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(6''7'C!3$+9D!!B3$!"44$2,.!/4!E697,/-!B$'6-$!/'!F-+69!+'9!8,.!G$,$2,7/'!

!
H$!I/6%9!%7J$!,/!,3+'J!,3$!;+-,727;+',.!+,!,3$!@KLM!EEE!E697,7'C!1$2,7/'!N79OP$+-!>$$,7'CQ!,3$!
@KLR!5+6$-!E22/6',7'C!($.$+-23!1&>;/.76>!+,!,3$!:'7#$-.7,&!/4!S/6.,/'Q!,3$!:'7#$-.7,&!/4!
T37%$Q!,3$!(/,>+'!123//%!/4!N+'+C$>$',!+,!,3$!:'7#$-.7,&!/4!B/-/',/Q!+'9!,3$!@KLM!EEE!
U+,7/'+%!N$$,7'C!+%/'C!I7,3!*+6%!U$I>+'Q!E>7-!N723+$%Q!T%+-J!H3$+,%$&Q!+'9!S+-/%9!A/;$V!4/-!
,3$7-!3$%;46%!2/>>$',.!+'9!97.26..7/'.)!!B3$!;+;$-!I+.!.7C'7472+',%&!7>;-/#$9!96$!,/!,3$!
.6CC$.,7/'.!+'9!C679+'2$!4-/>!,I/!+'/'&>/6.!-$#7$I$-.!+'9!/6-!$97,/-Q!B3/>+.!S$>>$-) !!H$!
+-$!+%./!+;;-$27+,7#$!/4!,3$!47'+'27+%!.6;;/-,!C7#$'!W&!,3$!0$%%$&!123//%!/4!56.7'$..Q!8'97+'+!
:'7#$-.7,&!,3-/6C3!,3$!.6>>$-!-$.$+-23!C-+',!;-/C-+>)!
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+56"7+8" 9!!H$!$X+>7'$!,3$!.,-+,$C72!$44$2,.!/4!+697,/-!,$'6-$!/'!,3$!+697,/-Y.!,$.,7'C!
.,-+,$C&!+'9!,3$!>+'+C$-Y.!7'2%7'+,7/'!,/!2/>>7,!4-+69)!!N/.,!$>;7-72+%!.,697$.!2/'2%69$!,3+,!
%/'C$-!,$'6-$!7>;-/#$.!+697,!Z6+%7,&)!!*-/;/'$',.!/4!-$.,-72,7'C!,$'6-$! +-C6$!,3+,!%/'C$-!,$'6-$!
7>;+7-. !+697,/-!7'9$;$'9$'2$!+'9!+![4-$.3!%//J[ !4-/>!+!'$I!+697,/-!-$.6%,.!7'!37C3$-!+697,!
Z6+%7,&)!!\+%79+,7'C!,37.!+-C6>$',!-$Z67-$.!,$.,7'C!I3$,3$-!,3$!/W.$-#$9!9744$-$'2$!7'!+697,!
Z6+%7,&!W$,I$$'!+!2/',7'67'C!+697,/-!+'9!+!23+'C$!7'!+697,/-. !7.!%$..!,3+'!,3$!,3$/-$,72+%%&!
$X;$2,$9!9744$-$'2$!7'!+697,!Z6+%7,&!I7,3/6,!7>;+7->$',)!! ]6- !47'97'C.!;-/#79$!,3$!C679+'2$!
'$2$..+-&!4/-!9$#$%/;7'C!.623!,$.,.)!!]6-!-$.6%,.!.3/I!,3+,!+697,!-7.J!^,3$!;-/W+W7%7,&!,3+,!4-+69!
$X7.,.!+'9!C/$.!6'9$,$2,$9_!7.!%/I$-!7'!W/,3!;$-7/9.!4/-!,3$!2/',7'67'C!+697,/-!,3+'!I7,3!+!23+'C$!
7'!+697,/-. )!!N/-$!7>;/-,+',%&Q!I$!.3/I!,3+,!+2-/..!W/,3!;$-7/9.Q!$X;$2,$9!6'9$,$2,$9!4-+69!7.!
%/I$-!4/-!,3$!2/',7'67'C!+697,/-!,3+'!I7,3!+!23+'C$!7'!+697,/-. )!
!

:$;<*/-)9 !+697,/-!,$'6-$`!.,-+,$C72!+697,7'C`!!4-+69)!

3=!!3>"7?4@8"3?> !

1$26-7,&!>+-J$,!-$C6%+,/-.!3+#$!%/'C!9$W+,$9!,3$!;/,$',7+%!$44$2,.!/4!47->.!37-7'C!,3$!

.+>$!+697,/-!/#$-!>6%,7;%$!;$-7/9.)!!]'! /'$!3+'9Q!./>$!W$%7$#$!,3+,!+.!,3$!%$'C,3!/4!,7>$!+'!

+697,/-!.,+&.!I7,3!+!47->!7'2-$+.$.Q!,3$!+697,/-!W$2/>$.![ ,//! 2/V&[!I7,3!,3$!2/>;+'&) !!B3$!

2/'2$-'!7.!,3+,!,37.!4+>7%7+-7,&!>+&!-$962$!,3$!+697,/-Y.!.J$;,727.>!+W/6,!;/,$',7+%!>7..,+,$>$',.!

+'9Q!7'!,6-' Q!-$962$!,3$!+697,/-Y.!$44$2,7#$'$..!7'!9$,$2,7'C!>7..,+,$>$',.)!!]'!,3$!/,3$-!3+'9Q!

./>$!+-C6$!,3+,!+697,7'C!+!47->!/#$-!>6%,7;%$!;$-7/9.!7'2-$+.$.!,3$!+697,/-Y.!J'/I%$9C$!/4!,3$!

2/>;+'&Y.!/;$-+,7/'.!+'9!.&.,$>!;-/2$..$.Q!,3$-$W&!7'2-$+.7'C!37.!$44$2,7#$'$..!7'!9$,$2,7'C!

>7..,+,$>$',.)!!U /,+W%$!4-+69.Q!.623!+.!Equity FundingQ!Comptronix,!+'9!Crazy Eddie!,3+,!3+#$!

/226--$9!/#$-!.$#$-+%!&$+-.Q!.$$>!,/!.6;;/-,!,3$!47-.,!2/'?$2,6-$)!!!

8',$-;-$,7'C!,3$.$!/W.$-#+W%$!/6,2/>$.!>7C3,!W$!>7.%$+97'C!I7,3/6,!47-.,!2/'.79$-7'C!,3$!

6'9$-%&7'C!$2/'/>72.!/4!3/I!>6%,7O;$-7/9!+697,.!+44$2,!,3$!+697,/-Y.!23/72$!/4!$44/-,!+'9!7,.!

-$%+,$9!7>;+2,!/'!9$,$--7'C!+'9!9$,$2,7'C!4-+69)!!B3$!observation!/4!+'!+697,!4+7%6-$!;-/#79$.!

%7>7,$9!$#79$'2$!-$C+-97'C!,3$!^/4,$'!6'/W.$-#+W%$_!+2,7/'!23/72$.!/4!,3$!+697,/-!+'9!>+'+C$-!

,3+,!together!9$,$->7'$!,3$!-7.J!/4!6'9$,$2,$9!>7..,+,$>$',.)!!B3$!;6-;/.$!/4!,37.!;+;$-Q!

,3$-$4/-$Q!7.!,/!$X+>7'$!,3$!.,-+,$C72!$44$2,.!/4!>6%,7O;$-7/9!+697,.Q!I3$-$!,3$!+226>6%+,7/'!/4!
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+697,!$#79$'2$!/#$-!,7>$!+44$2,.!,3$!+697,/-Y.!,$.,7'C!.,-+,$C&!+'9!,3$!>+'+C$-Y.!7'2%7'+,7/'!,/!

2/>>7,!4-+69)!!!

*-/;/'$',.!/4!-$.,-72,7'C!+697,/-!,$'6-$!.6CC$.,!,3+,!+![4-$.3!%//J[ !+,!+!2/>;+'&!W&!+'!

+697,/-!I/6%9!-$.6%,!7'!37C3$-!Z6+%7,&!+697,.)!!B3$!2/'2$-'!$X;-$..$9!7'! * TE]5! T]UT"*B!

("A"E1"!^*T(_!U/)!@KLL OKKaD!Auditor Independence and Audit Firm Rotation 7.!,3+,!/#$-!

,7>$Q!,3$!+697,/-!2+'!%/.$!37.!+W7%7,&!,/!$X$-27.$!professional skepticism 9$.;7,$!+93$-$'2$!,/!,3$!

-6%$.!/4!7'9$;$'9$'2$)!!F/-!-$C6%+,/-.Q!;-+2,7,7/'$-.Q!/-!+22/6',7'C!-$.$+-23$-.!,/!+..$..!I3$,3$-!

$X,$-'+%7,7$.!$X7.,!,3+,!2/6%9!;/,$',7+%%&!W$!+,,-7W6,+W%$!,/!+'!7>;+7->$',!7'!7'9$;$'9$'2$Q!,3$!

47-.,!.,$;!I/6%9!W$!,/!+..$..!,3$!$Z67%7W-76>!.,-+,$C7$.!/4!+!2/',7'67'C!+697,/-!#$-.6.!+!23+'C$!7'!

+697,/-. !.,-72,%&!4-/>!,3$!;%+&$-.!>+X7>7V7'C!,3$7-!$X;$2,$9!;+&/44.Q!I3$-$!'/'$!/4!,3$!;+&/44.!

#7/%+,$!,3$!7'9$;$'9$'2$!-6%$.)!!]6-!>/9$%!;-/#79$.!.623!+!W+.$%7'$)!

G$4/'9!+'9!b3+'C!^@KLc_!;/7',!/6,!,3+,!>/.,!.,697$.! 2/'2%69$!,3+,!%/'C$-!+697,/- !,$'6-$!

7>;-/#$.!+697,!Z6+%7,&)!!"X+>;%$.!/4!.623!$#79$'2$!7'2%69$!47'97'C.!,3+,!%/'C$-!+697,/- !,$'6-$!7.!

+../27+,$9!I7,3!%/I$-!%$#$%.!/4!97.2-$,7/'+-&!+22-6+%.!^=/3'./'Q!036-+'+Q!+'9!($&'/%9.!@KK@`!

N&$-.Q!N&$-.Q!+'9!]>$-! @KKd_Q!37C3$-!$+-'7'C.!-$.;/'.$!2/$44727$',.!^e3/.3!+'9!N//'!@KKf _Q!

+'9!>/-$!7..6+'2$.!/4!C/7'C!2/'2$-'!/;7'7/'.!^ A/6I$-.!LggR`!0'$23$%!+'9!\+'.,-+$%$'!@KKM_)!!

N/-$!97-$2,%&Q!T+>$-+'Q!F-+'27.Q!N+--+Q!+'9!*$,,7'72237/!^@KLf_!9/26>$',!,3+,!$+-'7'C.!Z6+%7,&!

7>;-/#$.!I7,3!%/'C$-!+697,/- !,$'6-$!7'!8,+%&Q!I3$-$!+697,/-!-/,+,7/'!3+.!W$$'!>+'9+,$9!.7'2$!

LgMf)!!F6-,3$-Q!($79!+'9!T+-2$%%/!^@KLM_!9/26>$',!,3+,!,3$!>+-J$,!;$-2$7#$.!+697,!Z6+%7,&!,/!W$!

37C3$-!I7,3!%/'C$-!+697,/- !,$'6-$)!!!

B3$!23+%%$'C$!7'!7',$-;-$,7'C!,3$.$!47'97'C.!+.!$#79$'2$!,3+,!%/'C$-!+697,/- !,$'6-$!9/$.!

'/,!7>;+7-!7'9$;$'9$'2$!7.!,3+,!,3$.$!.,697$.!+-$!'/,!+W%$!,/!2+%7W-+,$!,3$!$X,$',!,3+,!+697,!Z6+%7,&!

I/6%9!W$!$X;$2,$9!,/!W$!37C3$-!I7,3!+!2/',7'67'C!+697,/-Q!3+9!,3$-$!'/,!W$$'!+'&!7>;+7->$',!/4!

7'9$;$'9$'2$)!!!84!,3$-$!7.!7'9$$9!+'!7>;+7->$',!/4!7'9$;$'9$'2$Q!+.!7.!,3$!2/'2$-'!$X;-$..$9!W&!



!

! d!

,3$!*TE]5!+'9!/,3$-.Q!$>;7-72+%!-$.$+-23$-.!I/6%9!W$!+W%$!,/!9/26>$',!.623!7>;+7->$',.!/'%&!

W&!,$.,7'C!I3$,3$-!,3$!/W.$-#$9!9744$-$'2$!7'!+697,!Z6+%7,&!W$,I$$'!+!2/',7'67'C!+697,/-!+'9!+!

23+'C$!7'!+697,/-!7.!%$..!,3+'!,3$!,3$/-$,72+%%&!$X;$2,$9!9744$-$'2$!7'!+697,!Z6+%7,&!I7,3/6,!

7>;+7->$',)!!B3$!$Z67%7W-76>!-$.6%,.!/ 4!/6-!>/9$%!;-/#79$!,3$!C679+'2$!'$2$..+-&!4/-!9$#$%/;7'C!

.623!,$.,.)!

]6-!.,69&!7'#$.,7C+,$.!+!,I/ O;$-7/9!+697,!+2-/..!,I/! .$,,7'C.)!!8'!,3$!47-.,!.$,,7'CQ!I$!3+#$!!

+!23+'C$!7'!+697,/-.!4-/>!,3$!47-.,!;$-7/9!,/!,3$!.$2/'9!;$-7/9)!!8'!,3$!.$2/'9!.$,,7'CQ!/'$!+697,/-!

2/',7'6$.!+697,7'C!4-/>!/'$!;$-7/9!,/!,3$!'$X,)!!8'!W/,3!.$,,7'C.Q!,3$!+697,/-!23//.$.!+697,!$44/-,!

I37%$!,3$!>+'+C$-!23//.$.!+'!+>/6',!/4!4-+69Q!C7#$'!3$!7.!,3$![97.3/'$., [ !>+'+C$-!,&;$Q!I3$-$!

,3$!;%+&$-.!7'!,3$!,I/!.$,,7'C.!;/..$..!,3$!.+>$!;+&/44!;+-+>$,$-.)!!B3$!;-7/-!;-/W+W7%7,&!,3+,!,3$!

>+'+C$-!7.!97.3/'$.,!7.!2/>>/'!J'/I%$9C$!+'9!$Z6+%!,/!,3$!-7.J!/4!4-+69!7'!;$-7/9!/'$ )!!

F6-,3$->/-$Q!,3$!C+>$!2/',7'6$.!,/!;$-7/9!,I/ !/'%&!74!4-+69!7.!'/,!97.2/#$-$9!+,!,3$!$'9!/4!

;$-7/9!/'$ )!!!

! 8'!W/,3!.$,,7'C.Q!,3$!+697,/-!7'!;$-7/9!,I/ !6;9+,$.!,3$!;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!

97.3/'$.,Q!W+.$9!/'!;$-7/9!/'$ !+697,!$44/-,!+'9!,3$!;6W%72!J'/I%$9C$!,3+,!'/!4-+69!I+.!

97.2/#$-$9!7'!;$-7/9!/'$ )!!B3$!2/',7'67'C!+697,/-!3+.!97-$2,!J'/I%$9C$!/4!,3$!+697,!,$.,7'C!

;$-4/->$9 !7'!;$-7/9!/'$ )!!B3$!['$I[! +697,/-!7'!,3$!23+'C$!.$,,7'C!;$-4$2,%&!7'4$-.!;$-7/9!/'$ !!

+697,!$44/-,!W$2+6.$!/4!/6-!.7>;%74&7'C!+..6>;,7/'!,3+,!,3$!;$-7/9!/'$ ![/%9[!+697,/-Y.!2/.,.!+'9!

,3$!>+'+C$-Y.!;+&/44.!+-$!2/>>/'!J'/I%$9C$)L!!

B3$!J$&!9744$-$'2$!W$,I$$'!,3$!,I/!.$,,7'C.!7.!,3+,!,3$!2/',7'67'C!+697,/-!'/,!/'%&!3+.!

7'4/->+,7/'!+2Z67-$9!7'!;$-7/9!/'$ !,/!6.$!7'!,3$!;$-7/9!,I/ !+697,Q!W6,!3$!23//.$.!,3$!+>/6',!/4!

;$-7/9!/'$ !+697,!$44/-,!,/!2/',-/%!$X;$2,$9!+697,!2/.,.!+2-/..!both!;$-7/9.)!!E,!,3$!W$C7''7'C!/4!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
L!! 8'!;-+2,72$Q!,3$!'$I!+697,/-!>+&!'/,!W$!+W%$!,/!;$-4$2,%&!7'4$-!;$-7/9!/'$ !+697,!$44/-,Q!W$2+6.$!3$!3+.!/'%&!%7>7,$9!

7'4/->+,7/'!/4!,3$!>+'+C$-Y.!+'9!/%9!+697,/-Y.!;+&/44.!7'!;$-7/9!/'$ )!!S/I$#$-Q!,37.!.7>;%74&7'C!+..6>;,7/'!
W7+.$.!+C+7'.,!/6-!-$.6%,.!+'9!37C3%7C3,.!,3$!9744$-$'2$.!7'!$Z67%7W-7+!W$,I$$'!,3$!,I/!.$,,7'C.!^+%./!.$$!4//,'/,$!f!
4/-!+997,7/'+%!9$,+7%._)!
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;$-7/9!/'$ Q!,3$!2/',7'67'C!+697,/-!;%+'.!3/I!3$!I7%%!+697,!7'!$+23!;$-7/9!7'!/-9$-!,/!>7'7>7V$!37.!

,/,+%!$X;$2,$9!2/.,.Q!,+J7'C!7',/!2/'.79$-+,7/'!3/I!3$!+',727;+,$.!,3$!>+'+C$-!I7%%!-$+2,!,/!$+23!

;$-7/9h.!$44/-,!23/72$)!!8'!2/',-+., Q!I3$'!,3$-$!7.!+!23+'C$!7'!+697,/-.Q!,3$!/%9!+697,/-!3+.!'/!!

7'2$',7#$!,/!2/'.79$-!,3$!$44$2,!/4!37.!;$-7/9!/'$ !$44/-,!23/72$!/'!;$-7/9!,I/ !/6,2/>$.!+'9!

2/.,.) @!

]#$-+%%Q!/6-!-$.6%,.!.3/I!,3+,!+697,!-7.JQ!I3723!7.!,3$!6'2/'97,7/'+%!;-/W+W7%7,&!,3+,!4-+69!

C/$.!6'9$,$2,$9!7'!/6-!>/9$%Q!7.!%/I$-!7'!W/,3!;$-7/9.!4/-!,3$!2/',7'67'C!+697,/-!,3+'!I7,3!+!

23+'C$!7'!+697,/-. )!!N/-$!7>;/-,+',%&Q!/6-!-$.6%,.!+%./!.3/I!,3+,!+2-/..!W/,3!;$-7/9.Q!$X;$2,$9!

6' 9$,$2,$9!4-+69!7.!%/I$-!4/-!,3$!2/',7'67'C!+697,/-!,3+'!I7,3!+!23+'C$!7'!+697,/-. )!!!S/I$#$-Q!

I$!+%./!47'9!,3+,!,3$!2/',7'67'C!+697,/-!23//.$.!%$..!+697,!$44/-,!7'!,3$!%+,$-!;$-7/9Q!-$%+,7#$!,/!,3$!

$44/-,!23/72$!/4!,3$!'$I!+697,/-!7'!,3$!23+'C$!.$,,7'C)!!B37.!-$.6%,!9$-7#$.!4-/>!,3$!2/',7'67'C!

+697,/-!23//.7'C!37C3$-!$44/-,!7'!;$-7/9!/'$ !,3+'!I/6%9!W$!23/.$' !I7,3!+!23+'C$!7'!+697,/-.)!!

