0.+ ENN(u)) and hm(ﬁu +&n(u),...,0,+ 5NN(u)).
By [4, Corollary 6.4] we have

-1

f Zz tr 7'+E Hi(l—z T—I—Ell[ 1])>_1---(1—2(7‘+E“~[—1])>

=0 =1
X (1 -z (7‘ + Ei_li_l[—l])> - (1 — (7- + Ell[_1]>>a
where z is an independent variable. So we get the following.

Corollary 3.5. The eigenvalue of the series

2 tr(9, + Et(u))k

WE

B
Il

0

on the Bethe vector (2Z15)) is found by the formula

-1

ﬁ:(l—z B, + En(u ))>_1---<1—z(8u+5“~(u))>
x (1= 200+ &) -+ (1= 2 (00 + En(w) ).

3.2 Types B and D

Now turn to the orthogonal Lie algebras and let g = oy with N = 2n or N = 2n+1. These
are simple Lie algebras of types D,, and B,,, respectively. We use the involution on the set
{1,..., N} defined by i’ = N — i+ 1. The Lie subalgebra of gl spanned by the elements
F,j = E;j — Eyy with 4,5 € {1,..., N} is isomorphic to the orthogonal Lie algebra oy.

Denote by b the Cartan subalgebra of o spanned by the basis elements Fiq,..., Fy,.
We have the triangular decomposition oy = n_ @ b @& n,, where n_ and n, denote the
subalgebras of oy spanned by the elements Fj; with ¢ > j and by the elements Fj; with
1 < j, respectively.

We will use the elements Fj;[r] = Fj;¢" of the loop algebra oy[t,t7!]. Introduce the
elements F[r], of the algebra (8.3) by

N
Flrla =Y _ 120V ®e; @ 190 @ Fy[r], (3.22)

1,j=1
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where U in (3.5) now stands for the universal enveloping algebra of oy @ Cr.
For 1 < a < b < m consider the operators P,; defined by (B.I6) and introduce the
operators

N
Qup = Z 181 o ei; ® 1806-a-1) & ey ® 1®8(m=b).
i,j=1

Set
1 P, Q
(m):_ ab N ab
S m! H (l_l_b—a N/2+b—a—1>’ (3:23)

" 1<a<b<m

where the product is taken in the lexicographic order on the pairs (a,b). The element
(B:23)) is the image of the symmetrizer in the Brauer algebra B,,(/N) under its action on
the vector space (CV)®™. In particular, for any 1 < a < b < m for the operator S we
have

S Qup = Qup S™ =0  and  S™ P, = P, S = §m), (3.24)

The symmetrizer admits a few other equivalent expressions which are reproduced in [15].
We will use the notation w2

mw) = —— 3.25

Ym(W) =~ 5 (3.25)

and define the elements ¢,,, € U(¢t"'on[t™!]) by the expansion
Yo (N) tr ST (7 4+ F[=11) o (7 + F~ 1) = 0o ™™ + @1 T+ 4 Oy (3.26)

where the trace is taken over all m copies of End C". By the main result of [15], all coeffi-
cients ¢,,, belong to the Feigin—Frenkel center 3(ox). In the even orthogonal case g = 0g,
there is an additional element ¢! = Pf F[—1] of the center defined as the (noncommutative)
Pfaffian of the skew-symmetric matrix F[—1] = [ﬁ’ij[—lﬂ,

~ 1 ~
PEF[-1] = o > sgno - Fogyoe (1] - Fopn-1)oen[—1], (3.27)

0'66277,

where ﬁij[—l] = Fjy[—1]. The family ©y9,©4ss-- -, Pono, 15 a complete set of Segal-
Sugawara vectors for 09,11, whereas ©oo, ©a4s - - s Pon_29n_2, ¥y, 18 & complete set of Segal-
Sugawara vectors for 0o,,.

We extend the involution ([2.I3) to the algebra U(t'oy[t7']) ® C[r] with the action
on C[7] as the identity map.

Lemma 3.6. The element ([3:26)) is stable under <. Moreover, in type D,, we have

¢ : PfF[—1] = (=1)"Pf F[-1]. (3.28)

12



Proof. The same argument as in the proof of Lemma shows that the image of (3.26))
under the involution ¢ equals

Y (N) tr S (7 — F[—1]1) ... (7 — F[1],n). (3.29)
Indeed, this is implied by ([3.:24)) and the commutation relations
F[’/’]a F[S]b — F[S]b F[’/’]a = (Pab — Qab) F[’f’ -+ S]b — F[T —+ S]b (Pab — Qab)

for a < b. By applying the simultaneous transpositions e;; — e;. to all m copies of End CV
we conclude that ([3:29]) coincides with (B:26]) because this transformation takes each factor
7 — F[-1], to 7 + F[~1], whereas the operator S™ stays invariant. Relation (3.28) is
immediate from (B.27). O

