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BETHE ANSATZ EQUATIONS FOR ORTHOSYMPLECTIC LIE SUPERALGEBRAS

AND SELF-DUAL SUPERSPACES

KANG LU AND EVGENY MUKHIN

ABSTRACT. We study solutions of the Bethe ansatz equations associated to the orthosymplectic Lie superalgebras

osp2m+1|2n and osp2m|2n . Given a solution, we define a reproduction procedure and use it to construct a family of

new solutions which we call a population. To each population we associate a symmetric rational pseudo-differential

operator R. Under some technical assumptions, we show that the superkernel W of R is a self-dual superspace of

rational functions, and the population is in a canonical bijection with the variety of isotropic full superflags in W

and with the set of symmetric complete factorizations of R. In particular, our results apply to the case of even Lie

algebras of type Dm corresponding to osp2m|0 = so2m.

Keywords: orthosymplectic Lie superalgebras, population of solutions of Bethe ansatz equation, isotropic flags,

rational pseudo-differential operators.

1. INTRODUCTION

The Gaudin models associated to simple Lie algebras have been a subject of intensive research for half a

century which produced a number of spectacular results. Then the importance of the supersymmetric general-

ization has been understood and Gaudin models related to simple Lie superalgebras came to attention of many

mathematicians and physicists. In this paper, we study the Bethe ansatz equations (BAE) of the Gaudin models

associated with orthosymplectic Lie superalgebras osp2m+1|2n and osp2m|2n.

To our knowledge, most of the previous work in this direction has been done for the case of osp1|2, see

[KM01, Zei15], with a few papers devoted to the general case for the XXX spin chains, [A-R04, Tsu99].

Our guidance and motivation come from [MV04] where the BAE are studied for types B and C and [HMVY19]

which treats the BAE for the Lie superalgebra glm|n.

The BAE is a system of algebraic equations which depends on the Cartan matrix, a choice of highest weights,

and evaluation parameters. It is widely expected that the solutions of the BAE produce eigenvectors of the

Gaudin Hamiltonians acting in the tensor product of the corresponding highest weight modules. The Gaudin

Hamiltonians are produced from the action of a remarkable commutative subalgebra of the universal enveloping

algebra of the current Lie algebra, called the Bethe subalgebra, see for example [Fre04, KM01, MM17, MTV09,

MVY15]. We do not discuss the Gaudin Hamiltonians or their eigenvectors in this paper and concentrate on the

study of the solution set of the BAE. Our main tool is a reproduction procedure, which given a solution of the

BAE and a choice of a simple root, produces a family of new solutions of the BAE.

An important difference of the super case is that we have a number of different Cartan matrices corresponding

to the choices of the Borel subalgebras. In the orthosymplectic case, the choices of the Cartan matrix C = (cij)

are parameterized by parity sequences s = (s1, . . . , sr), si ∈ {±1}, where the number of positive ones is m

and r is the rank of the Lie superalgebra. In the case of osp2m|2n and sr = −1 for each Cartan matrix we have

two Borel subalgebras which are recorded by κ ∈ {±1} while in the case of sr = 1 or of osp2m+1|2n such a

Borel subalgebra is unique, recorded by κ = 1. We call s̃ = (s;κ) an extended parity sequence.

A solution of the BAE is given by zeroes of a sequence of polynomials in one variable y = (y1, . . . , yr).

Here the degree of yi is the number of unknowns in the BAE of color i. The reproduction procedure produces a

family of new sequences y[i] := (y1, . . . , ỹi, . . . , yr).
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There are two different cases of the reproduction procedure: the case of roots of non-zero length and the case

of roots of length zero. In the former case, the new polynomial ỹi is described by the first order differential

equation,

y′iỹi − yiỹ
′
i = Ti

∏

j, j 6=i

y
−cij
j ,

and we call such reproduction procedure bosonic. In the latter case ỹi is obtained simply by division

yiỹi = ln′
(
Ti

∏

j

y
−cij
j

)
πi

∏

j, cij 6=0

yj,

and in this case we call such reproduction procedure fermionic. Here the polynomials Ti (Ti do depend on the

extended parity sequence s̃) correspond to the highest weights and evaluation parameters of the modules, and

πi is the denominator of the rational function T ′
i/Ti with minimal degree.

Quite generally, the bosonic reproduction procedure produces a one-parameter family of solutions of the

BAE with the same Cartan matrix and polynomials Ti (but with a different number of unknowns). At the same

time the fermionic reproduction procedure produces a single sequence y[i] which is (provided yi−1, yi+1 have

no multiple roots, no common roots, and no roots at evaluation parameters) a solution of the BAE with the new

Cartan matrix according to s[i] := (s1, . . . , si+1, si, . . . , sr) for i < r (and s[r] = s[r−1]) and new polynomials

Ti determined by some rule, see Table 1. The set of all sequences obtained by successive applications of the

reproduction procedure (paired up with the corresponding extended parity sequences s̃) is called a population

which is the main object of our study.

The main idea is to relate a population associated with an orthosymplectic Lie superalgebra to a population

associated with a general linear Lie superalgebra. We observe that if y is a solution of the osp2m+1|2n BAE

then the sequence of polynomials (y1, . . . , yr−1, yr, yr−1, . . . , y1) is a solution of the gl2m|2n BAE. We also

note that if y is a solution of the osp2m|2n BAE with a Cartan matrix of type D, then the sequence of polyno-

mials (y1, . . . , yr−2, yr−1yr, y
2
r , y

2
r , yr−1yr, yr−2, . . . , y1) is a (generalized) solution of the gl2m|2n+1 BAE. We

remark that osp2m+1|2n and osp2m|2n are not subalgebras of gl2m|2n and gl2m|2n+1, respectively. However, the

twining characters of the latter Lie algebras give the characters of the former, see [FSS96] and [KK00, Sections

8 & 9], cf. [LMV17, Appendix].

Motivated by these observations, we introduce a rational pseudo-differential operator R which does not

change under the reproduction procedure. For the case of osp2m+1|2n, it has the form

R =
−→∏

16i6r

(
∂ − si ln

′ Piyi−1

yi

)si ←−∏

16i6r

(
∂ + si ln

′ Piyi−1

yi

)si
,

where y0 = 1 and Pi are rational functions related to Ti, see (4.3). The formula forR in the case of osp2m|2n is

given in (5.20).

We write R as a ratio of differential operators R = D0̄D−1
1̄

. We expect that the coefficients of D0̄ and D1̄

are eigenvalues of a special set of generators of the Bethe subalgebra acting on the eigenvector corresponding

to the solution of the BAE, see [LM20, MTV06, MM17, LM19].

We consider the superkernel W = ker(D0̄) ⊕ ker(D1̄). It turns out that W has some remarkable proper-

ties and, with some technical assumptions, W consists of rational functions. Let us describe some of these

properties. First, the Wronski determinant is one, Wr(W ) = 1. Second, there exists an isomorphism of vec-

tor spaces φ : ΛdimW−1(W ) → W between the exterior power of W and W given by φ(H) = Wr(H)

for all H ∈ ΛdimW−1(W ). Third, we have the non-degenerate bilinear form ( , ) : W ⊗ W → C given

by (w1, w2) = Wr(φ−1(w1), w2). This bilinear form is symmetric if dimW is odd and skew symmetric if

dimW is even. Fourth, we have ker(D0̄) ⊥ ker(D1̄) with respect to this bilinear form. Fifth, for any subspace

V ⊂ W , we have Wr(V) = Wr(V⊥). It means that the space W is essentially, the self-dual space, studied in

[Lu18, LMV17, MV04]. Taking into account the fourth property, we call W the self-dual superspace.
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Then we show that the set of all full isotropic superflags in W is in a natural bijection with the population

and with the set of all symmetric complete factorizations of R. We note that for the Cartan matrices of type

D, present in the case of osp2m|2n, a point of the population corresponds to two isotropic superflags related by

what we call the “fake” reproduction procedure.

In particular, the special cases osp2m+1|0 = so2m+1, osp0|2n = sp2n, recover the known even cases of types

Bm and Cn of [MV04] and osp2m|0 = so2m treats the even case of type Dm, see Section 6.5.

It is important to mention that the bijection between the population and the variety of isotropic superflags is

proved under the technical assumption of superfertility. Namely, one assumes that the reproduction procedure

can be repeated indefinitely even if some of the produced sequences of polynomials are not solutions of the

Bethe ansatz equations. We expect that superfertility is a generic feature but an additional study of obstructions

to the reproduction procedure is needed. We discuss this issue in Section 6.1.

The results of this paper are a step towards connecting the Bethe ansatz to algebraic geometry. Such a

connection which is finalized in [MTV09] for Gaudin models associated to glN , is a long term motivation. One

expected outcome is the understanding of perfectly integrable nature of Gaudin models, see [Lu20].