H37%$!%/I$-!+697,!$44/-,!7'!,3$!%+,$-!;$-7/9!4/-!,3$!2/',7'67'C!+697,/-!>7C3,!.6CC$.,!+'!

7>;+7->$',!/4!7'9$;$'9$'2$Q!,37.!7.!.,-72,%&!,3$!-$.6%,!/4!,3$!;%+&$-.!>+X7>7V7'C!,3$7-!$X;$2,$9!

;+&/44.!+'9!'/,!96$ !,/ !,3$!2/',7'67'C!+697,/-!W$2/>7'C![ ,//!2/V& [! I7,3!,3$!2%7$',)!!

This paper significantly adds to our knowledge of strategic auditing.  N/.,!.,-+,$C72!

+697,7'C!>/9$%.!;-7>+-7%&!7'#/%#$!?6.,!/'$!;$-7/9!+'9!9/!'/,!,+J$!7',/!+22/6',!3/I!,3$!+697,/-!

>7C3,!.,-+,$C72+%%&!6.$!7'4/->+,7/'!4-/>!;-$#7/6.!+697,!;$-7/9.!7'!,3$!26--$',!;$-7/9)!!1/>$!

>/9$%.Q!.623!+.!Patterson and Smith (2007, 2016) and Smith, Tiras, \7237,%$J+-' (2000) do 

consider two-stage audits that allow the auditor to obtain information by testing internal controls 

in a first stage and then use that information for substantive testing in the second stage.d  Our 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
@!! S$!+%./!3+.!'/!+W7%7,&!,/!9/!./Q!W$2+6.$!+,!,3$!W$C7''7'C!/4!;$-7/9!/'$ !,3$!/%9!+697,/-!/'%&!J'/I.!,3+,!37.!

$'C+C$>$',!I7,3!,3$!47->!$'9.!+'9!3+.!'/!J'/I%$9C$!/4!I3/!,3$!'$I!+697,/-!I/6%9!W$) !
d!! ],3$-!-$%+,$9!.,697$.!7'2%69$!U$I>+'Q!*+,,$-./'Q!+'9!1>7,3!^@KKL_Q!*+,,$-./'!+'9!1>7,3!^@KKd_Q!*+,,$-./'!+'9!

U/$%!^@KKd_Q!+'9!>/-$!-$2$',%&Q!A+6X!+'9!U$I>+'!^@KKR_!+'9!*+,,$-./'Q!1>7,3Q!+'9!B7-+.!^@KLR_)!



!

! f !

two-period model differs from these two-stage models in that the effort in each period of our 

two-period model is designed to detect fraud.  Because we have two distinct periods, we can 

compare the two settings: a continuing auditor that audits both periods and a setting in which the 

audit in each period is performed by a different auditor. 

! T/-/'+!+'9! (+'93+I+ !^@KLK_!+%./!$X+>7'$!+!,I/O;$-7/9!.,-+,$C72!+697,!.$,,7'CQ!7'!!

I3723!,3$!>+'+C$-!7'!$+23!;$-7/9!23//.$.!4-+69!/-!'/!4-+69!+'9!,3$!+697,/-!23//.$.!+'!+697,!!

-$;/-,)!!B3$&!9$>/'.,-+,$!+!27-26>.,+'2$!7'!I3723!+'!+697,/-!,3+,!9/$.!'/,!79$',74&!4-+69!7'!/'$!

;$-7/9!>7C3,!'/,!-$;/-,!4-+69!,3+,!7.!9$,$2,$9!7'!+!%+,$-!;$-7/9!W$2+6.$!7,!I/6%9!37C3%7C3,!,3$7-!

4+7%6-$!7'!,3$!;-$#7/6.!;$-7/9)!!5&!2/'.,-62,7/'Q!,3$!+697,/-!7'!,3$7-!>/9$%!9/$.!7'9$$9!%+2J!

7'9$;$'9$'2$)!!5 6,!W$2+6.$!,3$7-!>/9$%!9/$.!'/,!;-/#79$!+'&!;$'+%,7$.!/-!/,3$-!97.7'2$',7#$.!4/-!

,3$!+697,/-!,/!379$!,3$!4-+69Q!,3$7-!>/9$%!2+''/,!+99-$..!,3$!;/,$',7+%!W$'$47,!,/!>6%,7O;$-7/9!!

+697,7'C)!!!

]6-!>/9$%!+%./!-$%+,$.!,/!,3$!+697,O;-727'C!>/9$%!/4!N+C$$!+'9!B.$'C!^LggK_)!!N+C$$!

+'9!B.$'C!^LggK_!9$>/'.,-+,$!,3+,!7'!+!>6%,7O;$-7/9!+697,!$'#7-/'>$',!I7,3!%$+-'7'C!+'9!

.I7,237'C!2/.,.Q!+697,/-.!7'2%69$!,3$.$!2/.,.!7'!,3$7-!;-727'C!.,-+,$C7$.)!!B3$&!.3/I !,3+,!$#$'!

I7,3/6,!2/>>7,>$', Q!2/>;$,7,7#$!>6%,7O;$-7/9!$Z67%7W-7+!$X7.,!+'9!,3+,!,3$!$Z67%7W-76>!;-72$!

7'2/-;/-+,$.!,3$!,/,+%!$X;$2,!2/.,!/4!,3$!+697,)!B3$!+697,/-!7'!N+C$$!+'9!B.$'C!^LggK_!+9/;,.!+!

[%//J!+3$+9[!.,-+,$C&)!!8'!/6-!.$,,7'C!I7,3!+!2/',7'67'C!+697,/-Q!I$!4/26.!/' !,3$!.,-+,$C72!

7',$-+2,7/'!W$,I$$'!,3$!+697,/-!+'9!>+'+C$-!I3$-$!W/,3!+',727;+,$!,3$!+697,/-!2/',7'67'C!4/-!,I/!

;$-7/9.)!

B3$!-$>+7'9$-!/4!,3$!;+;$-!7.!.,-62,6-$9!+.!4/%%/I.)!!8'!1$2,7/'!88Q!I$!%+&!/6,!,3$!,I/!

.$,,7'C.!/4!/6-!,I/ O;$-7/9!>/9$%)!!1$2,7/'!888!;-/#79$.!+'!$Z67%7W-76>!+'+%&.7.!I37%$!1$2,7/'!8\!

;-/#79$.!+!2/>;+-+,7#$!+'+%&.7.!/4!W/,3!.$,,7'C.)!!1$2,7/'!\!2/>;+-$.!$X;$2,$9!6'9$,$2,$9!4-+69!



!

! a!

+'9!+697,!-7.J!+2-/..!,3$!,I/!.$,,7'C.!+'9!1$2,7/'!\8! 97.26..$.!-$%+,$9!$>;7-72+%!7'.7C3,.)!!

1$2,7/'!\88!2/'2%69$.!,3$!;+;$-)!

33=!!+ !"A? BC%73?4!D?4%E!?1!+@43"3>F !

! H$!2/'.79$-!+!,I/ O;$-7/9!>/9$%!/4!+697,7'C!,3+,!7'2%69$.!+'!+697,/-!+'9!+!;/..7W%&!

97.3/'$.,! >+'+C$-!7'!,I/!.$,,7'C.)!!B3$!47-.,!.$,,7'C!9$;72,.!+!.7,6+,7/'!I3$-$!,3$![ /%9[ !+697,/-!/4!

;$-7/9!/'$ !7.!-$;%+2$9!I7,3!+![ '$I [ !+697,/-!7'!;$-7/9!,I/ )!!8'!,3$!.$2/'9!.$,,7'CQ!/'$!

[2/',7'67'C [ !+697,/-!+697,.!W/,3!;$-7/9.!+'9!23//.$.!+697,!$44/-,!7'!,3$!47-.,!;$-7/9!,/!>7'7>7V$!

37.!$X;$2,$9!+697,!2/.,.!+2-/..!both!;$-7/9.)!c!!!

! *6W%72!7'4/->+,7/'!7.!-$#$+%$9!+,!,3$!$'9!/4!;$-7/9!/'$ !7'!W/,3!.$,,7'C.)!!E,!,3$!$'9!/4!

;$-7/9!/'$ !,3$!;%+&$-.!J'/I!I3$,3$-!/-!'/,!,3$!+697,/-!97.2/#$-$9!4-+69!7'!;$-7/9!/'$ )!!84!4-+69!

7.!'/,!9$,$2,$9Q!,3$!C+>$!2/',7'6$.!,/!;$-7/9!,I/ `!/,3$-I7.$Q!7,!$'9.!+,!,3$!$'9!/4!;$-7/9!/'$ )!!

B3$!6;9+,$9!;$-7/9!,I/ !;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!97.3/'$.,!9$;$'9.!6;/'!,3$!+697,/-Y.!

$44/-,!7'!;$-7/9!/'$ )!!

! 8'!W/,3!.$,,7'C.Q!,3$!+697,/-^._!+'9!>+'+C$-!3+#$!,3$!.+>$!W+.72!;+&/44.!I37%$!,3$!

expected ;+&/44.!4/-!,3$!+697,/-!7'!;$-7/9.!/'$ !+'9!,I/ !9$;$'9!/'!I3$,3$-!/-!'/,!,3$-$!3+.!W$$'!

+!23+'C$!7'!+697,/-.)!!B3$!>+'+C$-!7.!97.3/'$.,!I7,3!;-7/-!;-/W+W7%7,&!)!!!B3$!97.3/'$.,!

>+'+C$-!23//.$.!+'!+>/6',!/4!4-+69!$Z6+%!,/! !+'9! !7'!;$-7/9.!/'$ !+'9!,I/ Q!-$.;$2,7#$%&)!!

S$!-$2$7#$.!'$,!W$'$47,.!/4! !+'9! !74!'/!4-+69!7.!9$,$2,$9!W&!,3$!+697,/-Q!+'9!37.!;$'+%,&!

4/-!4-+69!9$,$2,7/'!7.! !+'9! )!!B3$!;+&/44.! !+'9! !-$;-$.$',!,3$!W$'$47,.!/4!

4-+69!%$..!;$-./'+%!2/.,.!4/-!2/>>7,,7'C!4-+69!.623!+.!,3$!>+'+C$-h.!9$.7C'.!,/!27-26>#$',!,3$!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
c!!]6-!>/9$%!7.!2/'.7.,$',!I7,3!,3$!+697,O;-727'C!>/9$%!;-/;/.$9!W&!N+C$$!+'9!B.$'C!^LggK_)!!B3$&!>/9$%!,3$!

>+-J$,!4/-!+697,!.$-#72$.!+.!+!9&'+>72!;-/C-+>!/#$-!U!;$-7/9.)!!8'!$+23!;$-7/9Q!,3$-$!+-$!,I/!,&;$.!/4!%$+-'7'C!
2/.,.D!,3/.$!,3+,!+22-6$!,/!,3$!+697,/-!+'9!,3/.$!,3+,!+22-6$!,/!,3$!2%7$',)!!B3$.$!2/.,.!2-$+,$!+!4-72,7/'!,3+,!-$.6%,.!
7'!+'!$X;$2,+,7/'!/4!>6%,7O;$-7/9!+697,.!I7,3/6,!+'&!2/>>7,>$',!,/!+!>6%,7O;$-7/9!2/',-+2,)!N/-$/#$-Q!,3$!>6%,7O
;$-7/9!;-727'C!9$;$'9.!/'!,3$!+',727;+,$9!>6%,7O;$-7/9!+697,!2/.,.!/#$-!,3$!U!;$-7/9.)!

θ

a1 a2

a1R1 a2R2

!
a1

2

2
p1 !

a2
2

2
p2 a1R1 a2R2



!

! M!

+697,!.,-+,$C&)!!B3$!-$I+-9.!+'9!;$'+%,7$.!4/-!;$-7/9.!/'$ !+'9!,I/ !+-$!7'9$;$'9$',!+2-/..!W/,3!

;$-7/9.)!

! B3$!+697,/-!7'!;$-7/9!/'$ !23//.$.!+697,!$44/-,!$Z6+%!,/!!+'9!,3$!+697,/-!7'!;$-7/9!,I/ !

23//.$.!+697,!$44/-,!$Z6+%!,/!)!!e7#$'!,3$!>+'+C$-!7.!97.3/'$.,Q!,3$!+697,/-!9$,$2,.!4-+69!7'!

;$-7/9.!/'$ !+'9!,I/ !I7,3!;-/W+W7%7,7$.! !+'9! Q!-$.;$2,7#$%&)!!B3$!+697,/-!

7'26-.!+!%7+W7%7,&!2/.,!7'!$+23!;$-7/9!4/-!6'9$,$2,$9!4-+69!/4!!+'9! Q!I37%$!!+'9! !+-$!!

2/.,!>6%,7;%7$-.!4/-!+697,!$44/-,!,3+,!&7$%9!+!2/.,!/4!+697,!$44/-,!7'!$+23!;$-7/9!/4!!+'9! )!

"#$! D 202G$/H)!%IJ$'($-! C2;*&&!

! H$!I/-J!W+2JI+-9.!,/!9$-7#$!,3$!>+'+C$-h.!$X;$2,$9!;+&/44!W&!.,+-,7'C!I7,3!;$-7/9!,I/ !

+'9!,3$'!7'2/-;/-+,7'C!7,!7',/!;$-7/9! /'$ )!!B3$!4/->!/4!,3$!>+'+C$-h.!$X;$2,$9!;+&/44!9/$.!'/,!

23+'C$!W$,I$$'!.$,,7'C.)!!!8,!-$>+7'.!,3$!.+>$!I3$,3$-!/-!'/,!+!23+'C$!7'!+697,/-.!/226-.!+,!,3$!

$'9!/4!;$-7/9!/'$ )!!S7.!4-+69!.,-+,$C&!2+'!9744$-!W+.$9!6;/'!I3723!.$,,7'C!I$!+'+%&V$!W6,!,3$!

W+.72!2/'.,-62,!/4!37.!$X;$2,$9!;+&/44!-$>+7'.!,3$!.+>$)!

! B3$!>+'+C$-h.!;$-7/9!,I/ !$X;$2,$9!;+&/44!7.!+.!4/%%/I.)

! !! ! ^L_!

!7.!,3$!97.3/'$.,!>+'+C$-Y.!$X;$2,$9!;+&/44!7'!;$-7/9!,I/ Q!I3$'!+!;$-7/9!/'$ !4-+69!C/$.!

6'9$,$2,$9)!!U/,$!,3+,!,3$!-$I+-9!4-/>!;$-7/9!/'$ ! !7.!-$,+7'$9!7'!;$-7/9!,I/ )!!84!4-+69!7'!

;$-7/9!,I/ !7.!9$,$2,$9Q!I$!+..6>$!,3+,!,3$!>+'+C$-!3+.!+%-$+9&!2/'.6>$9!,3$!W$'$47,.!/4!+'&!

6'9$,$2,$9!4-+69!2/>>7,,$9!7'!;$-7/9!/'$ )!H$!+..6>$!,3+,!,3$!;$'+%,&!4/-!9$,$2,$9!4-+69!7'!

;$-7/9!,I/ !7.!7'9$;$'9$',!/4! +'&!6'9$,$2,$9!4-+69!7'!;$-7/9!/'$ )!

B3$!97.3/'$.,!>+'+C$-h.!$X;$2,$9!;+&/44!+,!,3$!W$C7''7'C!/4!;$-7/9!/'$ !7.!+.!4/%%/I.)

!! ^@_!!

x1

x2

1− exp −x1( ) 1− exp −x2( )
a1L1 a2L2 k1 k2

x1k1 x2k2

  
M

2
= a

1
R

1
+ a

2
R

2
exp ! x

2( ) !
a

2
2

2
p

2
1! exp ! x

2( )( )

  M2

a1R1

M1 = M2 exp ! x1( ) !
a1

2

2
p1 1! exp ! x1( )( )



!

! R!

!-$4%$2,.!,3$!4+2,!,3+,!,3$!-$I+-9!4-/>!4-+69!/#$-!,3$!,I/!;$-7/9.!/226-.!/'%&!74!,3$!;$-7/9!L!

4-+69!C/$.!6'9$,$2,$9)!!B36.Q!74!,3$!;$-7/9!/'$ !4-+69!C/$.!6'9$,$2,$9Q!I3723!/226-.!I7,3!

;-/W+W7%7,&! Q!,3$!>+'+C$-!$X;$2,.!+!;+&/44!+../27+,$9!I7,3!)!!]'!,3$!/,3$-!3+'9Q!74!

,3$!+697,/-!9$,$2,.!,3$!;$-7/9!/'$ !4-+69Q!,3$!>+'+C$-!-$2$7#$.!V$-/!W$'$47,!4-/>!4-+69!+'9!7.!!

;$'+%7V$9! )!!

! U$X,!I$!2/'.79$-!,3$!+697,/-h.!$X;$2,$9!;+&/44.!I3$-$!7,.!23+-+2,$-7V+,7/'!9$;$'9.!/'!!

I3$,3$-!/ -!'/,!+!23+'C$!7'!+697,/-.!3+.!/226--$9!+,!,3$!$'9!/4!;$-7/9!/'$ )!

"#$! + ,-.(*/H)! %IJ$'($-! C2;*&&!

!"##$%&'()'* '+,-%&"'$%'* ./$#012! !

! E..6> $!,3$-$!7.!+!23+'C$!7'!+697,/-.!+,!,3$!$'9!/4!;$-7/9!/'$ !,3+,!$#$-&/'$!J'/I.!I7%%!

/226-!+,!,3$!.,+-,!/4!,3$!C+>$)!8'!,37.!2+.$Q!$+23!+697,/-!>+X7>7V$.!37.!/I'!$X;$2,$9!;+&/44Q!,3$!

'$I!+697,/-!4/-!;$-7/9! ,I/ !+'9!,3$!/%9!+697,/-!4/-!;$-7/9!/'$ )!!"X2$;,!4/-!,3$!6'97.2/#$-$9!4-+69!

7'!,3$!47-.,!;$-7/9Q!'/!;6W%72!7'4/->+,7/'!4-/>!,3$!47-.,!;$-7/9!7.!+22-6$9!W&!,3$!'$I!+697,/-!7'!

;$-7/9!,I/ )!S/I$#$-Q!,3$!.$2/'9!;$-7/9!'$I!+697,/-!2+'!7'4$-!,3$!$44/-,!23/72$!/4!,3$!/%9!+697,/-!

W$2+6.$!I$!+..6>$!,3+,!,3$!'$I!+697,/-!J'/I.!,3$! ;+&/44!;+-+>$,$-.!/4!,3$!>+'+C$-!+'9!,3$!/%9!

+697,/-)f !!B36.Q!74!'/!4-+69!7.!9$,$2,$9!7'!,3$!47-.,!;$-7/9Q!,3$!'$I!+697,/-!6;9+,$.!,3$!;-/W+W7%7,&!

,3+,!,3$!>+'+C$-!7.!97.3/'$.,!C7#$'!,3$!7'4$--$9!23/72$!/4!;$-7/9!/'$ !+697,!$44/-,)!

! 8'!/-9$-!,/!2/>;+-$!,3$!,I/!.$,,7'C.Q!I$!+..6>$!,3+,!,3$! $X;$2,$9!%7+W7%7,&!2/.,.!-$.6%,7'C!