By the main results of [16], the image of the polynomial (3:26) under the isomorphism
[B2) is given by the formula:

P (T + Fuu[=1], ..., T+ Fpn[=1], 7 — Fou[=1],...7 — Fuu[-1]),
for type B, and by
sh(T+ Ful=1],..., 74+ Fooinal[=1],7 = Fou[-1],...7 — Fiu[-1])
+2 hon (T+Fu 1], . T+ Fpn [ 1), 7= Fo1 o[- 1], . 7= Fia [—1]),
for type D,,. The latter sum can also be written in the form
b (7 + Fia[=1],..., 7+ Fop=1),7 — Fpu[—1], ... 7 — Fiu[—1])

— Y m(r+Pul-1],.., 7+ Foa[-1) thi(r = Fuul-1]....,7 — Fu[-1]).

k+l=m—1

Furthermore, the image of the element ¢, in type D, is given by
(Fiu[=1] = 7) ... (Fual-1] = 7) 1, (3.30)

where 7 is understood as the differentiation operator so that 71 = 0; see also [23] for a
direct calculation of the Harish-Chandra image of ¢, .

Choose parameters as in Sec. 2] and suppose that y vanishes on the subspace n_ & n
of ox so that we can regard x as an element of h*. Set

Py = Y e (k) € Ulon)®.
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In accordance with (ZI7) set

a = al F)
zz :Zu Zuj w; zz)

a=1 7j=1

>

In the case g = 04, define the operator

Z Sgno - Fo‘(l) a(2 )( )...Fa(gn_l)a(gn)(u), (331)

c€BGap

Pt F(u) =

Q"n'

where E](u) = Fj/(u). As before, we will assume that the Bethe ansatz equations (2.16)
hold.

Theorem 3.7. The eigenvalue of the operator
V(N tr S8, + F(u)1) ... (On + F (1)) (3.32)
on the Bethe vector ([ZI5)) is found by
P (O + Fr1(w), ..., Oy + Fon(w),0p — Frn(u), ... 00 — Fr1(w))
for type B,,, and by

%hm(au+-F11(u>7’”78u+fn—1n—1(u)7au_-an( ) 8 _-Fll( ))

+ 2 hn (00 + Fra(w), .., Oy + Frn(u), 0y — Fucino1(u), ... 0y — Frr(u))
for type D,,. Moreover, the eigenvalue of the operator Pfﬁ(u) wn type D, is given by
(Fii(u) = 0y) ... (Fanlu) — 0y) 1. (3.33)
Proof. We apply Theorem 2.T] again and regard ® as the map
®:U(t 'on[t™"]) ® C[r] = U(on)®* @ C[0,]
such that 7 — 0,. By the definition of the homomorphism (2.I12]) we have
U F[—1] = —F(u).

Hence, using the equivalent formula (3.29)) for the polynomial (3.26]) we find that its image
under ® coincides with the operator ([8.32). The proof of the first part of the theorem is
completed by using the formulas for the images of (3.26) under the respective isomorphisms
([B2) recalled above. Finally, by Lemma 3.6 in type D,,

& : Pf F[-1] — Pf F(u)

so that the last claim follows by using formula (330) for the image of Pf F[—1] under the
isomorphism (2.9]). O

14



Corollary 3.8. The eigenvalue of the generating function

( Z(—z)m Yoo (N) tr S (9, + F(u)1) ... (9, + F(u)m)) (3.34)

m=0

on the Bethe vector (2.18)) is found by
(14 (Ou=Fri()2) .. (14 (Ou=Fan(@)2) (14 @+ Fanlw))2) . (14 (0 + Fir () 2)

for type B, and by
(1 + (0u - fll(u))Z) . (1 + (au — fnn(u))z> (1 L 0uz) -1

X (1 + (0, +]-",m(u))z> (1 + (0, +f11(u))z)

for type D,,.

3.3 TypeC

We identify the symplectic Lie algebra g = sp,,, with the Lie subalgebra of gl,, spanned
by the elements Fj; = E;; — ¢;e; Epp with 4,5 € {1,...,2n}, where ¢/ = 2n —i+ 1 and
gg=1fori=1,....nandeg;=—1fort=n-+1,...,2n.

Denote by b the Cartan subalgebra of sp,,, spanned by the basis elements Fiy, ..., Fp,.
We have the triangular decomposition sp,, = n_ ® b & n,, where n_ and n; denote the
subalgebras of sp,, spanned by the elements F}; with ¢ > j and by the elements Fj; with
1 < j, respectively.