In the paper we work with periodic boundary conditions. One can generalize our results to quasi-periodic

conditions in a straightforward way, cf. [MV08]. We expect that the main statements of this paper can be also

obtained for the XXX type BAE related to orthosymplectic Lie superalgebras, using [MV03, HLM19].

The paper is organized as follows. In Section 2 we discuss the details of the root systems and general

facts for orthosymplectic Lie superalgebras. Section 3 is devoted to the study of the symmetric rational pseudo-

differential operators and self-dual superspaces. The main statements are Lemma 3.10 and Proposition 3.13. We

introduce the BAE and related terminology in Section 4. In Section 5 we study the reproduction procedure. We

describe a general fermionic reproduction in Table 1 and then apply it to the cases of osp2m+1|2n in Section 5.4

and of osp2m|2n in Section 5.6. In particular, we introduce the symmetric rational pseudo-differential operators

associated to a population in Sections 5.5 and 5.7. Section 6 contains our main result, Theorem 6.3.

Acknowledgments. This work was partially supported by the Simons Foundation grants #353831 and

#709444.

2. PRELIMINARIES ON ORTHOSYMPLECTIC LIE SUPERALGEBRAS

Assume m,n ∈ Z>0. Let ι be either 0 or 1. In this section, we recall the basics for general Lie superalgebras

glm|n and orthosymplectic Lie superalgebras osp2m+ι|2n. For details, see e.g. [CW12].

Set r = m+ n and I = {1, . . . , r}. For k ∈ Z, we set k◦ = k + 2m+ ι.

2.1. General linear Lie superalgebras. A vector superspace W = W0̄ ⊕W1̄ is a Z2-graded vector space.

We call elements of W0̄ even and elements of W1̄ odd. We write |w| ∈ {0̄, 1̄} for the parity of a homogeneous

element w ∈W . Set (−1)0̄ = 1 and (−1)1̄ = −1.

Let Cm|n be a complex vector superspace, with dim(Cm|n)0̄ = m and dim(Cm|n)1̄ = n. Choose a homoge-

neous basis ei, i ∈ I , of Cm|n such that |ei| = 0̄ for 1 6 i 6 m and |ei| = 1̄ for m+ 1 6 i 6 r. We call it the

standard basis of Cm|n. Set |i| = |ei|.
Let s = (s1, . . . , sr) where si ∈ {±1} and si = 1 exactly m times. We call such a sequence s a parity

sequence. Denote the set of all parity sequences by Sm|n. Let Sk be the symmetric group permuting elements

in {1, . . . , k}. For each s ∈ Sm|n, define σs ∈ Sr by

σs(i) =

{
#{j | j 6 i, sj = 1}, if si = 1,

m+#{j | j 6 i, sj = −1}, if si = −1.
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Set s+ = (1, . . . , 1,−1, . . . ,−1) and s− = (−1, . . . ,−1, 1, . . . , 1). We have σs+ = id. Also σs−(i) = i+m

when i 6 n, and σs−(i) = i− n when i > n.

For s ∈ Sm|n and i ∈ I , define numbers

s+i = #{j | j > i, sj = 1}, s−i = #{j | j < i, sj = −1}.
The relations between σs and s+i , s

−
i are given by

s+i =

{
m− σs(i), if si = 1,

σs(i) − i, if si = −1,
s−i =

{
i− σs(i), if si = 1,

σs(i)−m− 1, if si = −1.
The Lie superalgebra glm|n is generated by elements eij , i, j ∈ I , with the supercommutator relations

[eij , ekl] = δjkeil − (−1)(|i|+|j|)(|k|+|l|)δilekj ,

and the parity of eij is given by |i|+ |j|.
The Cartan subalgebra h of glm|n is spanned by eii, i ∈ I . Let εi, i ∈ I , be a basis of h∗ (the dual space of

h) such that εi(ejj) = δij . There is a bilinear form ( , ) on h∗ given by (εi, εj) = (−1)|i|δij . The root system Φ

is a subset of h∗ given by

Φ := {εi − εj | i, j ∈ I and i 6= j}.
We call a root εi − εj even (resp. odd) if |i| = |j| (resp. |i| 6= |j|).

A glm|n-weight λ is called dominant integral if (λ, εi) ∈ Z for all 1 6 i 6 r and (−1)|j|(λ, εj − εj+1) > 0

for all 1 6 j 6 r − 1 except possibly j = m. A glm|n-weight λ is called typical if

(λ, εi − εj)− i− j + 1 + 2m 6= 0,

for all 1 6 i 6 m < j 6 r.

Given a parity sequence s ∈ Sm|n, we define the set of s-positive roots Φ+
s = {εσs(i) − εσs(j) | i, j ∈

I and i < j}. Define the s-simple positive roots by αs
i = εσs(i) − εσs(i+1), 1 6 i 6 r − 1.

Note that (−1)|σs(i)| = si.

The symmetrized Cartan matrix Bs := (bsij)16i,j6r−1 =
(
(αs

i , α
s
j )
)
16i,j6r−1

for glm|n associated with the

parity sequence s is an (r − 1)× (r − 1) matrix described by the 2× 2 submatrices
(

(αs
i , α

s
i ) (αs

i , α
s
i+1)

(αs
i+1, α

s
i ) (αs

i+1, α
s
i+1)

)
=

(
si + si+1 −si+1

−si+1 si+1 + si+2

)
, (2.1)

where 1 6 i 6 r − 2.

The Cartan matrix Cs := (csij)16i,j6r−1 for glm|n associated with the parity sequence s is given by csij =

sib
s
ij . In particular, we have cii = 2 if si = si+1, and ci+1,i = −1 for all i.

2.2. Orthosymplectic Lie superalgebras. Let V = V0̄ ⊕ V1̄ be a complex vector superspace. We call a

bilinear form (·, ·) : V ⊗ V → V even if (Vi, Vj) = 0 unless i + j = 0̄. We call an even bilinear form (·, ·)
supersymmetric if (·, ·)|V0̄⊗V0̄

is symmetric and (·, ·)|V1̄⊗V1̄
is skew-symmetric.

Let (·, ·) be an even nondegenerate supersymmetric bilinear form on the vector superspace C
2m+ι|2n. Set

osp2m+ι|2n := 〈g ∈ gl2m+ι|2n | (gx, y) + (−1)|g|·|x|(x, gy) = 0, for all x, y ∈ C
2m+ι|2n〉.

In other words, the Lie superalgebra osp2m+ι|2n is the subalgebra of the Lie superalgebra gl2m+ι|2n spanned

by homogeneous linear operators preserving an even nondegenerate supersymmetric bilinear form. The Lie

superalgebra osp2m+ι|2n is called an orthosymplectic Lie superalgebra.

One has (
osp2m+ι|2n

)
0̄
∼= so2m+ι ⊕ sp2n,

(
osp2m+ι|2n

)
1̄
∼= C

2m+ι ⊗ C
2n,

where C
2m+ι and C

2n are vector representations of so2m+ι and sp2n, respectively.
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The rank of osp2m+ι|2n is r and

dim osp2m+ι|2n =

{
2r2 + r + 2n, if ι = 1;

2r2 − r + 2n, if ι = 0.

Denote by U(osp2m+ι|2n) the universal enveloping algebra of osp2m+ι|2n.

Choose the even nondegenerate supersymmetric bilinear form (·, ·) on C
2m+ι|2n with the Gram matrix

G2m+1|2n =




0 Im 0 0 0

Im 0 0 0 0

0 0 1 0 0

0 0 0 0 In
0 0 0 −In 0




, G2m|2n =




0 Im 0 0

Im 0 0 0

0 0 0 In
0 0 −In 0


 (2.2)

relative to the standard basis of C2m+ι|2n.

For 1 6 i 6 m and 1 6 k 6 n, define

hi = Eii − Ei+m,i+m, hm+k = Ek◦k◦ − Ek◦+n,k◦+n. (2.3)

The Cartan subalgebra h of osp2m+ι|2n is the subalgebra spanned by hi for i ∈ I .

Consider the dual space h∗ of h. Let εi for i ∈ I be a basis of h∗ dual to the basis {hi}i∈I of h. In other

words, εi(hj) = δij . We use the convenient notation δi = εm+i for 1 6 i 6 n.

Define a bilinear form (·, ·) on h∗ by (εi, εj) = (−1)|i|δij .

2.3. Root systems. In this section, we describe the Cartan matrix for osp2m+ι|2n and the root system associated

with an arbitrary parity sequence, see e.g. [FSS89]. Throughout the paper, we use the convenient notation

εsi := εσs(i).

2.3.1. The case of osp2m+1|2n. Given a parity sequence s ∈ Sm|n, we define the set of s-positive roots

Φ+
s = {εsi ± εsj | i, j ∈ I and i < j} ∪ {εi | i ∈ I} ∪ {2εi |m+ 1 6 i 6 r}.