4-/>!6'9$,$2,$9!4-+69!7'!;$-7/9!/'$ !+-$!7'9$;$'9$',!4-/>!,3$!$X;$2,$9!%7+W7%7,&!2/.,.!-$.6%,7'C!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
f !!B37.!+..6>;,7/'!;-$.$',.!,3$!>/.,!$X,-$>$!2+.$!7'!>/9$%7'C!,3$!2/',7'67'C!+697,/-!-$%+,7#$!,/!,3$!23+'C$!+697,/-!
! I3$-$!,3$-$!7.!'/!;$-7/9! /'$ !7'4/->+,7/'!+9#+',+C$!4/-!,3$!2/',7'67'C!+697,/-)!B36.Q!I$!2+'!;-/#79$! !
! +'+%&,72!2%+-7,&!-$C+-97'C!,3$!9744$-$'2$.!+'9!;/,$',7+%!+9#+',+C$.!/4!+!2/',7'67'C!+697,/-!-$%+,7#$!,/!+!23+'C$!7'!!
! +697,/-.)!S/I$#$-Q!/'$!2/6%9!+-C6$!,3+,!/'%&!7>;$-4$2,!7'4/->+,7/'!/4!,3$!/%9!+697,/-h.!;$-7/9!/'$! ;+&/44.!$X7.,.)!!
! ($%+,7#$!,/!;$-4$2,!7'4/->+,7/'Q!7>;$-4$2,!7'4/->+,7/'!reduces ,3$!$X;$2,$9!#+%6$!/4!;$-7/9!/'$ !$44/-,!+'9!!
! increases!,3$!7'4$--$9!6;9+,$9!;-/W+W7%7,&!/4!,3$!97.3/'$.,!,&;$!7'!;$-7/9!,I/) !E.!+!-$.6%,Q!/6-!/#$-+%%!47'97'C.Q!/'!!
!! +#$-+C$Q!-$>+7'!6'23+'C$9)!!G$,+7%.!/4!,3$!+'+%&.7.!7'#/%#7'C!7>;$-4$2,!7'4/->+,7/'!7'!,3$!.$,,7'C!I7,3!+!23+'C$!!
! 7'!+697,/-.!7.!+#+7%+W%$!6;/'!-$Z6$.,)!

M1

exp ! x1( ) M2

  

a
1
2

2
p

1



!

! g!

4-/>!6'9$,$2,$9!4-+69!7'!;$-7/9!,I/ )!!H$!+..6>$!,3+,!,3$!%7J$%73//9!,3+,!6'9$,$2,$9!4-+69!7'!

;$-7/9!/'$ !7.!.6W.$Z6$',%&!W-/6C3,!,/!%7C3,!7'!,3$!46,6-$!7.!$X/C$'/6.%&!2+;,6-$9!W&!,3$!

;+-+>$,$-! )!

! 5$%/I!I$!$X;-$..!,3$!$X;$2,$9!;+&/44.!7'!;$-7/9.!/'$ !+'9!,I/ !4/-!,3$!'$I ! +'9!

/%9! !+697,/-.)!

! New auditor – second period 

! !! ^d_!

I3$-$! !7.!,3$!;-/W+W7%7,&!/4!,3$!97.3/'$.,!,&;$!>+'+C$-Q!C7#$'!

'/!4-+69!I+.!97.2/#$-$9!7'!;$-7/9!/'$ )!

! B3$!$X;$2,$9!;+&/44!4/-!,3$!;-$9$2$../-!+697,/-!4/%%/I.)!

! Old auditor – first period 

! ! ! ^c_!

B3$!.$Z6$'2$!/4!$#$',.!4/-!.$,,7'C!/'$ !7.!C7#$'!7'!F7C6-$!L) 

!"##$%&'3)'* '+0%#$%.$%&'* ./$#01'
!
! U$X,!I$!+..6>$!,3+,!,3$!.+>$!+697,/-!+697,.!W/,3!;$-7/9!/'$ !+'9!;$-7/9!,I/ )!!H$!.,+-,!+,!

,3$!$'9!/4!,3$!C+>$!7'!4/->6%+,7'C!,3$!+697,/-h.!,/,+%!$X;$2,$9!;+&/44)!!B3$!2/',7'67'C!+697,/-!

7'26-.!+%%!,3$!%7+W7%7,&!+'9!$44/-,!2/.,.!4/-!;$-7/9.!/'$ !+'9!,I/ )!B3$!+697,/-h.!.$2/'9!;$-7/9!

;+&/44!7.!

! !! ! ^f_!

I3$-$! !7.!,3$!6;9+,$9!;-/W+W7%7,&!/4!,3$!97.3/'$.,!,&;$Q!C7#$'!!

  L1

  A2new( )

  A1old( )

A2new = −Pr D | ND( )a2L2 exp −x2( )− x2k2

Pr D | ND( ) = θ exp −x1( )
θ exp −x1( ) + 1−θ( )

A1old = −θa1L1 exp −x1( )− x1k1

A2cont = −Pr D | ND( ) L1a1 + L2a2exp −x2( )( )− x2k2

Pr D | ND( ) = θ exp −x1( )
θ exp −x1( ) + 1−θ( )



!

! LK!

'/!4-+69!7.!9$,$2,$9!7'!;$-7/9!/'$ )a!!B3$!2/',7'67'C!+697,/-!>+7',+7'.!37.!$X;$2,$9!%/..! !4/-!

+'!6'97.2/#$-$9!47-.,!;$-7/9!4-+69!I3$,3$-!/-!'/,!4-+69!7.!97.2/#$-$9!7'!,3$!.$2/'9!;$-7/9)!!

N/-$/#$-Q!W$2+6.$!,3$!+697,/-!+697,.!W/,3!;$-7/9.Q!3$!23//.$. ! !+'9! !,/!>7'7>7V$!37.!2/.,.!

+2-/..!W/,3!;$-7/9.)!!S$!+%./!6.$. !,3$!+>/6',!/4!;$-7/9! /'$ !+697,!$44/-,!,/!7'4$-!,3$!%7J$%73//9!

,3+,!,3$!>+'+C$-!7.!,3$!97.3/'$.,!,&;$!74!'/!4-+69!7.!97.2/#$-$9!7'!;$-7/9!/'$ )!!E!J$&!+9#+',+C$!

/4!+697,7'C!W/,3!;$-7/9.!7.!,3$!+W7%7,&!,/!23//.$!!,3+,!;-/#79$.!,3$!W$.,!W$'$47,.!7'!23//.7'C! Q!!

7'2%697'C!+'! !,3+,!;-/#79$.!/;,7>+%!6;9+,7'C!/4!7'4/->+,7/'! 4/-!;$-7/9!,I/ )!!!

! B3$'!I$!3+#$!,3$!+697,/-h.!47-.,!;$-7/9!$X;$2,$9!;+&/44!/4!!

! ! ! ^a_!

I3$-$! 7.!,3$!6'2/'97,7/'+%!;-/W+W7%7,&!,3+,!'/!4-+69!7.!9$,$2,$9!7'!;$-7/9!/'$ Q!

C7#$'!,3$!23/72$!/4!+697,!$44/-,!)!!!

! 8'!/-9$-!,/!2/>;+-$!,3$!,I/!.$,,7'C.Q! I$!+..6>$! ,3+,!,3$!;+&/44.!+-$!,3$!.+>$!+2-/..!,3$!

,I/!.$,,7'C.! $X2$;,!,3+,!,3$!+697,/-!7'!,3$!2/',7'67'C!.$,,7'C!7.!+W%$!,/!/;,7>7V$!37.!23/72$.!/4!!

+'9! !+2-/.. !,7>$!W$2+6.$!3$!+697,.!W/,3!;$-7/9.)!!T/'.$Z6$',%&Q!,3$!2/',7'67'C!+697,/-h.!

$X;$2,$9!;+&/44!7'!^a_!^,3$!,/,+%!$X;$2,$9!;+&/44!/#$-!,3$!,I/!;$-7/9._!7.!$Z6+%!,/!,3$!$X;$2,$9!

;+&/44.!/4!,3$!old!+'9!new!+697,/-.!7'!,3$!23+'C$!.$,,7'C!+.!%/'C!+.! !+-$!,3$!

.+>$)!!B/!.$$!,3+,!,37.!7.!,3$!2+.$Q!I$!2+'!+99!,3$!$X;$2,$9!;+&/44!7'!^d_!,/!,3$!$X;$2,$9!;+&/44!

7'!^c_!>6%,7;%7$9!W&!,3$!;-/W+W7%7,&!,3+,!,3$!C+>$!;-/2$$9.!,/!,3$!.$2/'9!;$-7/9!+'9!I$!/W,+7'!

$X;-$..7/'!^a_)!!B3$!/'%&!9744$-$'2$.!W$,I$$'!,3$!,I/!.$,,7'C.Q!,3$'Q!9$-7#$!4-/>!9744$-$'2$.!7'!

,3$!+697,/-!+'9!>+'+C$-!.,-+,$C7$.)!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
a!8'!,37.!$X;-$..7/'!+'9!+%%!,3/.$!,3+,!4/%%/IQ!i2/',Y!7'!,3$!.6W.2-7;,!7.!.3/-,!4/-!i2/',7'67'C)Y!!

L1a1

  x1   x2

  x1   x2

  x1

A1cont = ! exp " x1( )+ 1" !( )( )A2cont " x1k1

! exp " x1( )+ 1" !( )

  x1

  x1

  x2

  x1, x2, a1 and a2



!

! LL!

! B3$!.$Z6$'2$!/4!$#$',.!4/-!1$,,7'C!@!7.!C7#$'!7'!F7C6-$!@)!!]6-!'$X,!.$2,7/'!9$.2-7W$. !,3$!

$Z67%7W-7+!4/-!,3$!,I/!.$,,7'C.) !

333=!!%K@3E3573@D!+>+EL636!

6$((.0G!M9!+ !8 #20G$!.0!+ ,-.(*/) !

! H7,3!+!23+'C$!7'!+697,/-.Q!I$!6.$!$X;-$..7/'.!^L_!j !^c_!,/!./%#$!4/-!/6-!$Z67%7W-76>)!!F7-.,!

'/,$!,3+,!,3$!>+'+C$-h.!$X;$2,$9!;+&/44!+,!,3$!W$C7''7'C!/4!,3$!C+>$!7.!

! ! ^M_!

I3723!&7$%9.!47-.,!/-9$-!2/'97,7/'.!

! ! ! ^R_!

+'9 !

! )! ! ^g_!

T/'97,7/'.!^R_!+'9!^g_!&7$%9!,3$!4/%%/I7'C!4-+69!23/72$.!/4! !+'9! Q!-$.;$2,7#$%&)!

! !!+'9!
!

! ! ^LK_!

"X;-$..7/'!^LK_!.+&.!,3+,!,3$!>+'+C$-!.$%$2,.!,3$!+>/6',!/4!4-+69!$Z6+%!,/!,3$!-+,7/!/4!7,.!

$X;$2,$9!>+-C7'+%!W$'$47,!,/!7,.!$X;$2,$9!>+-C7'+%!;$'+%,&)!B36.Q!+.!+697,!$44/-,!7'2-$+.$.!,3$!

-$%+,7#$!$X;$2,$9!W$'$47,!/4!4-+69!9$2-$+.$.)!

! B3$!+697,/-h.!47-.,!/-9$-!2/'97,7/'.!4/%%/I!4-/>!$X;-$..7/'.!^d_!+'9!^c_)!

! !! ! ^LL_!

! ! ! ^L@_!

M1 = a1R1 + a2R2 exp ! x2( ) !
a2

2

2
p2 1! exp ! x2( )( )"

#$
%
&'

exp ! x1( ) !
a1

2

2
p1 1! exp ! x1( )( )

dM1

da1

= R1 exp ! x1( ) ! a1p1 1! exp ! x1( )( ) = 0

dM1

da2

= R2 exp ! x2( ) ! a2 p2 1! exp ! x2( )( )( )exp ! x1( ) = 0

a1 a2

a1 =
R1 exp −x1( )

p1 1− exp −x1( )( ) a2 =
R2 exp −x2( )

p2 1− exp −x2( )( )

  

dA1old

dx1

= θa1L1 exp −x1( )− k1 = 0

dA2new
dx2

= Pr D | ND( )a2L2 exp −x2( )− k2 = 0



!

! L@!

T/'97,7/'.!^LL_!+'9!^L@_!&7$%9!$44/-,!23/72$.!/4!!+'9! Q!-$.;$2,7#$%&)!!

! !!+'9! ! ! ^Ld_!

H$!6.$!$X;-$..7/'.!^LK_!+'9!^Ld_!,/!/W,+7'!/6-!$Z67%7W-76>Q!I3723!7.!.,+,$9!7'!*-/;/.7,7/'!L)!

C/*J*).(.*0!M9!e7#$'!+!23+'C$!7'!+697,/-.Q!,3$!6'7Z6$!$Z67%7W-76>!.,-+,$C7$.!4/-!,3$!
>+'+C$-Q!,3$!/%9!+697,/-!+'9!,3$!'$I!+697,/-!+-$!+.!4/%%/I.)!
!
Manager: 

!!!!!+'9!!

 

Auditorold!!

!!

! Auditornew 

!

Âll proofs are in the Appendix_!
!
B37.!;-/#79$.!+!W$'23>+-J!,/!2/>;+-$!,3$!$Z67%7W-76>!I7,3!+!2/',7'67'C! +697,/-)!

6$((.0G!N9!+ !8 *0(.0,.0G!+ ,-.(*/ !

! U$X,!I$!9$-7#$!,3$!$Z67%7W-76>!I3$'!,3$!+697,/-!2/',7'6$.!+.!,3$!+697,/-!/4!!

;$-7/9!,I/ !+4,$-!+697,7'C!;$-7/9!/'$ )!!B3$!23+-+2,$-7V+,7/'!/4!,3$!4-+69!+>/6',.!7'!$X;-$..7/'!

^LK_!-$>+7'.!,3$!.+>$!7'!,37.!.$,,7'C!I3$-$!!!

x1 x2

x1 = Log
a1L1
k1
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⎡

⎣
⎢

⎤

⎦
⎥ x2 = Log

a2L2
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θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥
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p1 −1+ 1
2
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k1p1
θ

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟
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R2

p2 −1+ 1
2
1+ 1+ 4L2R2

k2p2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜
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⎠
⎟

x1 = Log
1
2
1+ 1+ 4θR1L1

p1k1
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⎝⎜
⎞

⎠⎟
⎛

⎝
⎜

⎞

⎠
⎟

x2 = Log
1
2
1+ 1+ 4R2L2

p2k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟



!

! Ld!

! !!+'9!
!

! )!!!

! 8'!,37.!.$,,7'CQ!I$!47-.,!./%#$!4/-!;$-7/9!,I/ !+697,!$44/-,!+'9!,3$'!;$-7/9!/'$ !+697,!$44/-,!!

W$2+6.$!7'4/->+,7/'!3+.!W$$'!-$#$+%$9!W$,I$$'!;$-7/9.)M!!H3$'!'/!4-+69!7.!9$,$2,$9!7'!;$-7/9!

/'$ Q!,3$!+697,/-!6.$.!37.!;$-7/9!/'$ !7'4/->+,7/'!,/!-$+..$..!,3$!;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!

97.3/'$., !+'9!J'/I7'C!,37.!7.!,3$!2+.$!23//.$.!37.!$44/-,!7'!;$-7/9!/'$ Q!+22/-97'C%&Q!,/!>7'7>7V$!

37.!,/,+%!$X;$2,$9!2/.,.!+2-/..!W/,3!;$-7/9.)!!5+.$9!/'!37.!;$-7/9! ,I/ !$X;$2,$9!;+&/44!7'!

$X;-$..7/'!^f_Q!,3$!+697,/-h.!;$-7/9!,I/ !47-.,!/-9$-!2/'97,7/'!7.!$Z6+%!,/!,3$!4/%%/I7'C)!

! ! !! ^Lc_!

! !!!!

B3$'!I$!.6W.,7,6,$!4/-! !7',/! !+'9!I7,3!./>$!-$+--+'C7'C!I$!/W,+7'!,3$!4/%%/I7'C)!

Q!!!! !^Lf_!

I3723!I$!6.$!,/!/W,+7'!,3$!47-.,!/-9$-!2/'97,7/'!4/-! )!

! !

! ! !! ^La_!

!
U$X,!I$!.6W.,7,6,$!4/-! 7',/! !+'9!./%#$!4/-! )!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
M!! B3$!$Z67%7W-76>Q!C7#$'!+!2/',7'67'C!+697,/-Q!7.!,$23'72+%%&!9$47'$9!7>;%727,%&!W+.$9!/'!4/6-!$Z67%7W-76>!

2/'97,7/'.)!!G6$!,/! ,3$!'+,6-$!/4!/6-!;+&/44.Q!+!46%%&!$X;%727,!./%6,7/'!7.!'/,!;/..7W%$)!!S/I$#$-!4/-!2/'#$'7$'2$!
+'9!,/!$'+W%$!6.!,/!>/-$!7',67,7#$%&!2/>;+-$!,3$!$Z67%7W-76>!,/!/'$!I7,3!+!23+'C$!7'!+697,/-.Q!I$!9$47'$!$+23!/4!
,3$!;%+&$-h.!.,-+,$C7$.!+.!46'2,7/'.!/4!,3$!+697,/-h.!;$-7/9!/'$ !$44/-,!23/72$!xL)!!

a1 =
R1 exp −x1( )

p1 1− exp −x1( )( )
  

a2 =
R2 exp −x2( )

p2 1− exp −x2( )( ) .

  

dA2cont

dx2

= Pr D | ND( ) L2a2exp −x2⎡⎣ ⎤⎦( )− k2 = 0⇒

  
x2 = Log

a2L2

k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )
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⎣
⎢
⎢

⎤

⎦
⎥
⎥
= Log

L2a2

k2

θ
θexp −x1⎡⎣ ⎤⎦ + 1−θ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
− x1

x2   A1cont

  

A1cont =

−L1a1θ exp −x1( )

    − θ exp −x1( ) + 1−θ( )( )k2 1− x1 + Log
L2a2

k2

θ
θ exp −x1( ) + 1−θ( )
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⎣
⎢
⎢

⎤

⎦
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⎥

⎛
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⎜

⎞

⎠
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
− x1k1

x1

dA1cont
dx1

=

θ exp −x1( ) L1a1 + k2 1− x1 + Log
L2a2

k2

θ
θ exp −x1( )+ 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟ + 1−θ( )k2 − k1 = 0

a2 x2 x2



!

! Lc!

! Q! !!!!!! ^LM_!

! I3723!I$!'$$9!,/!/W,+7'! )!!

! ! ! ^LR_!

B3$!form!/4!,3$!$Z67%7W-76>!.,-+,$C7$.!4/-!+'9! !7'!,3$!2/',7'6/6.!2+.$!7.!,3$!.+>$!+.!,3/.$!

4/-!,3$!'$I!+697,/-Q!C7#$'!+!23+'C$!7'!+697,/-.)!!S/I$#$-Q!,3$!values +-$!9744$-$',!96$!,/!,3$!

9744$-7'C!+697,!$44/-,!.,-+,$C7$.!7'!;$-7/9!/'$ !4/-!,3$!,I/!.$,,7'C.)! !

! !:'%7J$!,3$!/%9!+697,/-!I3/!3+.!'/!+W7%7,&!+'9!'/!7'2$',7#$!,/!2/',-/%!/-!>7'7>7V$!;$-7/9!

,I/ !+697,!2/.,.Q!,3$!2/',7'67'C!+697,/-!23//.$.!37.!47-.,!;$-7/9!+697,!$44/-,!J'/I7'C!,3+,!3$!I7%%!

4+2$!+!;/..7W%&!97.3/'$.,!>+'+C$-!7'!;$-7/9!,I/ !74!'/!4-+69!7.!9$,$2,$9!7'!;$-7/9!/'$ )!!5+.$9!/'!

$X;-$..7/'!^La_Q!I$!3+#$!,3$!$Z67%7W-76>!2/'97,7/'!4/-!Q!%+W$%$9! )!

!!!!!!!!

! ! ^Lg_!

I3$-$!! !7.!,3$!.+>$!+.!$X;-$..7/'!^LM_!+'9! !)!!"X;-$..7/'!^Lg_!

7>;%727,%&!9$47'$.!,3$!$Z67%7W-76>!#+%6$!/4!!W$2+6.$!I$!2+''/,!$X;%727,%&!./%#$!4/-!)!!

F6-,3$->/-$Q!$+23!/4!/6-!$Z67%7W-76>!.,-+,$C7$.!+-$!9$47'$9!7'!,$->.!/4!)!

C/*J*).(.*0!N9!H3$'!,3$!+697,/-!2/',7'6$.!4-/>!;$-7/9! /'$ !,/!;$-7/9! ,I/ !,3$!6'7Z6$!
$Z67%7W-76>!.,-+,$C7$.!4/-!,3$!>+'+C$-!+'9!+697,/-!+-$!+.!4/%%/I.)!
!
Manager!