We will use the elements Fj;[r] = F;;t" of the loop algebra sp,,[t,t™!]. Introduce the
elements F'[r], of the algebra (B3] by

2n
Flrlo =Y _ 1%V ®e; @190 @ Fy[r], (3.35)

1,j=1

where U in (3.5) now stands for the universal enveloping algebra of sp,, & Cr.
For 1 < a < b < m consider the operators P,; defined by (B.16) and introduce the
operators

2n
Qab = Z €i&j 1®(a—1) ® €ij ® 1®(b_a_1) ® it jt X 1®(m—b).
ij=1
For 1 <m < n set
gom — L I1 (1 _ Qab >’ (3.36)
m! b—a n—-b+a+1l
1<a<bs<m



where the product is taken in the lexicographic order on the pairs (a,b). The element
(3:30)) is the image of the symmetrizer in the Brauer algebra B,,(—2n) under its action on
the vector space (C?")®™. Use the notation ([3.25) to introduce the polynomial in 7 by

Yo (—20) tr S (7 + F[~1]1) ... (T 4+ F[=1n) = @ ™"+ o1 T 4+ Gy (3:37)

where the trace is taken over all m copies of End C?". By the results of [15], the values of
m in ([B37) can be extended to the range 1 < m < 2n (and, in fact, for m = 2n + 1 as
well) to get a well-defined polynomial in 7. Moreover, the family ©oq, 044 -+ Popap 1S a
complete set of Segal-Sugawara vectors for sp,,,.

Extend the involution ([2I3) to the algebra U(t~'sp,,[t7!]) @ C[r] with the action on
C|[r] as the identity map.

Lemma 3.9. The element ([337) is stable under s.

Proof. The proof is the same as for Lemma [3.6, which also provides an equivalent formula
Y (—2n) tr S (7 — F[—1]y) ... (1 — F[~1],) (3.38)

for the polynomial ([B.37). O

By the main result of [I6], the image of the polynomial (3.37) with 1 < m < 2n +1
under the isomorphism (B.2)) is given by the formula:

em (T4 Fuu[=1],..., 7+ Fon[-1], 7,7 — Fou[-1],...7 — Fi[-1]),

where we use notation (3.21]).
With parameters chosen as in Sec. 2, suppose that x vanishes on the subspace n_ ®n
of sp,,, so that we can regard y as an element of h*. Set

Fy(u) =) )

a
U — 2,

— X(Fj) € Ulspz,)™".

a=1

In accordance with (2.17) set

Q

i, (F3i)

a(ﬂi) N =
7 U — Zq ]2:;

As before, we will assume that the Bethe ansatz equations (2.16]) hold.

-

Fii(u) = — Xx(Fii).

IS

a;

Theorem 3.10. For any 1 < m < 2n + 1 the eigenvalue of the operator
Y (—2n) 11 S (0, + F(u)1) ... (Ou + F(w)m) (3.39)
on the Bethe vector (2.18)) is found by
m (Ou + Fri(w), ..., 0w + Frn(w), 04, 0y — Frn(u), ... 0, — Fir(u)).
Proof. This is derived from Theorem 2.Iland Lemma[3.9as in the proof of Theorem 3.7l O
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3.4 Connection with the results of [19] and [20]

Theorem was previously proved in [19] is a slightly different form; see Theorem 9.2
there. We will make a connection between these results by showing that one is obtained
from the other by using an automorphism of the current algebra. The notation of [19]
corresponds to ours (we used the settings of [7] and [9]) as follows. The highest weights

A = (A}, ..., AY) correspond to our ), so that A} = \y(E};); the evaluation parameters z;
are the same. The diagonal matrix K = diag [K71,..., Ky] corresponds to our element —x
so that K; = —x(Ej;). Finally, the collection of nonnegative integers £ = (¢4, ..., V1)
gives rise to our multiset of simple roots a;, where oy = & — g1 occurs €' times for
each [ =1,..., N — 1. The corresponding variables 1, ... ,tél, N ,téVN_}l are then
respectively identified with our parameters wy,...,w, with m = [¢|. The coroots ¢

coincide with the elements Ej; — Ej41;11 so that the Bethe ansatz equations (9.3) in [19)]
turn into (2.I6). Using this correspondence between the settings, we can now state [19]
Theorem 9.2 in our notation as the relation

cdet (9, — E(u)) p(wi, ..., wir) = (8, — En(w)) ... (0, — Enn(w) p(wi, ... wir)

for the eigenvalue of the operator cdet (9, — E(u)) on the Bethe vector (2I5). This relation
is implied by Theorem by twisting the action of U(gly) on each Verma module M),
by the automorphism FE;; — —E;;, where i = N — i+ 1. The automorphism takes
rdet (8, + E(u)) to cdet(d, — E(u)) and &;(u) to —Epy (u).