We have a Dynkin diagram of type B. Define the s-simple positive roots by

αs
i = εsi − εsi+1, i ∈ I,

where εsr+1 = 0. Denote by ∆+
s the set of s-simple positive roots {αs

i }i∈I .

The symmetrized Cartan matrix Bs := (bsij)i,j∈I =
(
(αs

i , α
s
j )
)
i,j∈I

for osp2m+1|2n associated with the parity

sequence s is an r×r matrix described by the 2×2 submatrices (2.1) for 1 6 i 6 r−1 with the convention that

sr+1 = 0. The Cartan matrix Cs := (csij)i,j∈I for osp2m+1|2n associated with the parity sequence s is given by

csij = si(1 + δir)b
s
ij .

The Dynkin diagram for osp2m|2n+1 associated with the parity sequence s is obtained from the Dynkin

diagram for glm|n associated with the parity sequence s by attaching one more node as follows,

1 2 r − 1 r
, if sr = 1; or

1 2 r − 1 r
, if sr = −1.

Here the crosses picture the Dynkin diagram for glm|n associated with s and the new root is shown by the circle

(empty or filled).

Define the set of s-negative roots Φ−
s := −Φ+

s . Clearly, we have Φ = Φ+
s ∪ Φ−

s .
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There are two most commonly used root systems for osp2m+1|2n. The standard positive root system is the

one corresponding to the parity sequence s−. In this case, we have the standard Dynkin diagram

1 2 n n+ 1 r − 1 r

and

∆s− = {δi − δi+1, δn − ε1, εj − εj+1, εm | 1 6 i 6 n− 1, 1 6 j 6 m− 1}.
The distinguished positive root system is the one corresponding to the parity sequence s+. In this case, we have

the distinguished Dynkin diagram

1 2 m m+ 1 r − 1 r

and

∆s+ = {εi − εi+1, εm − δ1, δj − δj+1, δn | 1 6 i 6 m− 1, 1 6 j 6 n− 1}.

2.3.2. The case of osp2m|2n. Let us describe the root system associated with a parity sequence s ∈ Sm|n.

We have two cases corresponding Dynkin diagrams of type C or type D. While in type D a parity sequence

determines a unique root system, the new feature is that in type C there are two root systems corresponding to

s. In order to deal with this phenomenon, we introduce the notation s̃ for each s ∈ Sm|n which includes the

parity sequence s and a binary choice κ:

s̃ = (s1, . . . , sr;κ), where s = (s1, . . . , sr) ∈ Sm|n, κ ∈ {−1, 1}. (2.4)

We call s̃ an extended parity sequence. We use κ(s̃) to denote the binary choice from s̃. Denote S̃0
m|n :=

Sm|n × {−1, 1} the set of all extended parity sequences.

For convenience, in the case of osp2m+1|2n we also define the extended parity sequences by mandating κ = 1,

that is s̃ = (s; 1). Then we denote the set of extended parity sequences in this case by S̃1
m|n := Sm|n × {1}.

Set εs̃i := εsi if εsi 6= εm and εs̃i := κεsi if εsi = εm.

• If sr = 1, we have a Dynkin diagram of type D. In this case, we say that s is of type D. Define the

s̃-simple positive roots

∆s̃ = {αs̃
i = εs̃i − εs̃i+1, αs̃

r = εs̃r−1 + εs̃r , 1 6 i 6 r − 1}.
As a set ∆s̃ does not depend on κ.

• If sr = −1, we have a Dynkin diagram of type C. In this case, we say that s is of type C. Define the of

s̃-simple positive roots

∆s̃ = {αs̃
i = εs̃i − εs̃i+1, αs̃

r = 2εs̃r , 1 6 i 6 r − 1}.
We also use the convention ∆+

s := ∆s̃ if κ(s̃) = 1 and ∆−
s := ∆s̃ if κ(s̃) = −1.

Define the set of s̃-positive roots

Φ+
s̃ = {εs̃i ± εs̃j | i, j ∈ I and i < j} ∪ {2εi |m+ 1 6 i 6 r}.

As before denote Φ−
s̃ = −Φ+

s̃ .

The Cartan data and Dynkin diagrams do not depend on the choice of κ. The symmetrized Cartan matrix

Bs := (bsij)i,j∈I =
(
(αs

i , α
s
j )
)
i,j∈I

for osp2m|2n associated with the parity sequence s ∈ Sm|n is an r×r matrix

described the 2× 2 submatrices (2.1) except that the right-bottom corner 3× 3 submatrix is given by

(−1,−1) (1,−1)

sr−2 − 1 1 0

1 −2 2

0 2 −4


 ,



sr−2 + 1 −1 0

−1 0 2

0 2 −4


 ,
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(1, 1) (−1, 1)

sr−2 + 1 −1 −1
−1 2 0

−1 0 2


 ,



sr−2 − 1 1 1

1 0 −2
1 −2 0


 ,

where each case corresponds to the parity subsequence (sr−1, sr) written above it. The Cartan matrix Cs :=

(csij)i,j∈I for osp2m|2n associated with the parity sequence s is given by

csij =





sib
s
ij, if i 6= r,

sr−1b
s
ij, if i = r and sr = 1,

srb
s
ij/2, if i = r and sr = −1.

The Dynkin diagram for osp2m|2n associated with the parity sequence s is obtained from the Dynkin diagram

for glm|n associated with the parity sequence s by attaching one more node as follows,

1 2 r − 1 r
, if sr = −1;

1 2 r − 3 r − 2

r − 1

r

, if sr−1 = sr = 1;

1 2 r − 3 r − 2

r − 1

r

, if sr−1 = −1, sr = 1.

Here the crosses and the (r− 1)-st node picture the Dynkin diagram for glm|n associated with s and the new

root corresponds to the r-th node shown by a circle (empty or with the cross).

Again, there are two most commonly used root systems for osp2m|2n. The standard positive root system is

the one corresponding to the extended parity sequence s̃− := (s−; 1). In this case, we have the standard Dynkin

diagram

1 2 n n+ 1 r − 2

r − 1

r

and

∆+
s−

= {δi − δi+1, δn − ε1, εj − εj+1, εm−1 + εm | 1 6 i 6 n− 1, 1 6 j 6 m− 1}.

The distinguished positive root system is the one corresponding to the extended parity sequence s̃+ := (s+; 1).

In this case, we have the distinguished Dynkin diagram

1 2 m m+ 1 r − 1 r

and

∆+
s+

= {εi − εi+1, εm − δ1, δj − δj+1, 2δn | 1 6 i 6 m− 1, 1 6 j 6 n− 1}.
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2.4. Borel subalgebras. In this section, we recall the root vectors of osp2m+ι|2n.

There is a basis of osp2m+1|2n given as follows:

hi = Eii − Ei+m,i+m, hm+k = Ek◦k◦ − Ek◦+n,k◦+n,

eεi = E2m+1,i+m − Ei,2m+1, e−εi = Ei+m,2m+1 − E2m+1,i, (2.5)

e2δk =
√
2Ek◦,k◦+n, e2δk = −

√
2Ek◦+n,k◦

eδk+δl = Ek◦,l◦+n + El◦,k◦+n, e−δk−δl = −El◦+n,k◦ − Ek◦+n,l◦,

eδk−δl = sgn(k − l)(Ek◦l◦ − El◦+n,k◦+n), eεi−εj = Eij − Ej+m,i+m,

eεi+εj = Ei,j+m − Ej,i+m, e−εi−εj = Ej+m,i −Ei+m,j ,

eδk+εi = Ei,k◦+n +Ek◦,i+m, e−δk−εi = Ei+m,k◦ − Ek◦+n,i,

eδk−εi = Ei+m,k◦+n + Ek◦,i, e−δk+εi = Ei,k◦ − Ek◦+n,i+m,

eδk = E2m+1,k◦+n + Ek◦,2m+1, e−δk = E2m+1,k◦ − Ek◦+n,2m+1, (2.6)

for 1 6 i 6= j 6 m and 1 6 k 6= l 6 n, where sgn(x) denotes the sign of x.

Similarly, a basis of osp2m|2n is given by the same formulas, for 1 6 i 6= j 6 m and 1 6 k 6= l 6 n, with

equations (2.5) and (2.6) skipped.

The (quadratic) Casimir element Ω is given by

Ω :=
1

4

( m∑

i=1

h2i −
n∑

k=1

h2m+k +
∑

α∈Φ

eαe−α

)
∈ U(osp2m+ι|2n).

The Casimir element Ω is central in U(osp2m+ι|2n).

The nilpotent subalgebra n+s̃ of osp2m+ι|2n associated with s̃ is generated by {eα | α ∈ ∆s̃}. A basis of the

nilpotent algebra n+s̃ is given by {eα | α ∈ Φ+
s̃ }. The Borel subalgebra associated with s̃ is b+s̃ := h⊕ n+s̃ . The

Borel subalgebra with s̃− is the standard Borel subalgebra.