!!+'9!!

x2 = Log
1
2

1+ 1+
4L2R2
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! exp " x1( )
! exp " x1( )+ 1" !( )
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$
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(

)
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+
+

,

-
.
.

a2

a2 =
R2

p2 ! 1+
1
2

1+ 1+
4L2R2

k2 p2

" exp ! x1( )
" exp ! x1( )+ 1! "( )

#

$
%

&

'
(

#

$
%

&

'
(

  a2   x2

x1 H x1[ ]

H x1[ ] = ! exp " x1( ) L1a1 x1[ ] + k2 + k2x2 x1[ ]( )+ 1" !( )k2 " k1 = 0

x2 x1[ ] a1 x1[ ] =
R1 exp ! x1( )

p1 1! exp ! x1( )( )

x1 x1

x1

a1 =
R1 exp −x1( )

p1 1− exp −x1( )( )



!

! Lf !

!

Auditor 

!!!+'9  

!I3$-$! !!.+,7.47$.! )!

!B3$!$Z67%7W-76>!9$47'$9!7'!*-/;/.7,7/'!@!3+.!.$#$-+%!7',$-$.,7'C!23+-+2,$-7.,72.)!!F7-.,Q!I$!.$$!,3+,!

!+'9! !+-$!7'#$-.$%&!-$%+,$9Q!+%%!$%.$!3$%9!2/'.,+',)!!!8'!*-/;/.7,7/'!@Q! !9$2-$+.$.!7'! !

I7,3/6,!-$C+-9!,/!+!23+'C$!7'!;+&/44!;+-+>$,$-.)!!84!'/!4-+69!7.!97.2/#$-$9!7'!;$-7/9!/'$ !4/-!+!

37C3! !,3$'!,3$!;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!,3$!97.3/'$.,!,&;$!7.!.>+%%$-!+'9!,3$!+697,/-!>+&!

47'9!+!-$962,7/'!7'! !,/!W$!/;,7>+%)!!]4!2/6-.$Q!,3$!$Z67%7W-76>!-$%+,7/'!W$,I$$'!!+'9! !

>6.,!W$!2/'.79$-$9!I7,3!-$C+-9!,/!+!23+'C$!7'!+!;+&/44!;+-+>$,$-)!!H$!$X;%/-$!,37.!>/-$!

,3/-/6C3%&!7'!,3$!'$X,!.$2,7/'!,3+,!;-/#79$.!+!2/>;+-+,7#$!+'+%&.7.)

!
! 1$2/'9Q!$X;-$..7/'!^Lg_!,3+,!7>;%727,%&!9$47'$.!,3$!$Z67%7W-76>!#+%6$!/4!!.3/I.!,3+,!,3$!

47-.,!;$-7/9!+697,!$44/-,!!7.!C-$+,$-!,3+'!I3+,!I/6%9!/226-!7'!;$-7/9!/'$ !I3$'!I$!3+#$!+!

23+'C$!7'!+697,/-.)!!U/,$!,3+,!$X;-$..7/'!^Lg_!2+'!W$!I-7,,$'!+.!!

! ! ^@K_!

I3$-$! !7.!,3$!$Z67%7W-76>!2/'97,7/'!4/-!+!.7'C%$!;$-7/9!C+>$!

/-!+%,$-'+,7#$%&Q!4/-!,3$!/%9!+697,/-!7'!;$-7/9!/'$ )!!E.!;+-,!/4!/6-!;-//4!,/!*-/;/.7,7/'!@Q!I$!.3/I!

,3+,!$X;-$..7/'!^Lg_!9$2-$+.$.!7'! !+'9!$X;-$..7/'!^@K_!.3/I.!,3+,!;/7', OI7 .$!7,!3+.!%+-C$-!

#+%6$.!,3+'!,3+,!4/-!+!.7'C%$!;$-7/9!C+>$)!!B36.Q!,3$!2/',7'6/6.!+697,/-!23//.$.!C-$+,$-!;$-7/9!
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2
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k2 p2

" exp ! x1( )
" exp ! x1( )+ 1! "( )
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(
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(

x1 = Log
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(

x2 = Log
1
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1+ 1+
4L2R2
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! exp " x1( )
! exp " x1( )+ 1" !( )
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)

*
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,

-
.
. !x" H x1[ ] = 0

x1 x2 x2 x1

x1

x2 x1 x2

x1

x1

H x1[ ] = H1period x1[ ] +! exp " x1( ) k2 + k2x2 x1[ ]( )+ 1" !( )k2 = 0

H1period x1[ ] = ! exp " x1( )L1a1 x1[ ] " k1
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!

! La!

/'$ !+697,!$44/-,!,3+'!,3$!+697,/-!I3/!J'/I.!3$!7.!%$+#7'C!+,!,3$!$'9!/4!;$-7/9!/'$ Q!2$,$-7.!

;+-7W6.)!!E.!+!-$.6%,Q!,3$!+>/6',!/4!4-+69!2/>>7,,$9!7'!,3$!47-.,!&$+-!7.!%$..!4/-!+!2/',7'67'C!

+697,/-!-$%+,7#$!,/!+'!+697,/-!I3/!/'%&!+697,.!;$-7/9!/'$ )!

! F7'97'C!4-+69!.//'$-!-+,3$-!,3+'!%+,$-!7.!>/-$!#+%6+W%$!,/!,3$!2/',7'67'C!+697,/-Q!I3723!

,-+'.%+,$.!7',/!+!.>+%%$-!+>/6',!/4!;$-7/9!,I/ !$44/-,!-$%+,7#$!,/!,3$!'$I!+697,/-)!^1$$!T/-/%%+-&!

L_)!!G$.;7,$!,3$!'$I!+697,/-h.!+W7%7,&!,/!6;9+,$!W+.$9!/'!,3$!7'4$--$9!;$-7/9!/'$ !+697,!$44/-,Q!,3$!

2/',7'67'C!+697,/-!23//.$.!%/I$-!+697,!$44/-,!7'!;$-7/9!,I/ !W$2+6.$!;$-7/9!/'$ !+697,!$44/-,!7.!

37C3$-!+'9!3$!$.,7>+,$.!+!%/I$-!;-/W+W7%7,&!/4!4-+69!C/7'C!7',/!;$-7/9!,I/ )!!G6$!,/!,3$!%/I$-!

+..$..>$',!/4!,3$!;-/W+W7%7,&!/4!4-+69!4/-!;$-7/9!,I/ Q!/'$!>7C3,!7'4$-!,3+,!,3$-$!3+.!W$$'!+!

-$962,7/'!7'!.J$;,727.>)!!F6-,3$->/-$Q!,3$!%/..!/4!.J$;,727.>!appears!,/!W$!>/-$!4/-!,3$!

2/',7'67'C!+697,/-!#$-.6.!,3$!'$I!+697,/-)!!S/I$#$-Q!,3$!%/I$-!;-/W+W7%7,&!+..$..>$',!/4!4-+69!

4/-!,3$!2/',7'67'C!+697,/-!+,!,3$!W$C7''7'C!/4!,3$!.$2/'9!;$-7/9!7.!./%$%&!96$!,/!37.!23/72$!/4!

37C3$-!+697,!$44/-,!7'!,3$!47-.,!;$-7/9!+'9!,3$!4+2,!,3+,!4-+69!I+.!'/,!9$,$2,$9)!

! B37-9Q!I$!.$$!,3+,!+%%/I7'C!,3$!+697,/-!,/!2/',7'6$!+697,7'C!7'!;$-7/9!,I/ !$44$2,7#$%&!

-$962$.!,3$!>+-C7'+%!2/.,!/4!37.!;$-7/9!/'$ !+697,!$44/-,!W&!+'!+>/6',!$Z6+%!,/! )!!E.!,3$!

;-7/-!;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!,3$!3/'$.,!,&;$!7'2-$+.$.Q!,3$!2/',7'67'C!+697,/-h.!47-.,!

;$-7/9!>+-C7'+%!2/.,!/4!+697,!$44/-,!9$2-$+.$.)!!E'9Q!7'!,3$!%7>7,!+.! Q!+697,!$44/-,!

+;;-/+23$.! [ ;$-4$2,!+697,7'C[ !7'!;$-7/9!/'$ )!

! B3$.$!-$.6%,.Q!I3723!-$%+,$!,/!2/>;+-7./'.!I7,37'!$+23!;$-7/9!+-$!4/->+%%&!;-$.$',$9!7'!

T/-/%%+-&!L)!!

! 8*/*OO2/;!M9!F/-!,3$!2/',7'67'C !+697,/-!-$%+,7#$!,/!+!23+'C$!7'!+697,/-.D!

L)!!B3$!+>/6',!/4 !4-+69!7.!.>+%%$-!+'9!,3$!+>/6',!+697,!$44/-,!7.!%+-C$-!7'!;$-7/9!/'$ )!
!
@)!!B3$!+>/6',!/4! 4-+69!7.!%+-C$-!+'9!,3$!+>/6',!/4!+697,!$44/-,!7.!.>+%%$-!7'!;$-7/9!,I/) !

!

1! "( )k2

k2 !
k1

1" !



!

! LM!

! U$X,!I$!;$-4/->!+!2/>;+-+,7#$!+'+%&.7.!/'!/6-!$Z67%7W-76>!-$.6%,.Q!C7#$'!#+-7/6.!

23+'C$. !7'!;+&/44!;+-+>$,$-.)!

3P=!!8?DC+7+"3P%!+>+L636!?1!8Q+>F%6!3>!"Q%! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
+@43"?7R6!+>4!D+>+F%7R6!C+L?116 !

!
! 8'!,37.!.$2,7/'Q!I$!2/'.79$-!3/I!,3$!;%+&$-.h!.,-+,$C7$.!23+'C$!I3$'!,3$!;+&/44!!

;+-+>$,$-.!23+'C$)!!F/-!1$,,7'C!L!^,3$!23+'C$!.$,,7'C_Q!,3$!+697,/-Y.!+'9!>+'+C$-Y.!;$-7/9!/'$ !!

.,-+,$C7$.!^ !+'9! Q!-$.;$2,7#$%&_!/'%&!9$;$'9! 6; /'!,3$!;$-7/9! /'$ !;+&/44!;+-+>$,$-.)!!56,Q!

W$2+6.$!,3$!+697,/-!2+'!6;9+,$!,3$!%7J$%73//9!/4!,3$!>+'+C$-Y.!97.3/'$.,&!W+.$9!6;/'!,3$!47-.,!

;$-7/9!/6,2/>$Q!,3$!.$2/'9!;$-7/9!.,-+,$C7$.!4/-!,3$!+697,/-!+'9!>+'+C$-!9$;$'9!6;/'!;$-7/9!

/'$ !;+-+>$,$-.)!!F/-!1$,,7'C!@!̂,3$!2/',7'67'C!.$,,7'C_Q!+%%!4/6-!.,-+,$C7$.!+-$!?/7',%&!9$,$->7'$9!

W$2+6.$!,3$!>+'+C$-Y.!47-.,!;$-7/9!4-+69!23/72$!7.!9$,$->7'$9!W&!,3$!+697,/-Y.!47-.,!;$-7/9!$44/-,!

23/72$Q!+'9!,3$!+697,/-Y.!47-.,!;$-7/9!$44/-,!23/72$!7.!?/7',%&!9$,$->7'$9!I7,3!,3$!+697,/-Y.!second!

;$-7/9!$44/-,!23/72$)!!B37.!7.!9$>/'.,-+,$9!W&!,3$!$Z67%7W-76>!2/'97,7/'!4/-!!;-/#79$9!7'!

$X;-$..7/'!^Lg_)!

C/*J*).(.*0!S 9!!B3$!4/%%/I7'C!,+W%$!.6>>+-7V$.!,3$!23+'C$. !7'!$Z67%7W-76>!.,-+,$C7$.!4/-!
23+'C$.!7'!,3$!;+-+>$,$-.Q! Q! Q! Q!+'9! !I3$-$! )!!B3$!2/>;+-+,7#$!-$.6%,.!

+-$!,3$!.+>$!4/-!W/,3!.$,,7'C.Q!$X2$;,!4/-!,3$!$44$2,!,3+,!;$-7/9!,I/ !;+-+>$,$-.!3+#$!/'!
;$-7/9!/'$ !.,-+,$C7$.!^,3$!.3+9$9!2$%%._)!
!

  x1   a1

  x1

 Li  Ri  pi  ki   
i ! 1,2{ }



!

! LR!

! "44$2,!/'!.,-+,$C&!
8'2-$+.$!7'!
; $-7/9!/'$ !

;+&/44!
;+-+>$,$-.!

xL!4/-!2/',7'67'C !
!+'9!23+'C$!.$,,7'C.!

aL!4/-!2/',7'67'C! !
+'9!23+'C$!.$,,7'C.!

x@!4/-!
2/',7'67'C!
+'9!23+'C$!

.$,,7'C.!

a@!4/-!
2/',7'67'C!
+'9!23+'C$!

.$,,7'C.!

! ! ! ! !

! ! ! ! !!

! ! ! ! !!

! ! ! ! !

8'2-$+.$!7'!
; $-7/9!,I/ !

;+&/44!
;+-+>$,$-.!

xL!4/-!
2/',7'67'C!

.$,,7'C!

xL!4/-!
23+'C$!!!!
.$,,7'C!

aL!4/-!
2/',7'67'C!

.$,,7'C!

aL!4/-!
23+'C$!!!!
.$,,7'C!

x@!4/-!
2/',7'67'C!
+'9!23+'C$!

.$,,7'C.!

a@!4/-!
2/',7'67'C!
+'9!23+'C$!

.$,,7'C.!

! ! K! ! K! ! !

! ! K! ! K! ! !

! ! K! ! K! ! !

! ! K! ! K! ! !

!

B3$!+W/#$!,+W%$!7.!2/'.,-62,$9!+.!4/6-!Z6+9-+',.)!!B3$!,/;O%$4,!Z6+9-+',!9$.2-7W$.!,3$!

$44$2,.!,3+,!23+'C$.!7'!;$-7/9!/'$ !;+&/44!;+-+>$,$-.!3+#$!/'!,3$!;$-7/9!/'$ !+697,/-!+'9!>+'+C$-!

.,-+,$C7$.)!!17>7%+-%&Q!,3$!W/,,/>O-7C3,!Z6+9-+',!9$.2-7W$.!3/I!23+'C$.!7'!;$-7/9! ,I/ !;+&/44!

;+-+>$,$-.!+44$2,!;$-7/9!,I/ !+697,/-!+'9!>+'+C$-!.,-+,$C7$.)!!U/,$!,3+,!,3$.$!,I/!Z6+9-+',.!+-$!

79$',72+%)!!T3+'C$.!7'!,3$!;+&/44!;+-+>$,$-.!within +!C7#$'!;$-7/9!7'962$!,3$!.+>$!7',67,7#$!

23+'C$.!7'!,3$!+697,/-Y.!+'9!>+'+C$-Y.!.,-+,$C7$.)!!8'!+!C7#$'!;$-7/9Q!+'!7'2-$+.$!7'!,3$!+697,/-Y.!

%7,7C+,7/'!$X;/.6-$ ! !7'2-$+.$.!+697,!$44/-,!+'9!,3$!>+'+C$-!-$+2,.!W&!9$2-$+.7'C!4-+69!I3$-$+.!

+'! 7'2-$+.$!7'!,3$!+697,/-Y.!2/.,!;+-+>$,$-!4/-!+697,7'C! !9$2-$+.$.!+697,!$44/-,!+'9!,3$!>+'+C$-!

-$+2,.!W&!7'2-$+.7'C!4-+69)!!E%./Q!7'!+!C7#$'!;$-7/9Q!+'! 7'2-$+.$!7'!,3$!>+'+C$-Y.!W$'$47,!

;+-+>$,$-! !7'2-$+.$. !4-+69!+'9!,3$!+697,/- !-$+2,.!W&!7'2-$+.7'C!+697,!$44/-,!I37%$!+'! 7'2-$+.$!

7'!,3$!>+'+C$-Y.!;$'+%,&!;+-+>$,$-! !9$2-$+.$. !4-+69!+'9!,3$!+697,/-!-$+2,.!W&!9$2-$+.7'C!+697,!

$44/-,)!!

  L1
+ − − +

  R1
+ + − +

  p1
− − + −

  k1
− + + −

  L2
+ − + −

  R2
+ − + +

  p2
− + − −

  k2
+ − − +

 Li

 ki

 Ri

 pi



!

! Lg!

U$X,!2/'.79$-!,3$!,/;O-7C3,!Z6+9-+',!/4!,3$!,+W%$)!!" #$-&!$44$2,!7.!,3$!$X+2,!opposite!/4!,3$!

$44$2,!7'!,3$!,/;O%$4,!Z6+9-+',!4/-!+697,!$44/-,! !W$2+6.$!+'! 7'2-$+.$!̂9$2-$+.$_!7'!;$-7/9!/'$ !

+697,!$44/-,!!9$2-$+.$.!^7'2-$+.$._!,3$!6;9+,$9!;-/W+W7%7,&!/4!4-+69!7'!;$-7/9!,I/)!!E.!+!-$.6%,Q!

;$-7/9!,I/!+697,!$44/-,! !9$2-$+.$.!^7'2-$+.$._)!!F/-!$X+>;%$Q!+'!7'2-$+.$!7'!,3$!;$-7/9!/'$!

%7+W7%7,&!2/.,!!7'2-$+.$.!;$-7/9!/'$!+697,!$44/-,! ! ,̂/; O%$4,!Z6+9-+',_Q!I3723!7'!,6-'!%/I$-.!,3$!

6;9+,$9!;-/W+W7%7,&!/4!4-+69!7'!;$-7/9!,I/!+'9!;$-7/9!,I/!+697,!$44/-,!!9$2-$+.$.)!!N/-$/#$-Q!

W$2+6.$!,3$-$!7.!'/!23+'C$!7'!+!;$-7/9!,I/!>+'+C$-!;+&/44!;+-+>$,$-Q!,3$!>+'+C$-Y.!;$-7/9!,I/!

23/72$!/4!4-+69!7.!only!+!-$+2,7/'!,/!,3$!+697,/-Y.!;$-7/9!,I/!23/72$!/4!$44/-,)!!B36.Q!;$-7/9!,I/!

4-+69!7'2-$+.$.!^9$2-$+.$._!I3$'$#$-!;$-7/9!,I/!+697,!$44/-,!9$2-$+.$.!^7'2-$+.$._Q!C7#$'!+!

23+'C$!7'!+!;$-7/9!/'$!;+&/44!;+-+>$,$-)!

B3$!W/,,/>O%$4,!Z6+9-+',!/4!,3$!,+W%$!7%%6.,-+,$.!,3$!9744$-$',7+%!7>;+2,!/4!,3$!2/',7'67'C!

+697,/-!/'!+697,7'C!+'9!4-+69)!!]'%&!7'!,3$!2/',7'67'C!+697,/-!.$,,7'C!9/$.! ,3$!+697,/-!J'/I!37.!

;$-7/9!,I/ !;+&/44.!+'9!2+'!+9/;,!+![%//JO+3$+9[!.,-+,$C&!I3$-$!3$!2+'!+',727;+,$!,3$!$44$2,.!/4!

,3$!;$-7/9!/'$ !.,-+,$C7$.!/'!37.!;$-7/9!,I/ !$X;$2,$9!2/.,.)!!F/-!$X+>;%$Q!74!3$!$X;$2,.!%7+W7%7,&!

2/.,.!7'!;$-7/9! ,I/ !,/!7'2-$+.$Q!3$!7'2-$+.$.!37.!;$-7/9!/'$ !$44/-,!,/!3$%;!+#/79!+!;$-7/9!,I/ !+697,!

4+7%6-$)!!8'2-$+.$.!7'!;$-7/9!,I/ !%7+W7%7,&!2/.,.!7'2-$+.$!both!;$-7/9!/'$ !+'9!;$-7/9!,I/ !+697,!