We also make a connection of Theorems [3.3] .7 and [3.10] with formulas for universal
differential operators corresponding to populations of critical points of the master functions
associated with flag varieties; see [20]. With the recalled above notation of [19], we follow
[20] to introduce polynomials in type A,

and

Then the eigenvalue of the Bethe vector in Theorem with x = 0 coincides with the
differential operator

ﬁ (au I _Ta(“;jz—)l(W) (3.40)

rewritten in our notation, where we set yo(u) = yny(u) = 1; see [20, Sec. 5.2].
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Using a similar notation, in type B, set

¢ go
TE(u) = H(u—zk)AZ and yB(u) = H(u—t;), a=1,...,n. (3.41)
k=1 p=1

Then the coefficient of 22" in the eigenvalue in type B, (see Corollary B.8)) coincides with
[B.40), if we take N = 2n and set

Ya(U) = Yon—a(u) =y (u)  for a=1,...,n

and
To(w) = Top_qs1(u)™ = T5 () for a=1,...,n;

cf. 20, Sec. 7.1]. In type C,, introducing T (u) and y%(u) for a = 1,...,n as in (3.4,
we find that the eigenvalue of the operator with m = 2n + 1 in Theorem [B.10]is given by
(3.40) with N = 2n + 1, where we set

(u) (u) Ya (u) for a=1,....n—-1
a u) = n—a u) =
e 1) CH
and

Ty (u for a=1,...,n

Ta(u> = T2n—a+2(u)_l = ( )

1 for a=n+1;

cf. [20, Sec. 7.2].

4 From g¢-characters to classical }VV-algebras

The Harish-Chandra images of the Segal-Sugawara elements (3.206) and (3.37)) in types B,
C and D were calculated in [16] by taking a classical limit of certain Yangian characters
(or g-characters). Our goal in this section is to prove general results providing a connection
between the rings of g-characters and the corresponding classical W-algebras. We will rely
on the original work [12] for the basic definitions and properties of the g-characters; see
also [11]. However, we will use an equivalent additive version of the character ring as in [22]
and indicate the connection between the notation in Remarks [4.1] and 4.3 below. Although
this version can be introduced independently via the Yangian representation theory, we
will not make a direct use of the Yangians which will only appear in the notation Rep Y(g)
for the ring of characters; cf. [16].

The screening operators for classical W-algebras are constructed as limits of certain
intertwiners between g,-modules at a level k, as kK — —h"; see [10, Ch. 7]. They can
also be obtained by applying a Chevalley-type theorem to the W-algebras defined in the
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context of classical Hamiltonian reduction; see, e.g., [I§]. It was conjectured in [12] and
proved in [IT], that the ring of characters can be defined as the intersection of the kernels
of the screening operators. We will apply a classical limit procedure to derive the screening
operators characterizing elements of the W-algebra; cf. [12) Sec. 8]. The main result of
[16] will play an important role in the proof of the surjectivity of the procedure.

4.1 Type A
Introduce the algebra of polynomials
L=C[N(a)]i=1,...,N,a€C]

in the variables A;(a). For every i € {1,..., N —1} consider the free left £-module £; with
the generators o;(a), where a runs over C and denote by L; its quotient by the relations

Ai(a) oi(a) = Ni1(a) oi(a+ 1), aeC. (4.1)

Define the linear operator §, L — EZ by the formula

Ai(a) oi(a) for j=1
Si: Aj(a) = { =M (a) oi(a + 1) for j=i+1 (4.2)
0 for j#idi,1+1
and the Leibniz rule N B B
S;(AB) = BS;(A) + AS;(B). (4.3)

Now the i-th screening operator
is defined as the composition of S; and the projection Li— L,

In accordance with [IIl Theorem 5.1], we can define the subalgebra Rep Y(gly) of
Yangian characters in £ as the intersection of kernels of the screening operators:

N-1
Rep Y(gly) = ) ker S;.
=1

Remark 4.1. Our variables \;(a) and o;(a) correspond to A; 2. and S; jea+i—1 from [12],

1,

respectively; cf. [22]. O

Now we recall the definition of the classical W-algebra W(gl,) via screening operators
as in [10, Sec. 8.1]; see also [16] and [I§]. With the notation as in Sec. Bl we will regard
U(H_) as the algebra of polynomials in the variables E;[r] with i = 1,..., N and r < 0.
The screening operators

V,:U®b)—> UG, i=1,...,N—1
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are defined by

0 0
Vi= ZV (aEu —r —1] - OFii1im|—1 — 1]>7

where the coefficients V;[,) are found from the expansion of a formal generating function in

ZV o — exp Z 22 Z+1Z+1[ m] P

The classical W-algebra W(gly) is a subalgebra of U(E_) defined as the intersection of
kernels of the screening operators:

a variable z,

Wi(gly) = ﬂ ker V.