2.5. Representations. Let V be an osp2m+ι|2n-module. Let s̃ ∈ S̃ι
m|n be an extended parity sequence.

For a weight λ ∈ h∗, we call a nonzero vector vs̃λ ∈ V an s̃-singular vector of weight λ if n+s̃ v
s̃
λ = 0 and

hvs̃λ = λ(h)vs̃λ, for all h ∈ h. Denote by V s̃ing the subspace of s̃-singular vectors in V . Set

Vλ := {v ∈ V | hv = λ(h)v}, V s̃ing
λ := V s̃ing ∩ Vλ.

Denote by Ls̃(λ) the irreducible module generated by an s̃-singular vector vs̃ingλ of weight λ. We simply write

L(λ) if s̃ corresponds to the standard root system.

In this paper we study Bethe ansatz in the tensor products of finite-dimensional osp2m+ι|2n-modules given in

the parity sequence s− by hook partitions as follows. Let µ = (µ1 > µ2 > · · · ) be a partition: µi ∈ Z>0 and

µj = 0 for sufficiently large j. We use µ′ = (µ′
1 > µ′

2 > · · · ) to denote the conjugate of µ. We call a partition

µ an (m|n)-hook partition if µm+1 6 n.

For an (n|m)-hook partition µ, define two osp2m+ι|2n-weights µ± by

µ+ =

n∑

i=1

µiδi +

m∑

j=1

max{µ′
j − n, 0}ǫj ,

µ− =

n∑

i=1

µiδi +

m−1∑

j=1

max{µ′
j − n, 0}ǫj −max{µ′

m − n, 0}ǫm.

(2.7)

We call such µ+ (resp. µ±) dominant integral osp2m+1|2n-weights (resp. osp2m|2n-weights). Note that L(µ+)

(L(µ±) for ι = 0 case) are finite-dimensional osp2m+ι|2n-modules. We call µ+ and L(µ+) (resp. µ− and

L(µ−)) the dominant integral weight and the highest weight module of the first kind (resp. of the second kind).
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Let λ be a dominant integral osp2m+ι|2n-weight. Then L(λ) is a highest weight module with respect to

all Borel subalgebras. The highest weights and the highest weight vectors depend on the choice of the Borel

subalgebras - that is on the extended parity sequences s̃. We now describe this dependence.

Denote by λs̃ the unique osp2m+ι|2n-weight such that Ls̃(λs̃) ∼= L(λ). Note that if s̃ is of type D, then λs̃ is

independent of κ.

For s̃ ∈ S̃ι
m|n and an osp2m+ι|2n-weight λ, denote by

λ[s̃] = (λ[s̃],1, . . . , λ[s̃],r), where λ[s̃],i = si(λ
s̃, εs̃i ),

the coordinate sequence of λ associated to s̃. The coordinate sequence of λs̃ can be computed recursively as

follows.

Let 1 6 i 6 r−1. For s ∈ Sm|n, let s[i] = (s1, . . . , si+1, si, . . . , sr) ∈ Sm|n be the parity sequence obtained

from s by interchanging i-th and (i+ 1)-st components. Let s̃ ∈ S̃ι
m|n.

Set

s̃[i] = (s[i];κ(s̃)) ∈ S̃ι
m|n, 1 6 i 6 r − 1,

s̃[r] =

{
s̃, if s is of type C,

(s[r−1]; sr−1κ(s̃)), if s is of type D.

(2.8)

In addition if ι = 0 and sr = 1 (the case of type D), we also set s̃[f ] = (s;−κ(s̃)) ∈ S̃0
m|n. Here [f ] stands for

“fake”. The reason for this will become clear later, see Lemma 5.13. Then the change in the r-th direction is a

composition:

s̃[r] =

{
((s̃[f ])[r−1])[f ], if sr−1 = 1,

(s̃[f ])[r−1], if sr−1 = −1.
(2.9)

We also set s[r] = s[r−1], s[f ] = s.

Lemma 2.1. Let λ be a dominant integral osp2m+ι|2n-weight, and s̃ ∈ S̃ι
m|n an extended parity sequence.

For 1 6 i 6 r − 1, if si 6= si+1, then

λs̃[i]

[s̃[i]]
= (λs̃

[s̃],1, . . . , λ
s̃
[s̃],i−1, λ

s̃
[s̃],i+1 + η, λs̃

[s̃],i − η, . . . , λs̃
[s̃],r),

where η = 1 if λs̃
[s̃],i + λs̃

[s̃],i+1 6= 0 and η = 0 otherwise.

If ι = 0 and sr = 1 (that is if in the case of type D), then we have

λs̃[f ]

[s̃[f ]]
= (λs̃

[s̃],1, . . . , λ
s̃
[s̃],r−1,−λs̃

[s̃],r).

Proof. Let vs̃ be an s̃-singular vector of L(λ). If λs̃
[s̃],i + λs̃

[s̃],i+1 = 0 then vs̃ is also an s̃[i]-singular vector.

Otherwise, let e be a root vector of osp2m+ι|2n of weight −αs̃
i = εs̃i+1− εs̃i . Then evs̃ is a non-zero s̃[i]-singular

vector.

Since εs̃
[i]

j = εs̃j , j 6= i, i+ 1 and εs̃
[i]

i = εs̃i+1, εs̃
[i]

i+1 = εs̃i , the lemma follows. �

For our purposes, we do not need to solve this recursion, see [CW12, Section 2.4] for a partial answer.

3. SYMMETRIC RATIONAL PSEUDO-DIFFERENTIAL OPERATORS AND ISOTROPIC SUPERFLAGS

3.1. Rational pseudo-differential operators. We recall the basics of rational pseudo-differential operators

from [CDSK12, HMVY19].

Let K = C(x) be the differential field of complex-valued rational functions with the derivation ∂. Consider

the division ring of pseudo-differential operators K((∂−1)). An element in K((∂−1)) is of the form

A =

M∑

j=−∞

aj∂
j , aj ∈ K, M ∈ Z.
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We say that the order of A is M if aM 6= 0, and denote it by ord A. We say that A is monic if aM = 1.

For j ∈ Z>0 and N ∈ Z, set (
N

j

)
=

N(N − 1) . . . (N − j + 1)

j!
.

One has the following relations in K((∂−1)):

∂∂−1 = ∂−1∂ = 1, ∂Na =
∞∑

j=0

(
N

j

)
a(j)∂N−j , a ∈ K, N ∈ Z,

where a(j) is the j-th derivative of a and a(0) = a. Note that all nonzero elements in K((∂−1)) are invertible.

Consider the algebra of differential operators K[∂] which is a subring of K((∂−1)). Let D ∈ K[∂] be a

monic differential operator of order M . We say that D is complete factorable over K if D = d1 · · · dM ,

where di = ∂ − ai for some ai ∈ K and each 1 6 i 6 M . Denote by kerD the set {f | Df = 0}. If

dim(kerD) = ordD and kerD ⊂ K, then D is completely factorable over K.

Denote by K(∂) the division subring of K((∂−1)) generated by K[∂]. We call an element in K(∂) a rational

pseudo-differential operator. Let R be a rational pseudo-differential operator. If R is of the form D0̄D−1
1̄

for

some D0̄,D1̄ ∈ K[∂], then we call D0̄D−1
1̄

a fractional factorization ofR. We say that a fractional factorization

R = D0̄D−1
1̄

is minimal if D1̄ is monic and of minimal possible order.

Proposition 3.1 ([CDSK12]). LetR ∈ K(∂), then there exists a unique minimal fractional factorization of R.

Let R = D0̄D−1
1̄

be such that dim(kerD0̄) = ordD0̄ and dim(kerD1̄) = ordD1̄. Then R = D0̄D−1
1̄

is the

minimal fractional factorization ofR if and only if kerD0̄ ∩ kerD1̄ = 0. �

We call R an (m|n)-rational pseudo-differential operator if R is monic and for the minimal fractional

factorization R = D0̄D−1
1̄

, we have that D0̄ and D1̄ are completely factorable over K, and ordD0̄ = m

and ordD1̄ = n.

Let R be an (m|n)-rational pseudo-differential operator. Let s ∈ Sm|n. We call the form R = ds11 · · · dsrr ,

where di = ∂ − ai, ai ∈ K, i ∈ I , a complete s-factorization. Denote by Fs(R) the set of all complete

s-factorizations ofR. We call F(R) = ⊔s∈Sm|n
Fs(R) the set of all complete factorizations.