$44/-,)!!B3$!2/',7'67'C!+697,/-!/;,7>+%%&!23//.$. !$44/-,!7'!$+23!/4!,3$!,I/!;$-7/9.!7'!/-9$-!,/!

>7'7>7V$!37.!/#$-+%%!2/.,.!/4!6'9$,$2,$9!4-+69)!!B3$!/%9!+697,/-!7'!,3$!23+'C$!.$,,7'C!7.!7'2+;+W%$!

/4!,37.!.,-+,$C72!23/72$)!!E.!+!-$.6%,Q!,3$!;$-7/9!,I/ !;+&/44.!9/!'/,!+44$2,!,3$!;$-7/9!/'$ !.,-+,$C7$.!

4/-!,3$!/%9!+697,/-!/-!,3$!>+'+C$-!7'!,3$!23+'C$!.$,,7'C)!!!

B/!.$$!3/I ! Q!! !+'9! Q!+44$2,!;$-7/9!/'$ !+697,!$44/-,! !4/-!,3$!2/',7'67'C!+697,/-Q!

2/'.79$-!,3$!$Z67%7W-76>!2/'97,7/'Q! Q!,3+,!9$,$->7'$.! )!

!

x2

x1

x2

L1 x1

x2

  L2   R2   p2 x1

H x1[ ] = 0 x1

H x1[ ] = θ exp −x1( ) L1a1 x1[ ]+ k2 + k2x2 x1[ ]( ) + 1−θ( )k2 − k1 = 0



!

! @K!

5$2+6.$! Q!I$!J'/I!,3+,!,3$!.7C'!/4! !9$;$'9.!/'%&!/'!,3$!.7C'!/4!

!I3$-$! g!.,+'9.!4/-!+!C$'$-+%!;+&/44!;+-+>$,$-)!!T/'.$Z6$',%&Q!!

!W$2+6.$! !I3$-$! )!!N/-$/#$-Q! !I3$-$!

Q! !+'9! )!!B3$!-$.6%,.!4/-! !+'9 ! !4/%%/I!,3$!.+>$!%/C72)!

F/-!23+'C$.!7'! Q! !I3$-$! Q!+'9!

!I3$-$! !!+'9! )!!"44$2,7#$%&Q!+'!7'2-$+.$!7'!!-$962$.!,3$!

>+-C7'+%!2/.,!/4!;$-7/9!/'$ !+697,!$44/-,)!!

F7C6-$!d!9$;72,.!+!C-+;372+%!$X+>;%$!/4!+697,!$44/-,!+'9!4-+69!7' each /4!,3$!,I/!;$-7/9. Q!

4/-!+!23+'C$!7'!+697,/-.!#$-.6.!+!2/',7'67'C!+697,/-!+'9!7%%6.,-+,$.!,3$!-$.6%,.!/4!T/-/%%+-&!L)!!

E697,!$44/-,!7.!37C3$-!7'!;$-7/9!/'$ !+'9!%/I$-!7'!;$-7/9!,I/ !I37%$!4-+69!7.!%/I$-!7'!;$-7/9!/'$ !

+'9!37C3$-!7'!;$-7/9!,I/ !4/-!,3$!2/',7'67'C! +697,/-!-$%+,7#$!,/!+!23+'C$!7'!+697,/-.)!!B3$!47C6-$!

+%./!7%%6.,-+,$.!,3$!-$.6%,.!7'!*-/;/.7,7/'!d!,3+,!-$%+,$!,/!23+'C$.!7'!;$-7/9!,I/ h.!+697,!2/.,! )!!

*$-7/9!,I/ !+697,!$44/-,!9$2-$+.$.!7'! !+'9!;$-7/9!,I/ !4-+69!7'2-$+.$.!7'! !4/-!both .$,,7'C.)!!

]'!,3$!/,3$-!3+'9Q!; $-7/9!/'$ !+697,!$44/-,!increases!7'! !4/-!,3$!2/',7'67'C!+697,/-!W6,!7,!7.!

6'+44$2,$9!W&!23+'C$.!7'!!4/-!,3$!23+'C$!+697,/-)!!B3$!2/',7'67'C !+697,/-Q!J'/I7'C!,3+,!3$!

C/$.!/'!,/!+697,!;$-7/9!,I/ Q!+697,.!>/-$!+CC-$..7#$%&!7'!;$-7/9!/'$ !+'9!,3$-$4/-$!23//.$.!+!

37C3$-!;$-7/9!/'$ !$44/-,!,3+'!,3$!/%9!+697,/-)!!B3$!97.3/'$.,!>+'+C$-!-$.;/'9.!,/!,3$.$!+697,!

dH x1[ ]
dx1

< 0 dx1
dg

=
dH x1[ ] / dg
−dH x1[ ] / dx1

dH x1[ ] / dg

  

dx1

dR2

> 0
dH x1[ ]
dR2

> 0
dx2 x1[ ]
dR2

> 0 da1
dR2

= ∂a1
∂R2

+ ∂a1
∂x1

dx1
dR2

< 0

∂a1
∂R2

= 0 ∂a1
∂x1

< 0 dx1
dR2

> 0
  

dx1

dL2   

dx1

dp2

k2
dx1
dk2

=
dH x1[ ] / dk2
−dH x1[ ] / dx1

> 0
dH x1[ ]
dk2

> 0

da1
dk2

= ∂a1
∂k2

+ ∂a1
∂x1

dx1
dk2

< 0 ∂a1
∂x1

< 0 dx1
dk2

> 0 k2

  k2

  k2   k2

  k2

  k2



!

! @L!

$44/-,!$44$2,.!W&!9$2-$+.7'C!;$-7/9!/'$ !4-+69!7'!,3$!2/',7'67'C!+697,/-!.$,,7'CQ!W6,!23+'C$.!7'! !

3+#$!'/!$44$2,!/'!4-+69!7'!;$-7/9!/'$ !4/-!,3$!23+'C$!.$,,7'C)!

B3$!'$X,!.$2,7/'!.3/I.!,3 +,!+697,!Z6+%7,&!7.!+%I+&.!37C3$-!4/-!,3$!2/',7'67'C !+697,/-Q!

I3$-$! I$!>$+.6-$! +697,!Z6+%7,&!+.!$7,3$-!$X;$2,$9!6'9$,$2,$9!4-+69!/-!+697,!-7.J)!

P=!!%TC%8"%4!@>4%"%8"%4!17+@4!+>4!+@43"!736: !

! H$!W$C7'!/6-!+'+%&.7.!/4!+697,!Z6+%7,&!W&!47-.,!2/>;+-7'C!,3$!,I/!.$,,7'C.!7'!,$->.!/4!

$X;$2,$9!6'9$,$2,$9!4-+69)!

%IJ$'($-! @0-$($'($-! 1/2,- !

! "X;$2,$9!6'9$,$2,$9!4-+69!7.!>$+.6-$9!+.!,3$!;-/W+W7%7,&!,3+,!4-+69!/226-.!,7>$.!,3$!

;-/W+W7%7,&!,3+,!4-+69!7.!'/,!9$,$2,$9!^C7#$'!+!4-+69!3+.!/226--$9_!,7>$.!,3$!+>/6',!/4!4-+69)!!E.!

,37.!>$+.6-$!9$2-$+.$.Q!+697,!Z6+%7,&!7'2-$+.$.)!

!"##$%&'()'* '+,-%&"'$%'* ./$#012'

! F/-!.$,,7'C!/'$ !I3$-$!I$!3+#$!+!23+'C$!7'!+697,/-.Q!$X;$2,$9!6'9$,$2,$9!4-+69!/#$-!,I/!

;$-7/9.!7.!$Z6+%!,/!

!!

)! ! ^@L_'

!"##$%&'3)'* '+0%#$%.$%&'* ./$#01'

! "X;$2,$9!6'9$,$2,$9!4-+69!7'!.$,,7'C!,I/ !7.!$Z6+%!,/!

!

!! ! ^@@_!

  k2

θa1 exp −x1( ) + Pr D | ND( )a2 exp −x2( ) =

EUFchange =
k1
L1

+ k2
L2

θa1 exp −x1( ) + Pr D | ND( )a2 exp −x2( ) =

EUFcont =
k1 − 1−θ( )k2
L1 +

k2
a1
1+ x2( )

+ k2
L2



!

! @@!

H$!.$$!,3+,! Q!I3723!I$!4/->+%7V$!7'!*-/;/.7,7/'!cQ!W$2+6.$!2%$+-%&!

)!!

! C/*J*).(.*0! U9!"X;$2,$9!6'9$,$2,$9!4-+69!/#$-!,3$!,I/!;$-7/9. Q!C7#$'!+!2/',7'67'C!
! +697,/-!7.!.,-72,%&!%$..!,3+'!,3+,!C7#$'!+!23+'C$!7'!+697,/-.)!
!
! B3$!.,-+,$C72!+.;$2,.!/4!+!2/',7' 67'C!+697,/-!;-/#79$!W$'$47,.!,3+,!+-$!'/,!+237$#$9!W&!+!

23+'C$!7'!+697,/-. )!!B3$!2/',7'67'C!+697,/-!23//.$. !;$-7/9!/'$ !$44/-,!,3+,!+',727;+,$.!,3$!

>+'+C$-Y.!.,-+,$C&!/#$-!,3$!,I/!;$-7/9. !+'9!,36.!3+.!,3$!+W7%7,&!,/!>7'7>7V$!37.!,/,+%!$X;$2,$9!

2/.,. )!!N/-$/#$-Q!I3$'!+!23+'C$!7'!+697,/-.!7.!J'/I'!,/!/226-Q!,3$!/%9!+697,/-!7.!/'%&!7',$-$.,$9!

7'!3/I!37.!.,-+,$C72!23/72$!+44$2,.!37.!/I'!;$-7/9!/'$ !$X;$2,$9!2/.,.)!!!

! F7C6-$!c!9$;72,.!+!C-+;372+%!$X+>;%$!7%%6.,-+,7'C!*-/;/.7,7/'!c)!!H37%$!,3$!2/>;+-7./'!7.!

#+%79!4/-!+%%!;+-+>$,$-.Q!I$!9$>/'.,-+,$!,3$!-$%+,7/'.37;!W$,I$$'! !+'9! !7'!,$->.!

/4!,3$!+697,/-Y.!%7+W7%7,&!;+-+>$,$-!7'!;$-7/9!,I/ Q! )!!U/,$!,3+,! !4/-!+%%!#+%6$.!

/4! !+'9!+!23+'C$!7'! !+44$2,.! !,/!+!-$%+,7#$%&!C-$+,$-!$X,$',. 

+ ,-.(!7.)V !

! 8'!/6-!.$,,7'CQ!+697,!-7.J!7.!,3$!;-/W+W7%7,&!,3+,!,3$!47'+'27+%!.,+,$>$',.!2/',+7'!+' !!!

6'9$,$2,$9!4-+69)R!!F6-,3$->/-$Q!I3$'!I$!2/'.79$-!+697,!-7.JQ!I$!2/>;+-$!+697,!-7.J!4/-!$+23!

7'97#796+%!+697,!;$-7/9!+2-/..!,3$!,I/!.$,,7'C. )!

!"##$%&'()'* '+,-%&"'$%'* ./$#012'

! H3$'!,3$-$!7.!+!23+'C$!7'!+697,/-.Q!+697,!-7.J!7'!;$-7/9!/'$ !7.!

! !!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
R!B3$!;-/4$..7/'+%!.,+'9+-9.!9$47'$!+697,!-7.J!+.!,3$!;-/W+W7%7,&!,3+,!,3$!+697,/-!7..6$.!+'!6'Z6+%747$9!/;7'7/'!C7#$'!!
,3+,!,3$!47'+'27+%!.,+,$>$',.!+-$!>+,$-7+%%&!>7..,+,$9)!!8'!/6-!.$,,7'CQ!,3$!+697,/-!7..6$.!+'!6'Z6+%747$9!/;7'7/'!74!'/!
4-+69!7.!9$,$2,$9)!B36.!+697,!-7.J!7.!,3$!;-/W+W7%7,&!4-+69!$X7.,.!+'9!C/$.!6'9$,$2,$9)!

EUFcont < EUFchange

k1 − 1−θ( )k2
L1 +

k2
a1
1+ x2( )

< k1
L1

 EUFcont  
EUFchange

  L2 EUFcont < EUFchange

L2 L2 EUFcont

AR1old = θ exp −x1( )



!

! @d!

+'9!7'!;$-7/9!,I/ !+697,!-7.J!$Z6+%.!

!
!

I3$-$! !+'9! !+-$!4-/>!*-/;/.7,7/'!L) ! !!

!"##$%&'3)'* '+0%#$%.$%&'* ./$#01!

! H3$'!,3$-$!7.!+!2/',7'67'C!+697,/-Q!+697,!-7.J!7'!;$-7/9!/'$ !7.!$Z6+%!,/!!

! !

+'9!7'!;$-7/9!,I/ !+697,!-7.J!7.!$Z6+%!,/!

! !

I3$-$! !+'9! !+-$!4-/>!*-/;/.7,7/'!@) !

! C/*J*).(.*0 !W9!E697,!-7.J!7'!$+23!;$-7/9!C7#$'!+!2/',7'67'C!+697,/-!7.!.,-72,%&!%$..!!
! ,3+'!,3+,!C7#$'!+!23+'C$!7'!+697,/-.)!
!
! 5+.$9!/'!,3$!$Z67%7W-76>!2/'97,7/'! Q!I$!J'/I!,3+,!47-.,!;$-7/9!+697,!$44/-,!7'!

1$,,7'C!@!7.!37C3$-!,3+'!,3+,!7'!1$,,7'C!L!+'9!I$!3+#$!,3$!4/%%/I7'C!-$.6%,Q!

! Q!!

I3723!7>;%7$.!,3+,!+697,!-7.J!7.!37C3$-!4/-!,3$!23+'C$!+697,/-!7'!;$-7/9!/'$ )
!!
F7C6-$!f!;-/#79$.!+!

C-+;372+%!-$;-$.$',+,7/'!/4!+!2/>;+-7./'!/4!;$-7/9!/'$ !+697,!-7.J!+2-/..!.$,,7'C.!/'$ !+'9!,I/ !+.!

,3$&!-$%+,$!,/!,3$!+697,/-Y.!;$-7/9!/'$ !%7+W7%7,&!;+-+>$,$-!)!!EC+7'!+'&!;+-+>$,$-!2/6%9!W$!

6.$9!,/!7%%6.,-+,$!,3$.$!-$%+,7/'.37;.)!!G$.;7,$!+!37C3$-!+697,!$44/-,!7'!;$-7/9!,I/ !4/-!+!23+'C$!7'!

+697,/-.Q!2/>;+-$9!,/! +!2/',7'67'C!+697,/-Q!+697,!-7.J!-$>+7'.!%/I$-!7'!;$-7/9!,I/ !4/-!,3$!

2/',7'67'C!+697,/-)!!!B37.!/226-.!W$2+6.$!;$-7/9!,I/ !+697,!-7.J!7'!.$,,7'C!,I/ !7'2%69$.!,3$!

6;9+,$9!;-/W+W7%7,&! !,3+,!,3$!>+'+C$-!7.!,3$!4-+696%$',!,&;$!I3$-$!!7.!

AR2new =
θ exp −x1( )

θ exp −x1( ) + 1−θ( ) exp −x2( )

x1 x2

AR1cont = θ exp −x1( )

AR2cont =
θ exp −x1( )

θ exp −x1( ) + 1−θ( ) exp −x2( )

x1 x2

H x1[ ]= 0

AR1old > AR1cont

  L1

θ exp −x1( )
θ exp −x1( ) + 1−θ( ) x1



!

! @c!

C-$+,$-!4/-!,3$!2/',7'67'C!+697,/-)!!B/C$,3$-!/6-!47'97'C.!4/-!$X;$2,$9!6'9$,$2,$9!4-+69!+'9!+697,!

-7.J!7'!$+23!;$-7/9!.3/I! ,3+,!+697,!Z6+%7,&!7.!37C3$-!7'!,3$!2/',7'67'C!.$,,7'C!2/>;+-$9!,/ !,3$!

23+'C$!.$,,7'C)!

P3=!!%DC738+E!3>63FQ"6 !

($C6%+,/-.Q!;-+2,7,7/'$-.Q!+'9!+2+9$>72!-$.$+-23$-.!2/',7'6$!,/!9$W+,$!I3$,3$-!,3$!

$44727$'27$.!,3+,!-$.6%,!4-/>!+'!$X,$'9$9!+697,/- !,$'6-$!/6,I$7C3!,3$!;/,$',7+%!7>;+7->$',!/4!

+697,/-!7'9$;$'9$'2$!4-/>!,3$!+697,/-!W$2/>7'C![ ,//! 2/V&[!I7,3!,3$!2%7$',)!!E.!I7,3!/,3$-!

.,697$.Q!I$!47'9!+697,!Z6+%7,&!7.!37C3$-!4/-!,3$!2/',7'67'C!+697,/-Q!7'!,3+,!W/,3!+697,!-7.J!+'9!

$X;$2,$9!6'9$,$2,$9!4-+69!+-$!%/I$-!+2-/..!,3$!,I/!;$-7/9.! 4/-!+!2/',7'67'C!+697,/-!2/>;+-$9!,/ !

+!23+'C$!7'!+697,/-.)!!]6-!.,69&!9$>/'.,-+,$.Q!,3+,!I7,3/6,!$>;7-72+%!+'9!$X;$-7>$',+%!

-$.$+-23$-.!9$#$%/;7'C!+'!$X;$2,+,7/'.!>/9$%!,3+,!-$4%$2,.!,3$!$X,$',!+697,!Z6+%7,&!I/6%9!9744$-!

7'!,3$!+W.$'2$!/4!+'!7>;+7->$',!/4!7'9$;$'9$'2$Q!,3$!$#79$'2$!,/!9+,$!7.!7'2/'2%6.7#$!/'!

I3$,3$-!+'!7>;+7->$',!9/$.!/-!9/$.!'/,!$X7.,)!! !

B3$!2/'2$-'!+W/6,!7>;+7->$',!/4!7'9$;$'9$'2$!2/',7'6$.!,/!W$!46$%$9!W&!,3$!/W.$-#$9!

;3$'/>$'/'!7'!%+,$-!;$-7/9.!,3+,!+697,!$44/-,!7.!.>+%%$-!+'9!,3$!+>/6',!/4!4-+69!7.!%+-C$-!4/-!+!

2/',7'67'C!+697,/-!2/>;+-$9!,/ !+!'$I!+697,/-)!!E!J$&!47'97'C!/4!/6-!.,69&Q!3/I$#$-Q!7.!,3+,!,3$!

2/',7'67'C!+697,/-!I/6%9!,&;72+%%&!$X$-,!>/-$!$44/-,!7'!,3$!$+-%7$-!;$-7/9!,/!97.2/#$-!4-+69Q!I3723!

7'!,6-'!-$.6%,.!7'!%$..!+697,!$44/-,!+'9!>/-$!4-+69!7'!,3$!%+,$-!;$-7/9)!!B37.Q!/4!2/6-.$Q!3+.!,3$!

+;;$+-+'2$!,3+,!+697,!,$'6-$!7>;+7-.!+697,/-!7'9$;$'9$'2$)!H37%$!+'!7>;+7->$',!/4!

7'9$;$'9$'2$!>+&!7'9$$9!$X7.,Q!.623!+!2/'2%6.7/'!2+''/,!W$!9-+I' !4-/>!/W.$-#7'C!%/I$-!+697,!

$44/-,!+'9 !37C3$-!4-+69!7'!%+,$-!;$-7/9.!/4!+'!+697,/-h.!,$'6-$!I7,3/6, !47-.,!2+%7W-+,7'C!,3$!$X;$2,$9!

9744$-$'2$.!W$,I$$'!+!2/',7'67'C!+697,/-!+'9!+!23+'C$!7'!+697,/-Q!+C+7'!7'!,3$!+W.$'2$!/4!+'!

7>;+7->$',!/4!7'9$;$'9$'2$) !!!



!

! @f!