We will now construct a map gr : Rep Y(gly) — W(gly) and describe its properties.
First, embed L into the algebra of formal power series C[[)\Er)]] in variables )\Er) with
1=1,...,Nand r=0,1,... by setting

0 (r)
M@HE:;f. (4.4)
r=0 ’

Identify the formal power series in the )\Er) with those in new variables uy) defined by

A1 449  and AP =4 for r>1 (4.5)

)

Define the degrees of the new variables by deg uy) = —r — 1. Given A € L, consider the

corresponding element (C[[,ugr)]] and take its homogeneous component A of the maximum

degree. This component is a polynomial in the variables ,um

.~ and so we have a map

gr:£L—Cl"),  A-A (4.6)
Note its property which is immediate from the definition:
gr(AB) = gr(A) gr(B). (4.7)

In the following proposition we identify U(E_) with the algebra of polynomials C [ugr)]
via the isomorphism Ey[—r — 1] — ,ugr)/r!.

Proposition 4.2. The image of the restriction of the map ([A0) to the subalgebra of char-
acters Rep Y(gly) is contained in W(gly) and so it defines a map

gr: Rep Y(gly) = W(gly)-

Moreover, any homogeneous element of W(gly) is contained in the image of gr.
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Proof. Similar to (4.4, introduce variables O’ ) by the expansion

oo (r)
oi(a) — Z g (4.8)

rl
r=0

and set deg 02-(” = —r — 1. Regarding a as a formal variable in (41]) and (4.2]), write the

screening operators in terms of the variables ,ulm. Explicitly, for ¢ = 1,..., N — 1 define

operators

Se Clld”)] = [, o))/~ (4.9)

where the target space is the quotient of C[[u] , 0, ]] by the relations (4.I)) written in

terms of the ,ul. ) with a understood as a variable. Set

(14 1) 0 for j—i
(0) (0) o
S —(1+/~%+1)Zk! for j=1+1
k>0
0 for j#i4,1+1
\
and
S Mg@ = 0" <S (Mgo))> r>=1,
where the derivation 0 acts on the variables by the rule
0 : ujr) > ,ug-rﬂ), ( ) O'(T—H) r>0.

The action of S? then extends to the entire algebra C [[,ujr ]] via the Leibniz rule as in (£.3).

Now suppose that A € Rep Y(gly) so that S;A =0 for all i = 1,..., N — 1. Denote
by A° the corresponding element of C[[uy)]]. By the definition of the operators S, their
restriction to the subalgebra £ coincides with the action of the respective operators S;.
Therefore, S A° = 0. Taking the top degree component A of A° we can write

S2A° = S; A + lower degree terms,

where the operator S; is given by

o; for j=1
S; ,ug-r) = —JZ.(T) for j=i+1 (4.10)
0 for j#idi,14+1

On the other hand, relations (4.1]) give

(@) = (14 (@) 22 (o) (4.11)
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where ai(k)(a) is defined as the k-th derivative over a from (4.8)) and

Regarding a as a variable, we get from (AII]) a sequence of relations by comparing the
coefficients of the same powers of a. The top degree components in these relations are
homogeneous relations which can be written in terms of generating functions in the form

oi(2) = (Mi(z) - /~Li+1(z>) oi(z)

so that for the images under S; we have
Simle) s e [ () = ma(@) d i) —exp [ ((:) = i (2) d

and S; : p;(z) — 0 for j # i,i+ 1. However, this coincides with the action of the operator
V; on the series

uk(z):ZEkk[—’F—l]Zr, k‘:l,...,N.
r=0

Thus, we may conclude that if an element A € L is annihilated by all operators S;, then
its image A under the map (&6 is annihilated by all operators V; completing the proof of
the first part of the proposition.

The second part follows from [16], where generators of the algebra WW(gly ) were obtained
as images of certain elements of £ under the map gr. 0J

4.2 Types B, C'and D

We let g denote the orthogonal Lie algebra oy (with N = 2n or N = 2n + 1) or the
symplectic Lie algebra spy (with N = 2n). Introduce a parameter k by kK = N/2—1 in the
orthogonal case and K = N/2 + 1 in the symplectic case. As before, we set i/ = N —i + 1.