Suppose R1 = (∂ − a)(∂ − b)−1 and R2 = (∂ − c)−1(∂ − d) be two (1|1)-rational pseudo-differential

operators, where a, b, c, d ∈ K, a 6= b, and c 6= d. ThenR1 = R2 if and only if
{
c = b+ ln′(a− b),

d = a+ ln′(a− b),
⇐⇒

{
a = d− ln′(c− d),

b = c− ln′(c− d),
(3.1)

where ln′(f) = f ′/f .

LetR be an (m|n)-rational pseudo-differential operator. SupposeR = ds11 · · · dsrr , di = ∂−ai, is a complete

s-factorization. If si 6= si+1, then di 6= di+1. Using (3.1), we obtain d̃i and d̃i+1 such that dsii d
si+1

i+1 = d̃
si+1

i d̃sii+1,

which gives a complete s[i]-factorization R = ds11 · · · d̃
si+1

i d̃sii+1 · · · dsrr with s[i] = (s1, . . . , si+1, si, . . . , sr).

Repeating this procedure, we see that there exists a canonical bijection between the sets of complete factoriza-

tions with respect to any two parity sequences.

3.2. Factorizations and superflag varieties. Let W = W0̄ ⊕W1̄ be a vector superspace with dim(W0̄) = m

and dim(W1̄) = n. Consider a full flag F of W , F = {F1 ⊂ F2 ⊂ · · · ⊂ Fr = W} such that dim(Fi) = i.

We say that a basis {w1, . . . , wr} of W generates the full flag F if Fi is spanned by w1, . . . , wi. A full flag is

called a full superflag if it is generated by a homogeneous basis. Denote by F(W ) the set of all full superflags.

We note that dimF(W ) = m(m− 1)/2 + n(n− 1)/2.

To a homogeneous basis {w1, . . . , wr} of W , we associate the unique parity sequence s ∈ Sm|n such that

si = (−1)|wi|. We say a full superflag F has parity sequence s if it is generated by a homogeneous basis whose

parity sequence is s. We denote by Fs(W ) the set of all full superflags of parity s.
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Clearly, we have

F(W ) =
⊔

s∈Sm|n

Fs(W ), Fs(W ) ∼= F (W0̄)× F (W1̄) .

Given a basis {v1, . . . , vm} of W0̄, a basis {u1, . . . , un} of W1̄, and a parity sequence s ∈ Sm|n, define

a homogeneous basis {w1, . . . , wr} of W by the rule wi = v
s+i +1 if si = 1 and wi = u

s−i +1 if si = −1.

Conversely, any homogeneous basis of W gives a basis of W0̄, a basis of W1̄, and a parity sequence s. We say

that the basis {w1, . . . , wr} is associated to {v1, . . . , vm}, {u1, . . . , un}, and s.

Define the Wronskian Wr of g1, . . . , gk by

Wr(g1, . . . , gk) = det
(
g
(i−1)
j

)k
i,j=1

.

By convention, we extend this definition to the case of k = 0 by setting Wr(∅) = 1.

Let R be an (m|n)-rational pseudo-differential operator. Let R = D0̄D−1
1̄

be the minimal fractional factor-

ization. Let V = W0̄ = kerD0̄, U = W1̄ = kerD1̄, W = W0̄ ⊕W1̄. We call W the superkernel of R and

denote it by skerR.

Given a basis {v1, . . . , vm} of V , a basis {u1, . . . , un} of U , and a parity sequence s ∈ Sm|n, define di =

∂ − fi, where

fi = ln′
Wr(v1, v2, . . . , vs+i +1, u1, u2, . . . , us−i

)

Wr(v1, v2, . . . , vs+i
, u1, u2, . . . , us−i

)
, if si = 1,

fi = ln′
Wr(v1, v2, . . . , vs+i

, u1, u2, . . . , us−i +1)

Wr(v1, v2, . . . , vs+i
, u1, u2, . . . , us−i

)
, if si = −1.

(3.2)

Note that if two bases {v1, . . . , vm}, {ṽ1, . . . , ṽm} generate the same full flag of V and two bases {u1, . . . , un},
{ũ1, . . . , ũn} generate the same full flag of U , then the coefficients fi computed from vj , uj and from ṽj, ũj are

the same.

Proposition 3.2 ([HMVY19]). We have a complete s-factorization of R :R = ds11 · · · dsrr . �

By Proposition 3.2, we have maps ̟ : F(W ) → F(R) and ̟s : Fs(W ) → Fs(R). The map ̟s is

explicitly given as follows. Let F be a superflag generated by a basis which is associated to {v1, . . . , vm},
{u1, . . . , un}, and s. Then

̟s(F) = (∂ − f1)
s1(∂ − f2)

s2 · · · (∂ − fr)
sr ,

where fi are given by (3.2). The map ̟ is the disjoint union of maps ̟s over all distinct parities s.

Lemma 3.3. The maps ̟ and ̟s are bijections. �

Thus the set of complete factorizations ofR is canonically identified with the variety of full superflags of W .

3.3. Symmetric differential operators and self-dual spaces. We define the anti-involution ∗ on K[∂] by

( N∑

j=0

aj∂
j
)∗

=
N∑

j=0

(−∂)jaj .

We call a differential operator D ∈ K[∂] symmetric if D∗ = D or if D∗ = −D. We do not distinguish

differential operators up to a scalar multiple.

Let V be a finite-dimensional vector space of functions. We will always assume that the functions are

sufficiently smooth. For example, one can assume the functions are holomorphic in some domain. In most

cases, we will have rational functions.

Denote by DV the monic differential operator whose kernel is V . Denote by V ∗ the kernel of D∗
V .



12 KANG LU AND EVGENY MUKHIN

Let A = (aij)
N
i,j=1 be an N ×N matrix with possibly noncommuting entries. Define the row determinant of

A by

rdetA :=
∑

σ∈SN

(−1)σa1σ(1)a2σ(2) · · · aNσ(N).

Let v1, . . . , vN be a basis of V , then we have

DV =
1

Wr(v1, . . . , vN )
rdet




v1 v′1 . . . v
(N)
1

v2 v′2 . . . v
(N)
2

...
...

. . .
...

vN v′N . . . v
(N)
N

1 ∂ . . . ∂N




. (3.3)

The space V is called self-dual if there exists some function f(x) such that

f2(x)D∗
V = DV f

2(x) or f2(x)D∗
V = −DV f

2(x). (3.4)

In other words, the space V is self-dual if V = f2(x)V ∗ for some function f(x).

The space V is called normalized self-dual if DV is symmetric. In other words, V is normalized self-dual if

V = V ∗.

If V is self-dual and f(x) is as in (3.4) then V/f(x) is normalized self-dual.

A function f(x) ∈ K is called monic if it can be written as a ratio of two monic polynomials.

Let V be a space with a basis v1, . . . , vN . Assume, Wr(v1, . . . , vN ) is a rational function. Denote the unique

monic rational function which is a scalar multiple of Wr(v1, . . . , vN ) by Wr(V ).

Lemma 3.4. Let v1, . . . , vN be a basis of V , then a basis of V ∗ is given by

Wr(v1, . . . , v̂i, . . . , vN )

Wr(v1, . . . , vi, . . . , vN )
, 1 6 i 6 N,

where the symbol v̂i means that vi is skipped.

In particular, if V is normalized self-dual, then Wr(V ) = 1. If V is self-dual and f as in (3.4) is monic then

fN = Wr(V ).

Proof. The first statement follows from [MTV08, Theorem 3.14] and the second statement follows from the

first statement and the standard Wronskian identities, see [MV04, Lemmas A.2, A.5]. �

Let V be a normalized self-dual space of functions. By Lemma 3.4, we have a linear isomorphism

ΛN−1(V )→ V ∗, v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vN 7→Wr(v1, . . . , v̂i, . . . , vN ),

where ΛN−1(V ) is the (N − 1)-st exterior power of V .

Define a nondegenerate bilinear form

(·, ·) : V ⊗ V → C, v ⊗ w 7→Wr(v,w1, . . . , wN−1), if w = Wr(w1, . . . , wN−1), wi ∈ V.

We call this bilinear form the canonical bilinear form.

A basis {v1, . . . , vN} is called a Witt basis if

vN+1−i = Wr(v1, . . . , v̂i, . . . , vN ), 1 6 i 6 N. (3.5)

Proposition 3.5 ([MV04, Theorem 6.4]). If V is a normalized self-dual space, then V has a Witt basis.

Proof. The statement is given in [MV04] for spaces of polynomials. The proof applies for arbitrary spaces of

functions if instead of degrees one uses vanishing orders at some z ∈ C. �

Corollary 3.6. If V is a normalized self-dual space, then the canonical form is symmetric if N is odd and

skew-symmetric if N is even. �
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Lemma 3.7. Let V be a normalized self-dual space. Let v1, . . . , vN ∈ V satisfy (vi, vj) = (−1)i−1δi+j,N+1.

Let a ∈ C
× be such that aN−2 = Wr(v1, . . . , vN ).