H7,3!,3$!2/%%+;.$!/4!E-,36-!E'9$-.$'Q!'$I!2/'2$-'.!+-/.$!+W/6,!+697,/-!,$'6-$!$-/97'C!

+697,/-!7'9$;$'9$'2$)!!(+,3$-!,3+'!2-$+,7'C!>+'9+,/-&!+697,!47->!-/,+,7/'.!,/!+%%$#7+,$!,3$.$!

2/'2$-'.Q!,3$!Sarbanes-Oxley Act of 2002 ^1]k_!$'3+'2$9!,3$!;-/#7.7/'!4/-!>+'9+,/-&  partner 

-/,+,7/'!W&!-$9627'C!,3$!-/,+,7/'!;$-7/9!,/!+!>+X7>6>!/4!47#$!&$+-.)!!8'!,$->.!/4!/6-!>/9$%Q!

>+'9+,7'C!;+-,'$-!-/,+,7/'!;/,$',7+%%&!7'2-$+.$.!,3$!2/.,!/4!+697,7'C!7'!,3$!%+,$-!;$-7/9.!4/-!+!'$I!

continuing!+697,/-!47->!;+-,'$-Q!-$;-$.$',$9!W&!k2)!!!

B3$!9$.7-$9!$44$2,.!/4!1]k!-$9627'C!,3$!-/,+,7/'!;$-7/9!I+.!,/!7'2-$+.$!+697,!Z6+%7,&!W&!

-$9627'C!,3$!;/..7W7%7,&!,3+,!+697,!;+-,'$-!,$'6-$!7>;+7-.!+697,/-!7'9$;$'9$'2$)!!e7;;$-Q!S+7%Q!+'9!

A$6V!^@KLM_!+'+%&V$!+!%+-C$!.2+%$!.+>;%$!/4!;+-,'$-!-/,+,7/'.!7'!,3$!:)1)!,/!,$.,!4/-!,37.!

;/..7W7%7,&Q!W6,!47'9!'/!$#79$'2$!,3+,!+697,!Z6+%7,&!7'2-$+.$9!I7,3!,3$!1]k!-$Z67-$>$',)!!B3$!

-$.6%,.!4-/>!/6-!.,69&!;-/#79$!+'!$X;%+'+,7/'!+.!,/!I3&!,3$!+W/#$!.,69&!979!'/,!47'9!+'!

7>;-/#$>$',!7'!,3$7-!7'972+,/-.!/4!+697,!Z6+%7,&)!!]6-!2/>;+-+,7#$!.,+,72.!7'972+,$!,3+,!+.!k2!

7'2-$+.$.Q!+697,!$44/-,!W&!,3$!2/',7'67'C!+697,/-!^7'!,37.!2+.$Q!+!2/',7'67'C!+697,!47->!I7,3!+!

9744$-$',!%$+9!+697,!;+-,'$-_!9$2-$+.$.!$#$'!>/-$!7'!,3$!%+,$-!+697,!;$-7/9!-$%+,7#$!,/!,3$!'$I!

+697,/-)!!B3$!+>/6',!/4!4-+69!7'!,3$!%+,$-!;$-7/9!+%./!7'2-$+.$.!+.!k2!7'2-$+.$.)!!

H37%$!>+'9+,/-&!+697,!;+-,'$-!-/,+,7/'!>7C3,!W$!$44$2,7#$!7'!-$9627'C!,3$!;/..7W%$!

7>;+7->$',!/4!7'9$;$'9$'2$!4-/>!+697,/-!,$'6-$Q!,3$!6',$'9$9!2/'.$Z6$'2$.!/4!>+'9+,/-&!+697,!

;+-,'$-!-/,+,7/'!+-$! ;/,$',7+%%&!/;;/.7,$!/4!1]kY.!C/+%!,/!7'2-$+.$!+697,!Z6+%7,&)!!5&!+;;%&7'C!,3$!

-$.6%,.!/4!/6-!2/>;+-+,7#$!.,+,72.!,/!46,6-$!$X;$-7>$',+%!+'9!$>;7-72+%!.,697$.Q!46,6-$!,$.,.!I7%%!

W$!+W%$!,/!79$',74&!I3$,3$-!,3$!;/.7,7#$!$44$2,.!/4!>+'9+,/-&!+697,!;+-,'$-!-/,+,7/'!/'!+697,/-!

7'9$;$'9$'2$!/6,I$7C3!,3$!6'7',$'9$9!'$C+,7#$!$44$2,.!/4!>+'9+,/-&!+697,!;+-,'$-!-/,+,7/'!4-/>!

7'2-$+.7'C!;$-7/9!,I/ !+697,!2/.,.! )!

P33=!!8?>8E@63?> !

  k2



!

! @a!

! H$!2/'.79$-!+!C+>$O,3$/-$,72!>/9$%!/4!+697,7'C!I3$-$!+!>+'+C$-!;/..7W%&!2/>>7,.!

4-+69!/#$-!,I/!;$-7/9.!+'9!+'!+697,/-!+,,$>;,.!,/!9$,$2,!,3$!4-+69Q!74!7,!$X7.,.)!!H$!2/>;+-$!,I/!

.$,,7'C.!/4!,37.!>/9$%)!!8'!,3$!47-.,Q!+!9744$-$',!+697,/-!+697,.!$+23!;$-7/9)!B3$!+697,/-!7'!,3$!

.$2/'9!;$-7/9!2+'!6;9+,$!,3$!;-/W+W7%7,&!,3+,!,3$!>+'+C$-!7.!97.3/'$.,!W+.$9!/'!37.!7'4$-$'2$!/4!

,3$!/%9!+697,/-h.!+2,7/'.)!!S/ I$#$-Q!,3$!7'2$',7#$.!/4!,3$!+697,/-.!7'!$+23!;$-7/9!+-$!7'9$;$'9$',)!!

8'!,3$!.$2/'9!.$,,7'C!+!.7'C%$!+697,/-!+697,.!W/,3!;$-7/9.)!!8'!,37.!2+.$Q!,3$!2/',7'67'C!+697,/-!2+'!

$44727$',%&!23//.$! +697,!$44/-,!7'!$+23!/4!,3$!,I/!;$-7/9.!,/!>7'7>7V$!,3$!2/>W7'$9!2/.,.!/4!

+697,7'C!+'9!%7,7C+,7/'!$X;/.6-$!+2-/..!,3$!,I/!;$-7/9.)!!E.!+!-$.6%,Q!+!2/',7'67'C!+697,/-!23//.$.!

+!37C3$-!+>/6',!/4!;$-7/9!/'$ !+697,!$44/-,!+'9!,3$!>+'+C$-!23//.$.!+!%$..$-!+>/6',!/4!;$-7/9!

/'$ !4-+69)!!84!,3$-$!7.!'/!4-+69!9$,$2,$9!+,!,3$!$'9!/4!;$-7/9!/'$ Q!,3$!2/',7'67'C!+697,/-!23//.$.!+!

lower!+>/6',!/4!;$-7/9! ,I/ !+697,!$44/-,!-$%+,7#$!,/!+!'$I!;$-7/9!,I/ !+697,/-Q!W$2+6.$!,3$!;$-7/9!

/'$ !$#79$'2$!4/-!,3$!2/',7'67'C!+697,/-!7'972+,$.!,3+,!,3$-$!7.!+!%/I$-!-7.J!/4!+!97.3/'$.,O,&;$!

>+'+C$-)!!

! ]6- !-$.6%,.!+%./!.3/I!,3+,!,I/!>$+.6-$.!/4!+697,!Z6+%7,&!+-$!+%I+&.!37C3$-!4/-!+!

2/',7'67'C!+697,/-)!!B37.!/226-.!9$.;7,$!+!%/I$-!%$#$%!/4!;$-7/9!,I/ !+697,!$44/-,!4/-!,3$!

2/',7'67'C!+697,/-!I3$'!2/>;+-$9!,/! ,3$!;$-7/9!,I/ !+697,!$44/-,!C7#$'!+!23+'C$!7'!+697,/-.)!!H$!

47'9!,3+,!+697,!-7.J!^,3$!;-/W+W7%7,&!4-+69!$X7.,.!+'9!C/$.!6'9$,$2,$9_!7.!%/I$-!7'!each ;$-7/9!4/-!

,3$!2/',7'67'C!+697,/-)!!N/-$!7>;/-,+',%&Q!,/,+%!$X;$2,$9!6'9$,$2,$9!4-+69!+2-/..!,3$!,I/!;$-7/9.!

7.!%/I$-!4/-!,3$!2/',7'67'C!+697,/-)!!!!!

! 8'!+997,7/'Q!I$!.3/I!3/I!,3$!;$-7/9! /'$ !+'9!;$-7/9!,I/ !.,-+,$C7$.!4/-!,3$!+697,/-!+'9!

>+'+C$-!23+'C$!4/-!23+'C$.!7'!#+-7/6.!;+&/44!;+-+>$,$-.)!!B3$!2-/..O;$-7/9!$44$2,.!-$%+,$9!,/!

23+'C$.!7'!;$-7/9!/'$!;+&/44.!+'9!,3$!I7,37'O; $-7/9!$44$2,.!4/-!+'&!;+&/44!23+'C$!+-$!,3$!.+>$!

4/-!W/,3!.$,,7'C.)!!F/-!$X+>;%$Q!+!;$-7/9!/'$ !;+&/44!23+'C$Q!7'!$7,3$-!.$,,7'CQ!,3+,!7'962$. !+'!

7'2-$+.$!7'!;$-7/9!/'$! +697,!$44/-,!+%./!2+6.$. !W/,3!+!9$2-$+.$!7'!+697,!$44/-,!+'9!+'!7'2-$+.$!7'!



!

! @M!

4-+69!7'!;$-7/9!,I/ )!!S/I$#$-Q!23+'C$.!7'!;$-7/9!,I/!;+&/44.!/'%&!+44$2,!,3$!>+'+C$-Y.!+'9!

+697,/-Y.!;$-7/9!/'$!.,-+,$C7$.!7'!,3$!2/',7'67'C!+697,/-!.$,,7'C)!!F/-!$X+>;%$Q!74!;$-7/9!,I/!

%7+W7%7,&!2/.,.!7'2-$+.$Q!,3$!2/',7'67'C!+697,/-!23//.$.!37C3$-!+697,!$44/-,!7'!;$-7/9!/'$! +.!+99$9!

+..6-+'2$!/4!+#/797'C!+!>/-$!2/.,%&!;$-7/9!,I/!+697,!4+7%6-$)!

F7'+%%&Q!/6-!-$.6%,.!;-/#79$!C679+'2$!4/-!46,6-$!-$.$+-23)!!B3$!2/'2$-'!$X;-$..$9!W&!

-$C6%+,/-.!+'9!/,3$-.!7.!,3+,!%/'C$-!+697,/- !,$'6-$.!2/6%9!-$.6%,!7'!+'!7>;+7->$',!/4!

7'9$;$'9$'2$)!!N /.,!$>;7-72+%!.,697$.!2/'2%69$!,3+,!%/'C$-!+697,/- !,$'6-$!7>;-/#$.!+697,!

Z6+%7,&)!S/I$#$-Q!,3$.$!.,697$.!2+''/,!+99-$..!I3$,3$-!%/'C$-!+697,/- !,$'6-$!7>;+7-. !

7'9$;$'9$'2$! I7,3/6,!47-.,!2+%7W-+,7'C!,3$!$X,$',!,3+,!+697,!Z6+%7,&!I/6%9!W$!$X;$2,$9!,/!W$!

37C3$-!I7,3!+!2/',7'67'C!+697,/-Q!3+9!,3$-$!'/,!W$$'!+'&!7>;+7->$',!/4!7'9$;$'9$'2$)!!B3$!

$Z67%7W-76>!47'97'C.!/4!/6-!>/9$%!;-/#79$!,3$!,3$/-$,72+%!C679+'2$!'$2$..+-&!4/-!9$#$%/;7'C!

,3$.$!$X;$2,+,7/'.)!!1;$27472+%%&Q!I$!.3/I!,3+,!/W.$-#7'C!%/I$-!+697,!$44/-,!+'9!37C3$-!+>/6',.!

/4!4-+69!7'!,3$!%+,$-!+697,!;$-7/9.!7.!'/,!'$2$..+-7%&!+../27+,$9!I7,3!7>;+7->$',!/4!7'9$;$'9$'2$!

+.!>+'&!-$C6%+,/-.!+'9!/,3$-.!>+&!2/'2%69$)!!(+,3$-!,37.!/W.$-#+,7/'!7.!+!97-$2,!-$.6%,!/4!,3$!

$44727$',!23/72$.!/4!+697,!$44/-,!7'!$+23!/4!,3$!,I/!;$-7/9.!W&!+!2/',7'67'C!+697,/-)!!]6-!.,69&!

;-/#79$.!,3$!'$2$..+-&!,3$/-$,72+%!C679+'2$!4/-!$X;$-7>$',+%!+'9!$>;7-72+%!-$.$+-23$-.!,/!

97.$',+'C%$!I3$,3$-!.623!/W.$-#+,7/'.!+-$!$#79$'2$!/4!+'!7>;+7->$',Q!/-!.7>;%&!$#79$'2$!/4!,3$!

2/',7'67'C!+697,/-!/;,7>7V7'C!37.!$44/-,!23/72$!7'!$+23!;$-7/9)!

! !



!

! @R!

+CC%>43T!

C/**&!*&!C/*J*).(.*0!M9!

F-/>!$X;-$..7/'.!^LK_!+'9!^Ld_!I$!3+#$!

!
!
+'9! !)!

B36.Q! ! Q!I3723!7.!+!Z6+9-+,72!$Z6+,7/')!

B3$!./%6,7/'!,/!+!C$'$-+%!Z6+9-+,72!/4! !)!

B3$-$4/-$Q! )!!!!

16W.,7,6,7'C!7',/! !I$!C$,! !)!

16W.,7,6,7'C! !W+2J!7',/! !I$!3+#$! )!

H$!+%./!3+#$! !+'9! !I3$-$! !

!+'9! !+-$!./%#$9!4/-!7'!+!.7>7%+-!4+.37/'!+'9!!7.!-$;%+2$9!I7,3!,3$!6;9+,$9!;-/W+W7%7,&!/4!

)!

C/**&!*&!C/*J*).(.*0!N9!

F7-.,Q!I$!9$-7#$!,3$!+697,/-Y.!47-.,!;$-7/9!$X;$2,$9!;+&/44Q!C7#$'!47X$9!!+'9! )!

($2+%%!,3+,!!>6.,!.+,7.4&! !^$X;-$..7/'!^Lc_!7'!,3$!

;+;$-_)!!B37.!-$.6%,.!7'! !

a1 =
R1 exp ! x1( )

p1 1! exp ! x1( )( ) =
R1

p1 ! 1+ exp x1( )( ) x1 = Log
θa1L1
k1

⎡

⎣
⎢

⎤

⎦
⎥ ⇒ exp x1( ) = θL1a1

k1

a1 =
R1k1

p1 θL1a1 − k1( ) ⇒θL1p1a1
2 − k1p1a1 − R1k1 = 0

ay2 + by + c = 0 is y = −b ± b2 − 4ac
2a

a1 =
k1p1 + k1

2p1
2 + 4θL1p1R1k1

2θL1p1
=
k1 + k1 1+

4θL1R1
k1p1

2θL1
⇒ a1 =

k1
2θL1

1+ 1+ 4θL1R1
k1p1

⎛

⎝⎜
⎞

⎠⎟

x1 = Log
θa1L1
k1

⎡

⎣
⎢

⎤

⎦
⎥ x1 = Log

1
2
1+ 1+ 4θL1R1

k1p1

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  x1   a1 a1 =
R1

p1 −1+ 1
2
1+ 1+ 4L1R1

k1p1
θ

⎛

⎝⎜
⎞

⎠⎟
⎛

⎝
⎜

⎞

⎠
⎟

x2 = Log
a2L2
k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥ a2 =

R2 exp −x2( )
p2 1− exp −x2( )( )

a2 x2 θ

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

a1 a2

  x2
dA2cont
dx2

= Pr D | ND( ) L2a2exp −x2[ ]( )− k2 = 0

exp −x2( ) = k2
L2a2

θ exp −x1( ) + 1−θ( )
θ exp −x1( ) ⇒



!

! @g!

)!!!

H$!+%./!3+#$!

!!I3$-$! )!

B3$'!.6W.,7,6,$!4/-! !I7,3! !47X$9!+'9!I$!/W,+7'!,3$!4/%%/I7'C!4/-! )!!

)
!

16W.,7,6,$!W+2J!7',/! )!

I3$-$! !7.!,3$!;-/W+W7%7,&!,3+,!'/!4-+69!7.!9$,$2,$9!7'!;$-7/9!/'$ )

!

B3$'Q! !

!!!!!!! )!

B3$!+W/#$!7.!$X;-$..7/'!^Lf_!7'!,3$!;+;$-)!

U$X,!,+J$!,3$!47-.,!9$-7#+,7#$!/4!!I7,3!-$.;$2,!,/! )!

x2 = Log
L2a2
k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥ = Log

L2a2θ
k2

1
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥ − x1

A1cont = θ exp −x1( ) + 1−θ( )( )A2 − x1k1 A2cont = −Pr D | ND( ) L1a1 + L2a2 exp −x2( )( )− x2k2
x2 a2 A2cont

A2cont = Pr D | ND( ) −L1a1 − k2
θ exp −x1( ) + 1−θ( )

θ exp −x1( )
⎛

⎝⎜
⎞

⎠⎟
− k2 −x1 + Log

L2a2
k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

A1cont

A1cont = θ exp −x1( )+ 1−θ( )( ) •

  
θ exp −x1( )

θ exp −x1( )+ 1−θ( )
−L1a1 − k2

θ exp −x1( )+ 1−θ( )
θ exp −x1( )

              

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
− k2 −x1 + Log

L2a2

k2

θ
θ exp −x1( )+ 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
− x1k1

θ exp −x1( ) + 1−θ( )( )

A1cont =

−L1a1θ exp −x1( )− k2 θ exp −x1( ) + 1−θ( )( )

           − θ exp −x1( ) + 1−θ( )( )k2 −x1 + Log
L2a2

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
− x1k1

=

−L1a1θ exp −x1( )

       − θ exp −x1( ) + 1−θ( )( )k2 1− x1 + Log
L2a2

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
− x1k1

!A1cont !x1



!

! dK!

!

!!

!B36.Q!I$!3+#$Q

!
)!!!!!̂ EL_!

!
B+J$!,3$!.$2/'9!9$-7#+,7#$!+'9!I$!C$,

!

!

I3$-$!'/,$!,3+,! )!!!!!!

B36.Q! !7.!2/'2+#$!7'! )!!

"X;-$..7/'!^EL_!7.!/6-!W+.7.!4/-!7>;%727,%&!9$47'7'C!)!H$!.6W.,7,6,$!4/-! !+'9! !I3$-$! Q!!
!

!+'9! !+-$!46'2,7/'.!/4! )!!H$!J'/I!,3+,! )!!B36.!I$!.6W.,7,6,$!4/-! !

7'!! +'9!./%#$!4/-! )!

dA1cont

dx1

= L1a1θ exp −x1( ) +θ exp −x1( )k2 1− x1 + Log
L2a2

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

                      − θ exp −x1( ) + 1−θ( )( )k2 −1+ d Log L2a2

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟ / dx1

⎛

⎝
⎜

⎞

⎠
⎟ − k1

       = L1a1θ exp −x1( )+θ exp −x1( )k2 1− x1 + Log
L2a2

k2

θ
θ exp −x1( )+ 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

                  − θ exp −x1( )+ 1−θ( )( )k2 −1+
θ exp −x1( )

θ exp −x1( )+ 1−θ( )
⎛

⎝⎜
⎞

⎠⎟
− k1.

dA1cont
dx1

= θ exp −x1( ) L1a1 + k2 1− x1 + Log
L2a2
k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟ + 1−θ( )k2 − k1

d 2A1cont

dx1
2 = −θ exp −x1( ) L1a1 + k2 1− x1 + Log

L2a2

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

                                                      −θ exp −x1( )k2 1−
θ exp −x1( )

θ exp −x1( ) + 1−θ( )
⎛

⎝⎜
⎞

⎠⎟
< 0

x2 = −x1 + Log
L2a2
k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥ > 0

A1cont x1

x1 a1 a2 a1

a2 x2 x1 a2 =
R2exp −x2( )

p2 1− exp −x2( )( ) a2

x2 = Log
L2a2
k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣
⎢

⎤

⎦
⎥ − x1 x2



!