Consider the algebra of polynomials in variables \;(a) with ¢ = 1,...,N and a € C
and denote by £ = L(g) its quotient by the relations

)\i(a + K — Z) )\i’ (CL) = )\i+1(a + K — Z) )\(i+1)/(a), a < (C, (412)
for e = 0,1,...,n —11if g = 09, or sp,,, and for i = 0,1,...,n if g = 09,41, Where
>\0(a) = )\0/(@) =1. _

For ¢ = 1,...,n consider the free left £L-module £; with the generators o;(a), where a

runs over C and denote by L; its quotient by the relations
)\i(a)ai(a) :>\Z‘+1(CL>O'Z'(CL+1), 1= 1,...,71,—1, CLGC, (413)
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together with

An(a) op(a) = Nyi(a) op(a+1/2), for  g= 09,11
An(a) op(a) = Nyi(a) op(a +2), for g =sp,, (4.14)
A—1(a) op(a) = Aya(a) op(a + 1), for g = 09y.
For every i € {1,...,n} define a linear operator Si: L — L satisfying the Leibniz rule

@3). Fori=1,...,n— 1 set

(

Ai(a) oi(a) for j=1
—Ait1(a) oi(a+1) for j=i+1
S; : Aj(a) = S =Ai(a)oi(a+r —i+1) for j=17 (4.15)
N1y (a) oi(a + Kk — 1) for j=(@G+1)
0 for j#£i,di+1,0+1).

The action of S,, depends on the type and is given as follows.

Case g = 09,410 Sy Aj(a) = 0if j <norj>n'and

An(a) = Ap(a) (on(a) + on(a —1/2))
Ana1(a) = s (a (an a—1/2)—o,(a+ 1/2))
A (@) (a) (on(a) + on(a+1/2)).

Case g =sp,,,: S, :Aj(a) = 0if j <norj>n'and
(@) = \p(a) o (a)
A (@) —= = (a) op(a + 2).

Case g =0y, Sp:Aj(a)—0ifj<n—1orj>(n—1) and

An—1(a) = Ap_1(a) on(a)
An(a) = An(a) oy (a)
A (@) = = (a) op(a+ 1)

)‘(n—l)’ (a) —> _)‘(n—l)’ (CL) O'n<CL —'— 1)

The relations (4.12]) are easily seen to be preserved by the action of the S; so that the
operators on L are well-defined. The i-th screening operator
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is now defined as the composition of §Z and the projection ZZ — L;.
Due to [IT, Theorem 5.1], we can define the subalgebra Rep Y(g) of Yangian characters
in £ as the intersection of kernels of the screening operators:

RepY(g) = ﬂ ker S;.
i=1

Remark 4.3. The variables \;(a) and o;(a) are related to the corresponding elements used
in [12] as follows: \;(a) = A; 4ae for g = 09,41 and A;(a) = A; 20 for g = sp,, and g = 0g,.
Moreover, for g = 09,41
ai(a) = S,i7q4a+2if2 for = 1, N 1; O’n(a) = Sn7q4a+2n71’
while for g = sp,,, we have
ai(a) = Si7q2a+i—1 for = 1, cee, 1Y

the latter relations with ¢ = 1,...,n — 1 hold for g = o0y, as well, but o, (a) = S, j2a+n—2;
cf. [22]. Note also that relations (4.12)) were obtained in [I, Prop. 5.2 and 5.14] as the
conditions for the highest weight representations of the Yangian Y(g) to be nontrivial,
whereas (413]) and (AI4]) are consistent with the conditions on the representation to be
finite-dimensional; cf. [I, Theorem 5.16]. O

We follow [10, Sec. 8.1] again to define the classical W-algebra W(g); see also [16]
and [I8]. We will regard U(B_) as the algebra of polynomials in the variables Fj;[r] with

t=1,...,n and r < 0. The screening operators
Vi:U(o) = U(h-),  i=1....n
are defined as follows. For i =1,...,n — 1 set

Vi=) Vip _ |
; : <8F“'[_T —1]  OFiip[—r - 1])

where the coefficients V; [, are found from the expansion of a formal generating function in
a variable z,

. o~ Fal=m] = Fipain[~

ZV}[T]ZTIGXPZ [—m] +1i+1[—m] Lm
m

r=0 m=1

For the action of V,, we have the following formulas.

Case g = 09,,11:

> 0
V’I’L: nir —7
;V " oF,[—r — 1]

where

[e9) [eS) Fn— -
;Vnmzr:expmz:l%z .
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Case g = sp,,:

= 0
Vn: nrl 9o 1 . 11
;V R, [—r —1]

where

[e'e) 9] 2Fn— -
;Vn[r]zr:expmzﬂiil m) Z™.

Case g = 09!

where

[e'¢) o0 Fn_ . Fn .