Then {v1/a, v2/a, . . . , vN/a} is a Witt basis of V .

Proof. Consider w = Wr(v1, . . . , v̂i, . . . , vN ). Then by the definition of the canonical form (vj, w) = 0, j 6= i,

and (vi, w) = (−1)i−1Wr(v1, . . . , vN ) = (−1)i−1aN−2. Since the canonical form is nondegenerate we obtain

w = aN−2vN+1−i. The lemma follows. �

Given a subspace V of V , denote by V⊥ its orthogonal complement with respect to the canonical bilinear

form.

Lemma 3.8. If V is a normalized self-dual space, then Wr(V) = Wr(V⊥) for all V ⊂ V .

Proof. Consider the case of V = 〈va1 , . . . , vak〉 where 1 6 a1 < · · · < ak 6 N and v1, . . . , vN is a Witt basis

of V . Then V⊥ = 〈vb1 , . . . , vbN−k
〉 where 1 6 b1 < · · · < bN−k 6 N and ai + bj 6= N + 1 for all i, j. Note

that Wr(V ) = 1, the lemma in this case follows directly from [MV04, Lemma A.5] and (3.5).

Let now V ⊂ V be any subspace of dimension k. We reduce this case to the one described above as

follows. Choose a basis w1, . . . , wk of V such that (wi, wj) = δi+j,l+1 for some l 6 k. In particular, V ∩ V⊥

has basis {wl+1, . . . , wk}. Extend wl+1, . . . , wk to a basis {wl+1, . . . , wk, u1, . . . , uN−2k+l} of V⊥ such that

(ui, uj) = δi+j,N−2k+l+1, (wi, uj) = 0.

By Lemma 3.7, there exists a Witt basis {v1, . . . , vN} of V such that all wi and ui are equal to cjvj for some

constants cj . Thus the lemma follows from the special case considered above. �

3.4. Symmetric rational pseudo-differential operators and self-dual superspaces. The anti-involution ∗ on

K[∂] induces an anti-involution on K(∂) which we denote again by ∗.
A monic rational pseudo-differential operator R is called symmetric if R∗ = ±R. We will not make a

distinction between rational pseudo-differential operators R1 and R2 if R1 = kR2 for k ∈ C
×. Hence if R is

symmetric, we have R∗ = R.

LetR be an (M |N)-rational pseudo-differential operator with a complete s-factorization

R = (∂ − f1)
s1(∂ − f2)

s2 · · · (∂ − fM+N−1)
sM+N−1(∂ − fM+N )sM+N ,

then

R∗ = (∂ + fM+N )sM+N (∂ + fM+N−1)
sM+N−1 · · · (∂ + f2)

s2(∂ + f1)
s1 .

In particular, if si = sM+N+1−i and fi + fM+N+1−i = 0, then R is symmetric.

Let V and U be two spaces of rational functions such that V ∩ U = 0. Let v1, . . . , vM and u1, . . . , uN be

bases of V and U , respectively. Define

VU :=

〈
Wr(u1, . . . , uN , vi)

Wr(U)

〉

16i6M

, UV :=

〈
Wr(v1, . . . , vM , uj)

Wr(V )

〉

16j6N

. (3.6)

LetR be an (M |N)-rational pseudo-differential operator with the superkernel W . Let V = W0̄ and U = W1̄,

then R = DVD−1
U .

Lemma 3.9. We have R = D−1
UV
DVU

.

Proof. It reduces to show that DUV
DV = DVU

DU . We claim that DV⊕U = DUV
DV . Indeed, it is clear that

V ⊂ ker(DUV
DV ). Hence we only need to show U ⊂ ker(DUV

DV ). It follows from (3.3) that

DV (ui) = const · Wr(v1, . . . , vM , ui)

Wr(V )
.

Hence DV (ui) ∈ UV . Therefore ui ∈ ker(DUV
DV ) and the claim follows. Similarly, we have DV⊕U =

DVU
DU , completing the proof. �



14 KANG LU AND EVGENY MUKHIN

Lemma 3.10. If W is the superkernel of a symmetric (M |N)-rational pseudo-differential operator R then

V ∗ = VU and U∗ = UV . In particular, W is a normalized self-dual space, V = U⊥, U = V ⊥, Wr(V ) =

Wr(U), and Wr(W ) = 1.

Proof. Since R is symmetric, we have

DVD−1
U = R = R∗ = (D−1

UV
DVU

)∗ = D∗
VU

(D−1
UV

)∗ = D∗
VU

(
D∗

UV

)−1
.

Because the minimal fractional factorization is unique, we conclude that DV = D∗
VU

and DU = D∗
UV

. We have

V = (VU )
∗ and U = (UV )

∗. Note that ∗ is an involution, we have V ∗ = VU and U∗ = UV .

Using (3.6) and Lemma 3.4, it follows from [MV04, Lemma A.4] that

(VU )
∗ =

〈
Wr(u1, . . . , uN , v1, . . . , v̂i, . . . , vM )

Wr(u1, . . . , uN , v1, . . . , vM )

〉

16i6M

, (3.7)

(UV )
∗ =

〈
Wr(v1, . . . , vM , u1, . . . , ûj, . . . , uN )

Wr(v1, . . . , vM , u1, . . . , uN )

〉

16j6N

. (3.8)

Since V = (VU )
∗ and U = (UV )

∗, it follows from Lemma 3.4 that W is a normalized self-dual space. Therefore

by the same lemma, Wr(W ) = 1. It is also clear from (3.7) and (3.8) that V = U⊥ and U = V ⊥.

Computing the Wronskian of (VU )
∗ using basis (3.7), by [MV04, Lemma A.4] and Wr(W ) = 1, we have

Wr((VU )
∗) = Wr(U). Therefore, Wr(V ) = Wr(U). �

Remark 3.11. The statement Wr(V ) = Wr(U) also follows from Lemma 3.8. �

Lemma 3.12. If R is a symmetric (M |N)-rational pseudo-differential operator, then either M or N is even.

Proof. If M +N is even, then the canonical form is nondegenerate and skew-symmetric. If in addition M,N

are odd, then the restriction of the canonical form to V and U must be nondegenerate and skew-symmetric

which is impossible. �

Let R be a symmetric (M |N)-rational pseudo-differential operator with the superkernel W . Without loss

of generality let M be even, see Lemma 3.12. Let (·, ·) be the canonical bilinear form on W . A superflag

F = {F1 ⊂ · · · ⊂ FM+N = W} of W is called isotropic if Fi = F⊥
M+N−i for 1 6 i 6 M +N − 1. We denote

the set of all isotropic superflags by F⊥(W ). We note that dim(F⊥(W )) = M2/4 + N2/4 if N is even and

dim(F⊥(W )) = M2/4 + (N − 1)2/4−M/2 if N is odd.

We call a complete s-factorization R = (∂−f1)s1 · · · (∂−fM+N )sM+N ofR symmetric if fM+N+1−i = −fi
and sM+N+1−i = si for i ∈ I . Denote F⊥(R) the set of all symmetric complete factorizations.

Recall the map ̟ that gives a bijection between superflags F(W ) and complete factorizations F(R), see

Lemma 3.3. Denote ̟⊥ the restriction of this map to F⊥(R) ⊂ F(R).

Proposition 3.13. The map ̟⊥ is a bijection between the set of all isotropic superflags F⊥(W ) and the set of

all symmetric complete factorizations F⊥(R).

Proof. If F is an isotropic superflag, then ̟(F) is a symmetric complete factorization, since functions fi are

given by (3.2) and fi = −fM+N+1−i follows by Lemma 3.8.

Given a symmetric complete factorization of R, it corresponds to a superflag F = {F1 ⊂ · · · ⊂ FM+N}
of W . We show that F⊥

i = FM+N+1−i by induction on i. The induction step follows from the following

statement. If W1 ⊂ W2 ⊂ W and dimW2 = dimW1 + 1, then W⊥
2 is the unique codimension one subspace

of W⊥
1 whose Wronskian is Wr(W2). �

Lemma 3.14. We have

(∂ − f)∂−1(∂ + f) = (∂ + f)∂−1(∂ − f), f ∈ K. (3.9)

Proof. The statement follows from direct computation. �
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This lemma will be important for us to understand the Bethe ansatz equation for osp2m|2n, see Lemma 5.16

below.

4. BETHE ANSATZ

4.1. Bethe ansatz equation. Let s̃ ∈ S̃ι
m|n be an extended parity sequence, λ = (λ1, . . . , λp) a sequence of

dominant integral osp2m+ι|2n-weights, z = (z1, . . . , zp) a sequence of pairwise distinct complex numbers. Let

l = (l1, . . . , lr) be a sequence of non-negative integers. Set l =
∑r

i=1 li.

Define the color function c : {1, . . . , l} → I associated with l by

c(j) = a, if

a−1∑

i=1

li < j 6

a∑

i=1

li.