! dL!

!!!+'9!

)!

8'!+;;%&7'C!,3$!Z6+9-+,72!4/->6%+! Q!I$!C$,!

!+'9!,36.

)!

U$X,!.6W.,7,6,$!4/-!!7'! )!H$!.,+-,!I7,3! )!

B3$'!I$!3+#$! )!

U$X,!I$!-$I-7,$!$X;-$..7/'!^EL_!7'!,$->.!/4! !,3+,!9$47'$.!,3$!$Z67%7W-76>!2/'97,7/'!4/-! )!

! ! ^E@_!

I3$-$! !! !+'9!! )!

x2 = Log
L2

R2exp −x2( )
p2 1− exp −x2( )( )

k2

θ
θ exp −x1( ) + 1−θ( )

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

− x1 ⇒

exp x2( ) = L2R2
p2k2 exp x2( )−1( )

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

exp x2( )( )2 − exp x2( )− L2R2
p2k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( ) = 0

for ay2 + by + c = 0,   y = −b ± b2 − 4ac
2a

⎛

⎝
⎜

⎞

⎠
⎟

exp x2( ) = 1
2
1+ 1+ 4L2R2

p2k2

θ exp −x1( )
θ exp −x1( )+ 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

x2 = Log
1
2
1+ 1+ 4L2R2

p2k2

θ exp −x1( )
θ exp −x1( )+ 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

x2 a2 a2 =
R2 exp ! x2( )

p2 1! exp ! x2( )( ) =
R2

p2 exp x2( ) ! 1( )

a2 =
R2

p2 ! 1+
1
2

1+ 1+
4L2R2

p2k2

" exp ! x1( )
" exp ! x1( )+ 1! "( )

#

$
%

&

'
(

#

$
%

&

'
(

> 0

x1 x1

H x1[ ] = ! exp " x1( ) L1a1 x1[ ] + k2 + k2x2 x1[ ]( )+ 1" !( )k2 " k1 = 0

a1 x1[ ] = R1 exp −x1( )
p1 1− exp −x1( )( ) x2 x1[ ] = Log 1

2
1+ 1+ 4L2R2

p2k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥



!

! d@!

F7'+%%&!I$!J'/I!,3+,!$X;-$..7/'!^E@_!&7$%9.!+!6'7Z6$!!+'9!3$'2$!6'7Z6$!#+%6$.!/4!Q! !+'9!

Q!I3723!I$!.3/I!W$%/I!,3+,!W+.$9!/'!/6-!+..6>;,7/'!/4! Q! !

!! ^Ed_!

+'9!+4,$-!.6W.,7,6,7'C!7'!2/'97,7/'!^E@_Q!I$!3+#$!

! ! ^Ec_!

I3$-$! !+'9!
!

!)!! ! ^Ef_!

E.!+!-$.6%,Q!,/!9$,$->7'$!,3$!.7C'!/4!3/I! !23+'C$.!I7,3!-$.;$2,!,/!+!;+-+>$,$-!!

I$! '$$9!,/ !2+%26%+,$!

!!!I3$-$! g!.,+'9.!4/-!+!;+-+>$,$-!^$)C)! _)!!H$!J'/I!,3+,! !./!,3+,!

,3$!.7C'!/4! !7.!,3$!.+>$!+.!,3$!.7C'!/4! !I3$-$! !7.!47X$9)!

C/**&!*&!8*/*OO2/;!M9!!

F7-.,!'/,$!,3+,!,3$!23+-+2,$-7V+,7/'!/4!4-+69!7'!W/,3!.$,,7'C.!7.!4-/>!$X;-$..7/'!^LK_!I3$-$!!

x1 a1 a2

x2 k1 − 1−θ( )k2( ) > 0 dH x1[ ]
dx1

< 0.

dH x1[ ]
dx1

= −θ exp −x1( ) L1a1 x1[ ]+ k2 + k2x2 x1[ ]( ) +θ exp −x1( ) L1
da1 x1[ ]
dx1

+ k2
dx2 x1[ ]
dx1

⎛
⎝⎜

⎞
⎠⎟

dH x1[ ]
dx1

= − k1 − 1−θ( )k2( ) +θ exp −x1( ) L1
da1 x1[ ]
dx1

+ k2
dx2 x1[ ]
dx1

⎛
⎝⎜

⎞
⎠⎟
< 0

da1 x1[ ]
dx1

= − R1
p1

exp x1( )
exp x1( )−1( )2

< 0

dx2

dx1

= −
2exp x1( ) 1−θ( )θL2R2

k2p2 exp x1( ) 1−θ( ) +θ( )2
1+ 4L2R2

p2k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( ) •

                    1+ 1+ 4L2R2

p2k2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎛

⎝
⎜

⎞

⎠
⎟

⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

< 0

x1

dx1
dg

=

dH x1[ ]
dg

−
dH x1[ ]
dx1

L1 −
dH x1[ ]
dx1

> 0

dx1
dg

dH x1[ ]
dg

x1



!

! dd!

!+'9! !)! ! ! ! ! ! !

F6-,3$->/-$Q!

!

+'9! )! !! ^Ea_!

H$!J'/I!4-/>!*-/; /.7,7/'!L!,3+,!4/-!,3$![ /%9[ !+'9![ '$I [ !+697,/-.!/4!;$-7/9.!/'$ !+'9!,I/ !!

+'9! !

I3$-$! !7.!,3$!+>/6',!/4!;$-7/9!/'$ !$44/-,!7'4$--$9!W&!,3$!'$I!+697,/-!+'9!W+.$9!/'!/6-!

+..6>;,7/'!+W/6,!J'/I%$9C$!/4!;+&/44.Q! )!!F6-,3$->/-$Q!*-/;/.7,7/'!@!.3/I.!,3+,!

7.!.>+%%$-!2/>;+-$9!,/!+697,!$44/-,!7'!;$-7/9!/'$ !4/-!,3$!2/',7'67'C!+697,/-Q!+'9!,36.Q!I$!J'/I!

4-/>!^Ea_!,3+,!,3$!+>/6',!/4!;$-7/9!/'$ !4-+69!7.!C-$+,$-!4/-!,3$!23+'C$!+697,/-)!

! *-/;/.7,7/'!@!.3/I.!,3+,!4/-!,3$!2/',7'67'C!#$-.6.!,3$!23+'C$!+697,/-!7'!;$-7/9!,I/

!

! ! !
!

W$2+6.$! !9$2-$+.$.!7'! )!!!B36.Q!,3$!+>/6',!/4!4-+69!7'!;$-7/9!,I/ !7.!>/-$!

4/-!+!2/',7'67'C!+697,/-!,3+'!4/-!,3$!'$I !+697,/-!+'9!,3$!+>/6',!/4!+697,!$44/-,!7.!%$..!)!

C/**&!*&!C/*J*).(.*0!S9!

H$!;-/#$! ,3$!-$.6%,.!4/-!$+23!Z6+9-+',!+.!9$,+7%$9!W$%/I)!!!!

XMY!" #$!(*JBO$&(!Z,2-/20(!*&!(#$!(2[O$!

4(-5' '$%61"-2"2'$%''-%/' 7'8,$9"'/"61"-2$%&'$%''-%/' :'

a1 =
R1 exp −x1( )

p1 1− exp −x1( )( ) a2 =
R2 exp −x2( )

p2 1− exp −x2( )( )

da1
dx1

= − R1
p1

exp x1( )
exp x1( )−1( )2

< 0 da2
dx2

= − R1
p1

exp x2( )
exp x2( )−1( )2

< 0

x1
old = Log 1

2
1+ 1+ 4θL1R1

k1p1

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  

x2
new = Log

1
2

1+ 1+
4L2R2

p2k2

θ exp −x1
new( )

θ exp −x1
new( ) + 1−θ( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

  x1
new

  x1
new = x1

old x1
old

x2
cont = Log 1

2
1+ 1+ 4L2R2

p2k2

θ exp −x
1

cont( )
θ exp −x

1

cont( ) + 1−θ( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
<

  

Log
1
2

1+ 1+
4L2R2

p2k2

θ exp −x1
new( )

θ exp −x1
new( ) + 1−θ( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= x2

new

θ exp −x1( )
θ exp −x1( ) + 1−θ( )   x1

x1 L1 R1 p1 k1



!

! dc!

!"##$%&'(; '#,"' 09/'-./$#01'

!7'2-$+.$.!7'! )!

)!!!

!7'2-$+.$.!7'! )!

)!

!9$2-$+.$.!7'! )!

)!

9$2-$+.$.!7'! )!

=!

!"##$%&'3'<<'#,"'60%#$%.$%&'-./$#01'

($2+%%!^E@_!/-! )!

E.!97.26..$9!7'!,3$!;-//4!,/!*-/;/.7,7/'!@Q! !!!I3$-$! g!.,+'9.!4/-!+!C$'$-+%!

;+-+>$,$-!^$)C)! _!)!H$!J'/I!,3+,! !./!,3+,!,3$!.7C'!/4! !7.!,3$!.+>$!+.!,3$!!

.7C'!/4! !I3$-$! !7.!47X$9)!!

!
!7'2-$+.$.!7'! )!

!

)!

x1 L1

dx1
dL1

= 2R1θ
k1p1 + 4L1R1θ + k1

2p1
2 + 4L1R1θk1p1

> 0

x1 R1

dx1
dR1

= 2L1θ
k1p1 + 4L1R1θ + k1

2p1
2 + 4L1R1θk1p1

> 0

x1 p1

dx1
dp1

= − 2R1L1θ
p1 k1p1 + 4L1R1θ + k1

2p1
2 + 4L1R1θk1p1( ) < 0

x1 k1

dx1
dk1

= − 2R1L1θ
k1 k1p1 + 4L1R1θ + k1

2p1
2 + 4L1R1θk1p1( ) < 0

H x1[ ] = θ exp −x1( ) L1a1 x1[ ]+ k2 + k2x2 x1[ ]( ) + 1−θ( )k2 − k1

dx1
dg

=

dH x1[ ]
dg

−
dH x1[ ]
dx1

L1 −
dH x1[ ]
dx1

> 0 dx1
dg

dH x1[ ]
dg !x1

x1 L1

dH x1[ ]
dL1

= θ exp −x1( )a1 x1[ ] > 0
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! df !
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)!

!9$2-$+.$.!7'! )!

!

4(=5' '$%61"-2"2'$%''-%/' 7'8,$9"'/"61"-2$%&'$%'-%/' :'

!"##$%&'('<<'#,"'09/'-./$#01'

!7'2-$+.$.!7'! )!

)!

!7'2-$+.$.!7'! )!
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!)!
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x1 R1
dH x1[ ]

dR1

= ! exp " x1( )L1

1
p1 exp x1( ) " 1( ) > 0

x1 p1
dH x1[ ]

dp1

= ! " exp ! x1( )L1

R1

p1
2 exp x1( ) ! 1( ) < 0

x1 k1
dH x1[ ]

dk1

= ! 1< 0

a1 R1 k1 L1 p1

a1 R1

da1

dR1

=
k1

k1
2 p1

2 + 4L1R1! k1p1

> 0

a1 k1

da1

dk1

=
1

2L1!
1+

p1k1 + 2L1R1!

k1
2 p1

2 + 4L1R1! k1p1

"

#
$

%

&
' > 0

a1 L1

da1

dL1

= !
k1

2L1
2"

1+
p1k1 + 2L1R1"

k1
2 p1

2 + 4L1R1" k1p1

#

$
%

&

'
( < 0

a1 p1

da1

dp1

= !
k1R1

p1 k1
2 p1

2 + 4L1R1" k1p1

< 0
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! da!
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!7'2-$+.$.!7'! )!

!!

!!!!!! )!

I3$-$! )!

!7'2-$+.$.!7'! )!

!I3$-$!! Q! +'9! )!
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dH x1[ ]
dx1

= ! k1 ! 1! "( )k2( )+" exp ! x1( ) L1

da1 x1[ ]
dx1

+ k2

dx2 x1[ ]
dx1

#

$%
&

'(

a1 R1

da1

dR1

=
! a1

! R1

+
! a1

! x1

" exp #x1( ) L1

! a1

! R1

$

%&
'

()

k1 # 1#"( )k2( ) #" exp #x1( ) L1

! a1

! x1

+ k2

! x2

! x1

$

%&
'

()

=
! a1

! R1

1"
" # exp " x1( ) L1

! a1

! x1

$

%&
'

()

k1 " 1" #( )k2( ) " # exp " x1( ) L1

! a1

! x1

+ k2

! x2

! x1

$

%&
'

()

$

%

&
&
&
&

'

(

)
)
)
)

> 0

! a1

! R1

> 0

a1 k1

da1

dk1

=
! a1

! k1

+
! a1

! x1

dx1

dk1

> 0
! a1

! k1

= 0
! a1

! x1

< 0
dx1

dk1

< 0

a1 L1

  

da
1

dL
1

=
! a

1

! L
1

+
! a

1

! x
1

dx
1

dL
1

< 0
  

! a
1

! L
1

= 0,
! a

1

! x
1

< 0, and 
dx

1

dL
1

> 0

a1 p1

da1

dp1

=
! a1

! p1

1"
" # exp " x1( ) L1

! a1

! x1

$

%&
'

()

k1 " 1" #( )k2( ) " # exp " x1( ) L1

! a1

! x1

+ k2

! x2

! x1

$

%&
'

()

$

%

&
&
&
&

'

(

)
)
)
)

< 0

  x2   L2   R2 p2   k2

!



!

! dM!

)!!U/,$!,3+,! !7'!1$,,7'C!8!9/$.!'/,!9$;$'9!/'!+'&!;$-7/9!@!;+&/44!

;+-+>$,$-.) 

!"##$%&'3'; '#,"' 60%#$%.$%&'-./$#01
!

F/-!,3$!2/',7'6 7'C!+697,/-!I$!3+#$!,3$!4/%%/I7'C)!

($2+%%!4-/>!^Ef_!,3+,!

!I3$-$
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! !4-/>!^Ec_!)!

!
!7'2-$+.$.!7'! )!

!!

!!

!

  

θ exp −x1( )
θ exp −x1( ) + 1−θ( )   x1

∂x2
∂x1

= −
2exp x1( )L2R2 1−θ( )θ

k2p2 exp x1( ) 1−θ( ) +θ( )2 SQ2 1+ SQ2( )
< 0

SQ2 = 1+ 4L2R2
k2p2

θ exp −x1( )
θ exp −x1( ) + 1−θ( ) >1

dH x1[ ]
dx1

= ! k1 ! 1! "( )k2( )+" exp ! x1( ) L1

da1 x1[ ]
dx1

+ k2

dx2 x1[ ]
dx1

#

$%
&

'(

x2 L2

  

dx2

dL2

=
∂x2

∂L2

+
∂x2

∂x1

dx1

dL2

  

=
∂x2

∂L2

+
∂x2

∂x1

dH x1⎡⎣ ⎤⎦
dL2

−dH x1⎡⎣ ⎤⎦
dx1

=
∂x2

∂L2

+
∂x2

∂x1

θ exp −x1( )k2

∂x2

∂L2

k1 − 1−θ( )k2( )−θ exp −x1( ) L1

da1

dx1

+ k2

dx2

dx1

⎛
⎝⎜

⎞
⎠⎟

= ∂x2
∂L2

1−
−θ exp −x1( )k2 ∂x2∂x1

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

> 0
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!
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∂x2

∂L2

=
2exp x1

−1( )R2θ

k2 p2 1−θ( ) + exp x1
−1( )θ( )SQ2 1+ SQ2( ) > 0

x2 R2

dx2
dR2

= ∂x2
∂R2

+ ∂x2
∂x1

dx1
dR2

= ∂x2
∂R2

+ ∂x2
∂x1

θ exp −x1( )k2 ∂x2∂R2

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

= ∂x2
∂R2

1−
−θ exp −x1( )k2 ∂x2∂x1

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

> 0 ∂x2
∂R2

> 0

x2 p2

dx2
dp2

= ∂x2
∂p2

1−
−θ exp −x1( )k2 ∂x2∂x1

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

< 0
∂x2
∂p2

< 0

x2 k2

dx2
dk2

= ∂x2
∂k2

+ ∂x2
∂x1

1−θ( ) +θ exp −x1( ) k2
∂x2
∂k2

+1+ x2
⎛
⎝⎜

⎞
⎠⎟

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

= ∂x2
∂k2

+ ∂x2
∂x1

θ exp −x1( ) k2
∂x2
∂k2

⎛
⎝⎜

⎞
⎠⎟

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟
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+ ∂x2
∂x1

1−θ( ) +θ exp −x1( ) 1+ x2( )
k1 − 1−θ( )k2( )−θ exp −x1( ) L1

∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

= ∂x2
∂k2

1−
−θ exp −x1( ) k2

∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

k1 − 1−θ( )k2( )−θ exp −x1( ) L1
∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+ ∂x2
∂x1

1−θ( ) +θ exp −x1( ) 1+ x2( )
k1 − 1−θ( )k2( )−θ exp −x1( ) L1

∂a1
∂x1

+ k2
∂x2
∂x1

⎛
⎝⎜

⎞
⎠⎟

< 0

∂x2
∂k2

= −
2exp −x1( )L2R2θ

k2
2p2 1−θ( ) +θ exp −x1( )( )SQ2 1+ SQ2( ) < 0

a2 R2 k2 L2 p2

a2 a2 =
R2 exp −x2 x1[ ]( )

p2 1− exp −x2 x1[ ]( )( )
a2 R2
da2
dR2

= ∂a2
∂R2

+ ∂a2
∂x1

dx1
dR2

> 0

  

dx1

dR2

> 0

∂a2
∂x1

= ∂a2
∂x2

∂x2
∂x1

> 0 ∂a2
∂x2

< 0 ∂x2
∂x1

< 0 ∂a2
∂R2

> 0

a2 k2

a2 =
R2 exp −x2( )

p2 1− exp −x2( )( )
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da2
dk2

= ∂a2
∂k2

+ ∂a2
∂x2

dx2
dk2

> 0

∂a2
∂k2

= 0 ∂a2
∂x2

< 0 dx2
dk2

< 0

a2 L2

a2 =
R2 exp −x2( )

p2 1− exp −x2( )( )
da2
dL2

= ∂a2
∂L2

+ ∂a2
∂x2

dx2
dL2

< 0 ∂a2
∂L2

= 0 ∂a2
∂x2

< 0 dx2
dL2

> 0

a2 p2
da2
dp2

= ∂a2
∂p2

+ ∂a2
∂x1

dx1
dp2

< 0 da2
dR2

x2 L1 a2 L1

x2 L1
dx2
dL1

= ∂x2
∂L1

+ ∂x2
∂x1

dx1
dL1

< 0 ∂x2

∂L1

= 0,  ∂x2

∂x1

< 0 and dx1

dL1

> 0

a2 L1
da2
dL1

= ∂a2
∂L1

+ ∂a2
∂x1

dx1
dL1

> 0 ∂a2

∂L1

= 0,  ∂a2

∂x1

= ∂a2

∂x2

∂x2

∂x1

> 0 and dx1

dL1

> 0

x2 R1 a2 R1

x2 R1
dx2
dR1

= ∂x2
∂R1

+ ∂x2
∂x1

dx1
dR1

< 0 ∂x2

∂R1

= 0,  ∂x2

∂x1

< 0 and dx1

dR1

> 0

a2 R1
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!7'2-$+.$.!7'! )!

!W$2+6.$! !)!

!9$2-$+.$.!!7'! )!

!!I3$-$! )!