ZVn[T]zT:eXpZ l=m] + Ful=m] 2™,
m

r=0 m=1

The classical W-algebra W(g) is a subalgebra of U(h_) defined as the intersection of
kernels of the screening operators:

W(g) = ﬂ ker V;.
i=1

Now construct a map gr : RepY(g) — W(%g) and describe its properties. First,
embed £ into the algebra of formal power series C[[A"]] in variables A" with i =1,..., N
and r = 0,1,... by using (A7) and taking the quotient by the corresponding relations
(412). Introduce new variables ,ugr) by (45) for : = 1,...,n and define their degrees by
deg ") = —r — 1. Given A € £, consider the corresponding element C[[;\"]] and take its
homogeneous c(o;rnponent A of the maximum degree. This component is a polynomial in

the variables p, * and so we have a map

gr:£L—Cl"), AmA (4.16)

Note its property (7). We will identify U(h_) with the algebra of polynomials C [,ulm] via
the isomorphism Fi;[—r — 1] — " /r!.

Proposition 4.4. The image of the restriction of the map ([EI0) to the subalgebra of
characters Rep Y(g) is contained in W(*g) and so it defines a map

gr: Rep Y(g) — W(*g).

Moreover, any homogeneous element of W(Lg) is contained in the image of gr.
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Proof. The proof is quite similar to that of Proposition [4.2]so we only point out the changes
to be made. Introduce variables afr) by (A8) and set deg O'Z-(T) = —r — 1. Define operators
SP fori=1,...,n asin ([4.9), where the quotient is now taken by the respective relations
(413) and (A.I4]) written in terms of the uy) with a understood as a variable. Since relations
(413) are identical to (A1), the argument for the operators S with i = 1,...,n—1 follows
the same steps as for type A. To complete the proof for the operator S, consider the three
cases separately.

Case g = 0y,,.;. As with ([@I0), the corresponding operator S, is now given by

(r) :
(r) { g, or j n (417)

Sy 0 for 7 #mn.
Note that
Mo (a) = Mla+n—1)X(a+n—2)...\,(a)
" Ma+n—1/2)X(a+n—3/2)...\(a+1/2)
which is easy to derive from ({I2). Now use (LI4) and write \;(a) = 1+ p;(a) for
i=1,...,n to get the corresponding analogue of ([AIT]). As a result, we get the equation

0(2) = 24n(2) 0n(2)

so that for the images under S,, we have
Syt pin(2) = 2 eXp2/un(Z) dz,

and S, : i;(2) — 0 for j # n. This coincides with the action of the operator 2V;, associated
with sp,,, on the series

pn(2) = Z Fonl-r—1] 2"

Hence, if an element A € £ is annihilated by all operators S;, then its image A under the
map (4.0) is annihilated by all operators V; associated with sp,, which is Langlands dual
to 02/41-

Case g = sp,,,. Similar to (£I7), we have
(r)

_ 0 for j—
S, 7 orJen (4.18)
0 for j # n.

Relations (4I12) now imply

Nsa(a) = Mla+n)ala+n—1).. A_1(a+2)
e Mla+n+DX(a+n)... \(a+2)
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Write \;j(a) = 1+ pi(a) for i =1,...,n and use ([£I4) to get the equation
on(2) = pin(2) o0 (2).
Hence, for the images under S,, we have

Syt pin(2) = exp / fin(2) dz,

and Sy, : uj(2) 0 for j # n. This coincides with the action of the operator V,, associated
with 09,1 on the series

tn(2) = Z Fonl—-r—1] 2"

Therefore, if an element A € £ is annihilated by all operators S;, then its image A under
the map (0) is annihilated by all operators V; associated with 0s,7 which is Langlands
dual to sp,,,.

Case g = 0y,. Similar to (£I0), we have

— {a,(f) for j=n—-1,n

Sp oty 4.19
1 0 for j#n—1,n. ( )

We derive from (£I2)) that

) ~M(a+n—2)X(a+n—3)... Ai(a)
wr(a) = Ma+n—1D(a+n—2).. \(a)

Write \;j(a) = 1+ pi(a) for i =1,...,n and use ([£I4) to get the equation
0,(2) = (Hn-1(2) + 1t (2)) ou(2).

Hence, for the images under S,, we have

St taei(2) o b [ (inal2) 4 @) dz () exp [ (noae) + pl2) d

and S,, : pj(z) + 0 for j # n — 1,n. This coincides with the action of the operator V,,
associated with 09, on the series

pilz) =) Fal-r=112",  i=n-1n.
r=0

Thus, if an element A € £ is annihilated by all operators S;, then its image A under
the map (4.6]) is annihilated by all operators V; associated with 0y, which is Langlands
self-dual.