Let t = (t1, . . . , tl) be a set of variables. We say that the variable ti has the color c(i).

The Bethe ansatz equation associated with λ, z, l and s̃ is a system of algebraic equations in variables t:

−
p∑

j=1

(λs̃
j , α

s̃
c(i))

ti − zj
+

l∑

a=1,a6=i

(αs̃
c(a), α

s̃
c(i))

ti − ta
= 0, 1 6 i 6 l. (4.1)

The Bethe ansatz equations for the case of glm|n are the same, except that one has to drop tildes and change

r to r − 1, see [MVY15].

Suppose t is a solution of the Bethe ansatz equation. If (αs̃
c(a), α

s̃
c(i)) 6= 0 and i 6= a, then we have ti 6= ta. If

(λs̃
j , α

s̃
c(i)) 6= 0, then ti 6= zj .

Following [HMVY19], we impose the following condition, see Theorem 5.2 below. Suppose (αs̃
j , α

s̃
j ) = 0

for some j. Fix all other tr whose colors are different from j. Consider the single equation (4.1) for some ti
with color j, then this equation does not depend on j but on c(j) = i. Let t0 be a solution to this equation with

multiplicity b. Then we require that the number of ta for 1 6 a 6 l such that ta = t0 and c(a) = i is at most b.

Let Sa be the symmetric group permuting {1, . . . , a}. Clearly, the group Sl := Sl1 × · · ·×Slr acts on t by

permuting the variables of the same color. We do not distinguish between solutions of the Bethe ansatz equation

in the same Sl-orbit.

Equation (4.1) corresponds to the so called periodic boundary conditions. One can consider quasi-periodic

boundary conditions by adding generic constants ui to the right hand side. Most of the result in this paper can

be reworked for this case, cf. [MV08]. We do not discuss quasi-periodic boundary conditions any further.

4.2. Polynomials representing solution of Bethe ansatz equation. Let λ = (λ1, . . . , λp) be a sequence of

dominant integral osp2m+ι|2n-weights, z = (z1, . . . , zp) a sequence of pairwise distinct complex numbers. Fix

an extended parity sequence s̃ ∈ S̃ι
m|n.

Define a sequence of rational functions P s̃ = (P s̃
1 , . . . , P

s̃
r ) associated with the data λ, z, and s̃,

P s̃
i (x) =

p∏

a=1

(x− za)
si(λs̃

a,ε
s̃

i ), i ∈ I. (4.2)

Define a sequence of rational functions T s̃ = (T s̃
1 , . . . , T

s̃
r ) associated with the data λ, z, and s̃,

T s̃
i (x) = P s̃

i (P
s̃
i+1)

−sisi+1 , 1 6 i 6 r − 1,

T s̃
r (x) =





(P s̃
r )

2, if ι = 1,

P s̃
r−1(P

s̃
r )

sr−1 , if ι = 0 and s is of type D,

P s̃
r , if ι = 0 and s is of type C.

(4.3)

Note that T s̃
i are polynomials.
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Note that conversely, P s̃
i can be written in terms of T s̃

j .

The rational functions P s̃
i completely determine the nonzero weights λs̃

j , 1 6 j 6 p. We often assume P s̃
i

are given meaning λ is given.

In the case of glm|n, the polynomials P s
i , i ∈ I , are defined by the same equation (4.2) dropping the tildes.

The polynomials T s
i , 1 6 i 6 r − 1, are also given by (4.3) dropping the tildes and ignoring T s

r . In this case,

P s
i can be written in terms of T s

j and P s
r .

Let l = (l1, . . . , lr) be a sequence for non-negative integers and t = (ti)
l
i=1 a sequence of complex numbers.

Define a sequence of polynomials y = (yi)
r
i=1 by

yi(x) =
l∏

j=1,c(j)=i

(x− tj), i ∈ I. (4.4)

Then we say that the sequence of polynomials y represents the sequence of complex numbers t. By definition

of color function, we have deg yi = li.

Using T s̃ and y, the Bethe ansatz equation (4.1) can be written as the vanishing conditions,

− (T s̃
i )

′

T s̃
i

+

r∑

j=1,j 6=i

csij
y′j
yj

= 0, if csii = 0,

− (T s̃
i )

′

T s̃
i

+
y′′i
y′i

+
r∑

j=1,j 6=i

csij
y′j
yj

= 0, if csii 6= 0,

(4.5)

when evaluated at roots of yi(x).

5. REPRODUCTION PROCEDURE

Given a solution of Bethe ansatz equation (4.1), and an s̃-simple root, we construct a family of new solutions.

Such a construction is called a reproduction procedure. The reproduction procedure for roots of nonzero length

was defined in [MV04]. It does not change the Cartan matrix. For roots of zero length, the reproduction

procedure was defined in [HMVY19] for the special case of glm|n. We describe the most general form of

fermionic reproduction procedure and show how it changes the Cartan matrix and the weights. Then we apply

this result to the case of osp2m+ι|2n.

5.1. General Bethe ansatz equation. We call an r × r matrix C = (cij)i,j∈I a generalized Cartan matrix if

the following conditions are satisfied:

• cij = 0 if and only if cji = 0;

• cii = 0 or cii = 2;

• there exist non-zero integers di, i ∈ I , such that dicij = djcji.

Note that we do not require all cij to be integers.

Let C = (cij)i,j∈I be a generalized Cartan matrix. Let T = (T1, . . . , Tr) be a sequence of functions of the

form Ti =
∏k

a=1(x− za)
µa , where za, µa ∈ C.

The Bethe ansatz equation associated with (C,T ) on the set of zeroes of polynomials y is the condition of

vanishing

− T ′
i

Ti
+

r∑

j=1,j 6=i

cij
y′j
yj

= 0, if cii = 0,

− T ′
i

Ti
+

y′′i
y′i

+
r∑

j=1,j 6=i

cij
y′j
yj

= 0, if cii 6= 0,

(5.1)

on the roots of yi, cf. (4.5).
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Remark 5.1. Let D be an r × r diagonal matrix with rational non-zero diagonal entries di, i ∈ I , such that

di = 1 if cii = 2. Then the Bethe ansatz equations associated with (C,T ) and (DC,TD), where TD =

(T d1
1 , . . . , T dr

r ), coincide.

We say that the pair (C,T ) is admissible if for all i such that cii = 2, then cij ∈ Z60 for all j 6= i and

the function Ti is a polynomial. In this case, following [MV04] and [HMVY19], we rewrite the Bethe ansatz

equations as follows.

Given f(x) =
∏k

a=1(x− za)
µa , with distinct za, define a polynomial

π(f) =
∏

a:µa 6=0

(x− za).

The polynomial π(f) is the monic denominator of the rational function ln′(f) of minimal possible degree.

Set πi = π(Ti).

We say that a sequence of polynomials y = (y1, . . . , yr) is generic with respect to (C,T ), if the following

conditions are satisfied:

(1) if cii 6= 0, then yi has no multiple roots;

(2) if cij 6= 0, then yi and yj have no common roots;

(3) the zeros of yi are not zeroes of πi.

In particular, if some polynomial yi is a zero polynomial, then the sequence y is not generic.

If the sequence of polynomials y represents a solution of Bethe ansatz equation associated with (C,T ), then

y is generic with respect to (C,T ).

The following theorem restates the Bethe ansatz equation in terms of Wronskian equalities and divisibility

conditions.

Theorem 5.2. Let y = (y1, . . . , yr) be a sequence of polynomials generic with respect to an admissible pair

(C,T ). Then the sequence y represents a solution of the Bethe ansatz equation (5.1) if and only if for each

1 6 i 6 r there exists a polynomial ỹi satisfying

Wr(yi, ỹi) = Ti

r∏

j=1,j 6=i

y
−cij
j , if cii = 2,

yiỹi = ln′
(
Ti

r∏

j=1

y
−cij
j

)
πi

r∏

j=1: cij 6=0

yj, if cii = 0.

(5.2)

Proof. The statement follows from [MV04, Lemma 3.2] and [HMVY19, Lemma 5.3]. �

Let y = (y1, . . . , yr) be a sequence polynomials. We say that y is fertile in the i-th direction with respect to

(C,T ) if there exists a nonzero polynomial ỹi satisfying (5.2). We call y fertile with respect to (C,T ) if y is

fertile in all directions with respect to (C,T ). Note that y being fertile does not imply that y is generic.

5.2. Reproduction procedure. Let y = (y1, . . . , yr) represent a solution of the Bethe ansatz equation (5.1)

associated with admissible (C,T ). Choose i ∈ I and let ỹi (may not be unique) be as in Theorem 5.2. Set

y[i] = (y1, . . . , ỹi, . . . , yr).