!7'2-$+.$.!7'! )!

da2
dR1

= ∂a2
∂R1

+ ∂a2
∂x1

dx1
dR1

> 0 ∂a2

∂R1

= 0,  ∂a2

∂x1

= ∂a2

∂x2

∂x2

∂x1

> 0 and dx1

dR1

> 0

x2 p1 a2 p1

x2 p1
dx2
dp1

= ∂x2
∂p1

+ ∂x2
∂x1

dx1
dp1

> 0 ∂x2

∂p1

= 0,  ∂x2

∂x1

< 0 and dx1

dp1

< 0

a2 p1
da2
dp1

= ∂a2
∂p1

+ ∂a2
∂x1

dx1
dp1

< 0 ∂a2

∂p1

= 0,  ∂a2

∂x1

= ∂a2

∂x2

∂x2

∂x1

> 0 and dx1

dp1

< 0

x2 k1 a2 k1

x2 k1

dx2
dk1

= ∂x2
∂k1

+ ∂x2
∂x1

dx1
dk1

> 0 ∂x2

∂k1

= 0,  ∂x2

∂x1

< 0 and dx1

dk1

< 0

a2 k1

da2
dk1

= ∂a2
∂k1

+ ∂a2
∂x1

dx1
dk1

< 0 ∂a2

∂k1

= 0,  ∂a2

∂x1

> 0 and dx1

dk1

< 0

x1 L2

dx1
dL2

> 0
dH x1[ ]
dL2

= θ exp −x1[ ]k2 ∂x2∂L2
> 0

a1 L2
da1
dL2

= ∂a1
∂L2

+ ∂a1
∂x1

dx1
dL2

< 0
∂a1

∂L2

= 0,  ∂a1

∂x1

< 0 and dx1

dL2

> 0

x1 R2
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dx1
dR2

> 0
dH x1[ ]
dR2

= θ exp −x1[ ]k2 ∂x2∂R2
> 0

a1 R2
da1
dR2

= ∂a1
∂R2

+ ∂a1
∂x1

dx1
dR2

< 0 ∂a1
∂R2

= 0,  ∂a1
∂x1

< 0 and dx1
dR2

> 0

x1 p2

dx1
dp2

< 0
dH x1[ ]
dp2

= θ exp −x1[ ]k2 ∂x2∂p2
< 0

a1 p2
da1
dp2

= ∂a1
∂p2

+ ∂a1
∂x1

dx1
dp2

> 0 ∂a1

∂p2

= 0,  ∂a1

∂x1

< 0 and dx1

dp2

< 0

x1 k2

dx1
dk2

> 0 dH x1[ ]
dk2

= θ exp −x1( ) k2
∂x2
∂k2

+1+ x2
⎛
⎝⎜

⎞
⎠⎟
+ 1−θ( )

= 1−θ +θ exp −x1( ) −
2exp −x1( )L2R2θ

k2p2 1−θ( ) +θ exp −x1( )( )SQ2 1+ SQ2( ) +1+ x2
⎛

⎝
⎜

⎞

⎠
⎟ > 0

SQ2 = 1+ 4L2R2
k2p2

θ exp −x1( )
θ exp −x1( ) + 1−θ( ) >1

2exp −x1( )L2R2θ
k2p2 1−θ( ) +θ exp −x1( )( )SQ2 1+ SQ2( )

   =
2exp −x1( )L2R2θ

k2p2 1−θ( ) +θ exp −x1( )( ) SQ2 +1+ 4L2R2

k2p2

θ exp −x1( )
θ exp −x1( ) + 1−θ( )

⎛
⎝⎜

⎞
⎠⎟

 =
2exp −x1( )L2R2θ

k2p2 1−θ( ) +θ exp −x1( )( ) SQ2 +1( ) + 4θ exp −x1( )L2R2( ) <1

a1 k2
da1
dk2

= ∂a1
∂k2

+ ∂a1

! x1

dx1

dk2

< 0
! a1

! k2

= 0, 
! a1

! x1

< 0 and 
dx1

dk2

> 0



!

! cd!

C/**&!*&!C/*J*).(.*0! U9!!!

"X;$2,$9!6'9$,$2,$9!4-+69Q!C7#$'!+!2/',7'67'C!+697,/-Q!7.!.,-72,%&!%$..!,3+'!,3+,!C7#$'!+!23+'C$!7'!

+697,/-.)!H3$' !,3$-$!7.!+!23+'C$!7'!+697,/-.!Q!$X;$2,$9!6'9$,$2,$9!4-+69!4/-!;$-7/9!/'$ !7.!

!!!

)!!],3$-!6'9$,$2,$9!4-+69!+>/6',.!+-$!

9$-7#$9!7'!+!.7>7%+-!4+.37/')!

!+'9! !l! )!!B36.Q! )!

C/**&!*&!C/*J*).(.*0! W9!!

E697,!-7.J!7'!;$-7/9!/'$ !4/-!W/,3!.$,,7'C.!7.! Q!+'9!+.!I$!3+#$!.3/I'!7'!*-/;/.7,7/'!@Q!
+697,!$44/-,!4/-!,3$!2/',7'67'C!+697,/-!7.!37C3$-!7'!;$-7/9!/'$ )!!B36.Q!+697,!-7.J!7.!%/I$-!4/-!,3$!
2/',7'67'C!+697,/-)!
!
E697,!-7.J!7'!;$-7/9!,I/ !4/-!,3$![ '$I [ !+697,/-!7.!$Z6+%!,/!

+'9!+697,!-7.J!4/-!,3$!2/',7'67'C!+697,/-!7'!;$-7/9!,I/ !7.

!
!)!!!!!

5$2+6.$!!!! !+'9! !Q!! m! )!

θ exp −x1( )a1 = θ exp −Log 1
2
1+ 1+ 4θR1L1

p1k1

⎛

⎝⎜
⎞

⎠⎟
⎛

⎝⎜
⎞

⎠⎟
⎛

⎝
⎜

⎞

⎠
⎟

k1
2θL1

1+ 1+ 4θR1L1
p1k1

⎛

⎝⎜
⎞

⎠⎟

= θ 1
1
2
1+ 1+ 4θR1L1

p1k1

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

k1
2θL1

1+ 1+ 4θR1L1
p1k1

⎛

⎝⎜
⎞

⎠⎟
= k1
L1

EUFchange =
k1
L1

+ k2
L2

  

EUFcont =
k1 − 1−θ( )k2

L1 +
k2

a1

1+ x2( )
+

k2

L2

k1
L1

+ k2
L2

EUFcont < EUFchange

! exp " x1( )

AR2 new =
! exp ! x1( )

! exp ! x1( )+ 1! !( )
exp ! x2( ) =

exp ! x1( )
! exp ! x1( )+ 1! !( )

2!

1+ 1+
4R2L2

p2k2

! exp ! x1( )
! exp ! x1( )+ 1! !( )

!

"
#

$

%
&

,

AR2 cont =
! exp ! x1( )

! exp ! x1( )+ 1! !( )
exp ! x2( ) =

exp ! x1( )
! exp ! x1( )+ 1! !( )

"

#
$

%

&
'

2!

1+ 1+
4L2R2

k2 p2

! exp ! x1( )
! exp ! x1( )+ 1! !( )

dAR2 cont

dx1

< 0   x1
old < x1

cont

  AR2 new AR2 cont



!

! cc!

7%1%7%>8%6!
!

T+>$-+'Q!N)Q!=)()! F-+'27.Q!E)!N+--+Q!+'9!E)!*$,,7'72237/)!@KLf)!!E-$!,3$-$!+9#$-.$!2/'.$Z6$'2$.!
/4!>+'9+,/-&!+697,/-!-/,+,7/'n!!"#79$'2$!4-/>!,3$!8,+%7+'!$X;$-7$'2$)!!Auditing: A Journal 
of Practice and Theory dc @̂_D!LO@c)!

T/-/'+Q!T)!+'9! ()1)! (+'93+I+)!@KLK)!B3$!+697,/-h.!.%7;;$-&!.%/;$D!E'!+'+%&.7.!/4!
! -$;6,+,7/'+%!7'2$',7#$.)!Management Science!fa ^a_D!g@cOgdM)!

e3/.3Q!E)!+'9!G)!N//' )!@KKf)!E697,/-!,$'6-$!+'9 !;$-2$;,7/'. !/4!+697,!Z6+%7,&)!?he Accounting 
Review!RK^@_D!fRf j aL@)!

e7;;$- Q!5)Q!A)!S+7%Q!+'9!T)!A$6V)!@KLM)!]'!,3$! $2/'/>72.! /4!+697,!; +-,'$-!,$'6-$!+'9!-/,+,7/' D!!
$#79$'2$!4-/>!*TE]5! 9+,+)!1,+'4/-9!:'7#$-.7,&!I/-J7'C!;+;$-) !

=/3'./'Q!\)")Q!8)0)!036-+'+Q!+'9!0)=)!($&'/%9.)!@KK@)!E697,OF7->!,$'6-$!+'9!,3$!Z6+%7,&!/4!
47'+'27+%!-$;/-,.)!Contemporary Accounting Research'Lg^c_D!adMj aaK)!

0'$23$%Q!()H)!+'9!E)!\+'.,-+$%$')!@KKM)!B3$!-$%+,7/'.37;!W$,I$$'!+697,/-!,$'6-$!+'9!+697,!
Z6+%7,&!7>;%7$9!W&!C/7'C!2/'2$-'!/;7'7/'.)!Auditing: A Journal of Practice & Theory!
@a^L_D!LLdj LdL)!

A+6XQ!\)Q!+'9!G)*)!U$I>+')!@KLK)!E697,/-!%7+W7%7,&!+'9!2%7$',!+22$;,+'2$!9$27.7/'.)!The 
Accounting Review!Rf^L_D!@aLO@Rf)!

A/6I$-.Q!B)=)!LggR)!B3$!-$%+,7/'!W$,I$$'!C/7'CO2/'2$-' !/;7'7/'. !+'9 !,3$!+697,/-h.!%/..!46'2,7/') !
Journal of Accounting Research!da^L_D!Lcdj Lfa)!

N+C$$Q!()!*)!+'9!N)!T)!B.$'C)!LggK)!E697,!;-727'C!+'9!7'9$;$'9$'2$)!The Accounting  
 Review!af^@_DdLfj dda)'

N&$-.Q!=)U)Q!A)E)!N&$-.Q!+'9!B)T)!]>$-) !@KKd)!"X;%/-7'C!,3$!,$->!/4!,3$!+697,/-O2%7$',!
-$%+,7/'.37;!+'9!,3$!Z6+%7,&!/4!$+-'7'C.D!E!2+.$!4/-!>+'9+,/-&!+697,/-!-/,+,7/')!The 
Accounting Review!MR̂d_D!MMgOMgg)!

U$I>+'Q!G)*)Q!") () !*+,,$-./'Q!+'9 !=)()!1>7,3)!@KKL)!B3$!7'4%6$'2$!/4!; /,$',7+%%&!4-+696%$',!
-$;/-,.!/'! +697,!-7.J!+..$..>$',!+'9! ; %+''7'C)!The Accounting Review!Ma^L_D!fgORK)!

*+,,$-./'Q!") () Q!+'9!=)!U/$%)!@KKd)!E697,!.,-+,$C7$.!+'9!>6%,7;%$!4-+69!/;;/-,6'7,7$.!/4!
>7.-$;/-,7'C!+'9!9$4+%2+,7/')!Contemporary Accounting Research!@K^d_D!fLgOfcg)!

*+,,$-./'Q!") () Q!+'9!=)()!1>7,3)!@KKd)!!N+,$-7+%7,&!6'2$-,+7',&!+'9!$+-'7'C.!> 7..,+,$>$',)!The 
Accounting Review!MR^d_D!RLgORca)!!

*+,,$-./'Q!") () !+'9!=)()!1>7,3)!@KKM)!B3$!$44$2,.!/4!1+-W+'$.O]X%$&!/'!+697,7'C!+'9!7',$-'+%!
2/',-/%!.,-$'C,3)!The Accounting Review!R@̂@_D!c@MOcff) !

*+,,$-./'Q!") () !+'9!=)()!1>7,3)!@KLa)!B3$!. ,-+,$C72!$44$2,.!/4!E697,7'C!1,+'9+-9!U/)!f!7'!+!
! > 6%,7O%/2+,7/'! .$,,7'C)!!Auditing: A Journal of Practice & Theory!df ^L_D!LLgOLdR)!

*+,,$-./'Q!")()Q!=)()!1>7,3Q!+'9!1)A)!B7-+.)!@KLR)!B3$!7',$--$%+,7/'!W$,I$$'!+697,!Z6+%7,&!+'9!
>+'+C$-7+%!-$;/-,7'C!23/72$.!+'9!7,.!$44$2,.!/'!47'+'27+%!-$;/-,7'C!Z6+%7,&)!Contemporary 
Accounting Research ^4/-,32/>7'C_)!



!

! cf !

($79Q!A)T)!+'9!=)\)!T+-2$%%/)!@KLM)!8'#$.,/-!-$+2,7/'!,/!,3$!;-/.;$2,!/4!>+'9+,/-&!+697,!47->!
-/,+,7/')! The Accounting Review!g@̂L_D!LRdO@LL)!

1>7,3Q!=)() Q!1)A)!B7-+.Q!+'9!1)!\7237,%$J+-')!@KKK)!B3$!8',$-+2,7/'!W$,I$$'!8',$-'+%!T/',-/%!
E..$..>$',!+'9!16W.,+',7#$!B$.,7'C!7'!E697,.!4/-!F-+69)!Contemporary Accounting 
Research!LM^@_D!d@MOdfa)!

! !



!

! ca!

13F@7%!M!
B7>$%7'$!4/-!+!23+'C$!7'!+697,/-.!

!

!
! *$-7/9!/'$ ! *$-7/9!,I/ !

!
!

G7.3/'$.,!>+'+C$-!
23//.$.!,3$!
+>/6',!/4!4-+69!a1.!

! 84!4-+69!7.!9$,$2,$9!
,3$!C+>$!$'9.`!
/,3$-I7.$!I$!C/!/'!
,/!;$-7/9! ,I/) !!

! E!'$I!+697,/-!7.!
37-$9!I3/!7'4$-.!
$44/-,!x1.!

! E697,!-7.J!7.!
>$+.6-$9Q!C7#$'!'/!
9$,$2,7/'!

B3$!/%9!+697,/-!
23//.$.!+697,!
$44/-,!!x1Q!
/;,7>7V7'C!only 
over period one.!

! E697,!-7.J!7.!
>$+.6-$9Q!C7#$'!'/!
9$,$2,7/')!

! G7.3/'$.,!>+'+C$- 	
23//.$.!4-+69!a2Q!
J'/I7'C!,3+,!,3$ !
'$I!+697,/-!7'4$-.!!
;$-7/9!/'$ !$44/-,!W6,!
/'%&!/;,7>7V$.!/#$-!
;$-7/9!,I/ )!
!
B3$!'$I!+697,/-!
6;9+,$.!,3$!
;-/W+W7%7,&!/4!,3$!
97.3/'$.,!>+'+C$-!
+'9!23//.$.!$44/-,!x2. 
!

! !

!
! !



!

! cM!

13F@7%!N!
B7>$%7'$!4/-!,3$!2/',7'67'C!+697,/-!

!
!

!
! *$-7/9!/'$ ! *$-7/9!,I/ !

!
!

G7.3/'$.,!>+'+C$-!
23//.$.!,3$!
+>/6',!/4!4-+69!a1Q!
J'/I7'C!,3$!
+697,/-!/;,7>7V$.!
/#$-!W/,3!;$-7/9.)!
!

! 84!4-+69!7.!9$,$2,$9!
,3$!C+>$!$'9.`!
/,3$-I7.$!I$!C/!/'!
,/!;$-7/9! ,I/) !!

! B3$!+697,/-!2/',7'6$.!
7'!;$-7/9!,I/) !

! E697,!-7.J!7.!
>$+.6-$9Q!C7#$'!'/!
9$,$2,7/')!

B3$!2/', 7'67'C!
+697,/-!23//.$.!
+697,!$44/-,!x1Q!
J'/I7'C !3$!6.$.!x1!

,/!6;9+,$!+'9!;%+'.!
37.!23/72$!/4!$44/-,!
x2

!
!,/!/;,7>7V$!37.!

$X;$2,$9!;+&/44.!
/#$-!W/,3!;$-7/9.)
! !

!

! E697,!-7.J!7.!
>$+.6-$9Q!C7#$'!'/!
9$,$2,7/'!

! G7.3/'$.,!>+'+C$- 	
23//.$.!4-+69!a2Q!
J'/I7'C!,3+,! ,3$!
2/',7'67'C !+697,/-!3+.!
;%+''$9!4/-!$44/-,!x2,!
,+J7'C!7',/!
+22/6',!37.!x1 23/72$)!
!
B3$!2/',7'67'C !+697,/-!
6;9+,$.!,3$!;-/W+W7%7,&!
/4!,3$!97.3/'$.,!
>+'+C$-!+'9!23//.$.!
$44/-,!x2. 
!

! !

!
!
!
!
!
!
!
!
!
!
!
!
!
!

! !



!

! cR!

!"# !"$ %"# %"$ &"#

#"%

#"'

#"(

!"#

!"%

!")

!"'

! " # $ % &

"'&

#'!

#'&

13F@7%!S!
E697,!"44/-,!+'9!,3$!E>/6',!/4!F-+69!7'!"+23!/4!,3$!BI/!*$-7/9. !

^U/,$!,3+,!7'!2+%26%+,7'C!+697,!$44/-,!+'9!4-+69!7'!,3$!$X+>;%$!W$%/IQ!k1!o!@_!
!! !

!!!!!!!!!!!!!E697,!$44/-,!
!

!
!
! !!!!!!Audit effort2new 

         Audit effort1cont 

  
  
       Audit effort2cont   

     
 
                     
                        
              
        Audit effort1old 
!
! ! ! !!!
! ! ! !!k2 
! !!!!#+%6$!/4!k1! !!!!!!!!!!!!!!!!!!! !!
! !
!
C20$O!+9!Audit Effort in Each of the Two Periods!

!
!

! E>/6',!/4!4-+69 !
!

! ! ! ! ! ! ! !!!!!!!!!      Fraud2cont 
 
                
                 Fraud2new  
   
         Fraud1old   
           
      
 
 
                
               Fraud1cont 
!
! !!!!!!!!!!!!!!!!k2 

 
!!!!!! !!!!!!!!#+%6$!/4 k1!
!
C20$O!59!The Amount of fraud in Each of the Two Periods!



!

! cg!

! " #! #" $! $" %! %"

!&#

!&$

!&%

!&'

!&"

!
!

13F@7%!U!
"X;$2,$9!:'9$,$2,$9!F-+69!4/-!+!T3+'C$!7'!E697,/-.!!

\$-.6.!+!T/',7'67'C!E697,/- !
!

!
!
!!!!!!!!"X;$2,$9!:'9$,$2,$9!F-+69!ÊUF_!
!
!
!!!!!!!!!!!!!!!!!!!!!!!!!
! ! ! ! ! !
! ! ! ! ! !
! ! ! ! !

!!
!

!
!!!!!!!!!!!!!!!!!!

! ! ! !
! !
! ! ! ! ! !

!

        L2  
 

 
 
  

EUFchange

EUFcont



!

! fK!

! " #$ #% #& #! #"

$'#(

$'%$

$'%(

! " #! #"

!$!"!

!$!""

!$!%!

!$!%"

13F@7%!W!
E!T/>;+-7./'!/4!E697,!(7.J!7'!*$-7/9.!]'$!+'9!BI/ !
4/-!+!T3+'C$!7'!E697,/-.!\$-.6.!+!T/',7'67'C!E697,/- !

!
!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!
! !E697,!(7.J!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!
!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!Audit Risk1old 
!
!
!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!Audit Risk1cont          !
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!  
  L1 
 
!
C20$O!+9!Period One Audit Risk!

!
!
!

!!!!!!!!!!!!!!!!!!E697,!(7.J!
         

 
 
 
                 
                                                             Audit Risk2new 
 
 
 
                                               Audit Risk2cont 
 
 
 
    
       L1 
!
!
C20$O!59!Period Two Audit Risk 