The last part of the proposition follows from [16], where generators of the classical
W-algebra were obtained as images of the Yangian characters under the map gr. O

27



References

1]

2]

[10]

[11]

[12]

[13]

[14]

D. Arnaudon, A. Molev and E. Ragoucy, On the R-matrix realization of Yangians and
their representations, Annales Henri Poincaré 7 (2006), 1269-1325.

H. M. Babujian and R. Flume, Off-shell Bethe ansatz equation for Gaudin magnets
and solutions of Knizhnik—Zamolodchikov equations, Modern Phys. Lett. A 9 (1994),
2029-2039.

A. Chervov, G. Falqui and V. Rubtsov, Algebraic properties of Manin matrices 1,
Adv. Appl. Math. 43 (2009), 239-315.

A. V. Chervov and A. 1. Molev, On higher order Sugawara operators, Int. Math. Res.
Not. (2009), 1612-1635.

A. Chervov and D. Talalaev, Quantum spectral curves, quantum integrable systems
and the geometric Langlands correspondence, arXiv:hep-th/0604128.

B. Feigin and E. Frenkel, Affine Kac—Moody algebras at the critical level and Gelfand—
Dikii algebras, Int. J. Mod. Phys. A7, Suppl. 1A (1992), 197-215.

B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and critical
level, Comm. Math. Phys. 166 (1994), 27-62.

B. Feigin, E. Frenkel and L. Rybnikov, Opers with irreqular singularity and spectra of
the shift of argument subalgebra, Duke Math. J. 155 (2010), 337-363.

B. Feigin, E. Frenkel and V. Toledano Laredo, Gaudin models with irreqular singular-
ities, Adv. Math. 223 (2010), 873-948.

E. Frenkel, Langlands correspondence for loop groups, Cambridge Studies in Advanced
Mathematics, 103. Cambridge University Press, Cambridge, 2007.

E. Frenkel and E. Mukhin, Combinatorics of q-characters of finite-dimensional repre-
sentations of quantum affine algebras, Comm. Math. Phys. 216 (2001), 23-57.

E. Frenkel and N. Reshetikhin, The gq-characters of representations of quantum affine
algebras and deformations of WW-algebras, Contemp. Math. 248 (1999), 163—205.

S. Garoufalidis, Thang T. Q. Lé and D. Zeilberger, The quantum MacMahon Master
Theorem, Proc. Nat. Acad. Sci. USA 103 (2006), 13928-13931.

V. G. Kac, Infinite-dimensional Lie algebras, 3rd edition, Cambridge University Press,
Cambridge, 1990.

28


http://arxiv.org/abs/hep-th/0604128

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

A. 1. Molev, Feigin—Frenkel center in types B, C' and D, Invent. Math. 191 (2013),
1-34.

A. 1. Molev and E. E. Mukhin, Yangian characters and classical YW-algebras, in “Con-
formal field theory, automorphic forms and related topics” (W. Kohnen, R. Weissauer,
Eds), Springer, 2014, pp. 287-334.

A. I. Molev and E. Ragoucy, The MacMahon Master Theorem for right quantum
superalgebras and higher Sugawara operators for gl Moscow Math. J. 14 (2014),
83-119.

m|n»

A. 1. Molev and E. Ragoucy, Classical WW-algebras in types A, B,C, D and G, Comm.
Math. Phys., 336 (2015), 1053-1084.

E. Mukhin, V. Tarasov and A. Varchenko, Bethe eigenvectors of higher transfer ma-
trices, J. Stat. Mech. Theory Exp. 2006, no. 8, P08002, 44 pp.

E. Mukhin and A. Varchenko, Critical points of master functions and flag varieties
Commun. Contemp. Math. 6 (2004), 111-163.

E. Mukhin and A. Varchenko, Norm of a Bethe vector and the Hessian of the master
function, Compos. Math. 141 (2005), 1012-1028.

W. Nakai and T. Nakanishi, Paths, tableauz and q-characters of quantum affine alge-
bras: The C,, case, J. Phys. A 39 (2006), 2083-2115.

N. Rozhkovskaya, A new formula for the Pfaffian-type Segal-Sugawara vector, J. Lie
Theory 24 (2014), 529-543.

L. G. Rybnikov, The shift of invariants method and the Gaudin model, Funct. Anal.
Appl. 40 (2006), 188-199.

V. V. Schechtman and A. N. Varchenko, Arrangements of hyperplanes and Lie algebra
homology, Invent. Math. 106 (1991), 139-194.

29



	1 Introduction
	2 Feigin–Frenkel center and Bethe vectors
	3 Gaudin Hamiltonians and eigenvalues
	3.1 Type A
	3.2 Types B and D
	3.3 Type C
	3.4 Connection with the results of mtv:be and mv:cp

	4 From q-characters to classical W-algebras
	4.1 Type A
	4.2 Types B, C and D