We call y[i] an immediate descendant of y in the i-th direction. We show that under some generic conditions,

an immediate descendant also represents a solution of the Bethe ansatz equation associated with possibly new

data (C [i],T [i]).

Fix i ∈ I . Define C [i] = (c
[i]
j1j2

)j1,j2∈I and T [i] = (T
[i]
1 , . . . , T

[i]
r ) as follows. In the case of cii 6= 0, then

there is no change, (C [i],T [i]) = (C, T ). If cii = 0, then the data changes according to the following rules.
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• if j is such that cij = 0, then the j-th row of C does not change c
[i]
jk = cjk, and, moreover, T

[i]
j = Tj ;

• if j is such that cij 6= 0, then c
[i]
jk and T

[i]
j are given in the Table 1.

C C [i] T
[i]
j(

q1 0 q2
−q3 −1 2

) (
q1 0 q2

q1 + q2 + q2q3 −q2 0

)
T
[i]
j =

Ti

T q2
j πq2

i(
q1 0 q2
−q3 −q4 0

) (
q1 0 q2

q3
q4

+ q1
q2

+ 1 −1 2

)
T
[i]
j =

T
1/q2
i

πiT
1/q4
j(

0 0 q2
−q3 −1 2

) (
0 0 q2

q2q3 −q2 0

)
T
[i]
j =

Ti

T q2
j πq2

i(
0 0 q2
−q3 −q4 0

) (
0 0 q2
q3
q4
−1 2

)
T
[i]
j =

T
1/q2
i

πiT
1/q4
j

(
q1 0 q2
−q3 −q4 − 1 2

) (
q1 0 q2

q1(q4+1)+q2(q3+q4+1)
q2q4

− q4+1
q4

2

)
T
[i]
j =

(
T
(q4+1)/q2
i

πq4+1
i Tj

)1/q4

(
0 0 q2
−q3 −q4 − 1 2

) (
0 0 q2
q3
q4
− q4+1

q4
2

)
T
[i]
j =

(
T
(q4+1)/q2
i

πq4+1
i Tj

)1/q4

TABLE 1. The change of Cartan matrix and weights.

In Table 1, the shown 2× 3 submatrices are the submatrices of C of the form.
(
cik cii cij
cjk cji cjj

)
.

It is assumed that q1, q2, q4 are non-zero integers.

We have (C [i])[i] = C and T = (T [i])[i].

Lemma 5.3. If C is a generalized Cartan matrix, then C [i] is a generalized Cartan matrix.

Proof. The lemma is proved using case by case checking. �

Now we are ready to formulate the main result of this section.

Let y = (y1, . . . , yr) be a sequence of polynomials representing a solution of the Bethe ansatz equation (5.1)

associated with admissible (C,T ). Let y[i] = (y1, . . . , ỹi, . . . , yr) be an immediate descendant of y in the i-th

direction. Let C [i] and T [i] be as given in Table 1.

Theorem 5.4. If y[i] is generic with respect to (C [i],T [i]), then y[i] satisfies the Bethe ansatz equation (5.1)

associated with (C [i],T [i]).

Proof. We write the proof for the case corresponding to the first row of Table 1. The other cases are similar.

We say a rational function f(x) is zero modulo polynomial y(x) if f(x) = p(x)/q(x) where p(x) and q(x)

are relatively prime and y(x) divides p(x).

From (5.1) we have modulo yj
y′′j
y′j
≡

T ′
j

Tj
+ q3

y′k
yk

+
y′i
yi

+ · · · . (5.3)

Here and below by the dots we mean the terms which in the final result (5.5) create terms which depend only

on ya with a 6= i, j, k.
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Since (C,T ) is admissible, by Theorem 5.2, there exists a polynomial ỹi such that

yiỹi = ln′
( Ti

yq1k yq2j

)
πiykyj + · · · =

(T ′
i

Ti
− q1

y′k
yk

)
πiykyj − q2πiyky

′
j + · · · . (5.4)

Differentiating both sides, we have modulo yj

y′iỹi + yiỹ
′
i ≡

(T ′
i

Ti
− q1

y′k
yk

)
πiyky

′
j − q2πiyky

′′
j − q2π

′
iyky

′
j − q2πiy

′
ky

′
j + · · · .

Here and below we use that y is generic with respect (C,T ). Dividing further by (5.4), we have modulo yj

y′i
yi

+
ỹ′i
ỹi
≡ − 1

q2

(T ′
i

Ti
− q1

y′k
yk

)
+

y′′j
y′j

+
y′k
yk

+
π′
i

πi
+ · · · .

Adding (5.3), we obtain

(
q2
T ′
j

Tj
+ q2

π′
i

π
− T ′

i

Ti

)
+ (q1 + q2 + q2q3)

y′k
yk
− q2

ỹ′i
ỹi

+ · · · ≡ 0 (5.5)

modulo yj , completing the proof. �

If cii 6= 0, we can construct a family of sequences of polynomials y
[i]
c = (y1, . . . , ỹi + cyi, . . . , yr). We call

this construction the bosonic reproduction procedure in the i-th direction.

If cii = 0, we can construct a single new sequence of polynomials y[i] = (y1, . . . , ỹi, . . . , yr). We call

this construction the fermionic reproduction procedure in the i-th direction. Note that y[i] is fertile in the i-th

direction with respect to (C [i],T [i]), and (y[i])[i] = y.

5.3. Reproduction procedure for glm|n. In this section, we apply Theorem 5.4 to the case of g = glm|n. Here

we only need the first four rows of Table 1 with q1 = −1, q2 = q4 = 1, and q3 = 0. Let s ∈ Sm|n. Let Cs be

the Cartan matrix of glm|n associated with the parity sequence s, then direct computations show that (Cs)[i] is

exactly the Cartan matrix Cs[i] of glm|n associated with the parity sequence s[i].

Let λ = (λ1, . . . , λp) be a sequence of dominant integral glm|n-weights, z = (z1, . . . , zp) a sequence of

pairwise distinct complex numbers. Let P s = (P s
1 , . . . , P

s
r ) and T s = (T s

1 , . . . , T
s
r−1) be the sequences of

rational functions associated with λ, z, and s, see (4.2) and (4.3). Note that in this case, (Cs,T s) is admissible

for all s ∈ Sm|n.

We have T s
i = P s

i (P
s
i+1)

−sisi+1 .

Denote π(T s
i ) by πs

i .

For 1 6 i 6 r − 1, recall that s[i] = (s1, . . . , si+1, si, . . . , sr). Clearly, if si = si+1, then P s[i] = P s and if

si 6= si+1, then

P s[i] = (P s
1 , . . . , P

s
i+1π

s
i , P

s
i (π

s
i )

−1, . . . , P s
r ), (5.6)

see [HMVY19, Lemma 6.1] (note that P s
i are denoted by T s

i there) and cf. Lemma 2.1.

It is straightforward to check that (T s)[i] obtained from Table 1 coincides with the sequence T s[i] of rational

functions associated with λ, z, and s[i].

Then in the case of glm|n, Theorem 5.4 and the reproduction procedure take the following form. Set y0(x) =

yr(x) = 1.

Theorem 5.5 ([HMVY19, Theorem 6.2]). Let y = (y1, . . . , yr−1) be a sequence of polynomials generic with

respect to (Cs,T s).
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(1) The sequence y represents a solution of the Bethe ansatz equation (5.1) associated with (Cs,T s), if

and only if for each 1 6 i 6 r − 1, there exists a polynomial ỹi satisfying

Wr(yi, ỹi) = P s
i (P

s
i+1)

−1yi−1yi+1, if si = si+1, (5.7)

yiỹi = ln′
(P s

i P
s
i+1yi−1

yi+1

)
πs
i yi−1yi+1, if si 6= si+1. (5.8)

(2) If y[i] = (y1, . . . , ỹi, . . . , yr−1) is generic with respect to (Cs[i] ,T s[i]), then y[i] represents a solution of

the Bethe ansatz equation associated with (Cs[i],T s[i]). �

Note that in the theorem we can remove all P s
j and replace them with a single T s

i . For example, if si = si+1,

equation (5.7) is equivalent to

Wr(yi, ỹi) = T s
i yi−1yi+1.

It is convenient to have the form with P s
i for rational pseudo-differential operators we use below.

Note that the reproduction procedure in the i-th direction is bosonic if si = si+1, and fermionic if si 6= si+1.

Bosonic reproduction procedure does not change parity (and therefore the Cartan matrix) and fermionic does.

If y[i] is fertile in some direction with respect to (Cs[i],T s[i]), then we can apply reproduction procedure

again.

Denote by PA
y,s ⊂ (P(C[x]))r−1×Sm|n the set of all pairs obtained from the initial pair (y, s) by repeatedly

applying reproduction procedure as much as possible. We call PA
y,s the glm|n population of solutions of the

Bethe ansatz equation originated from (y, s).

There is a rational pseudo-differential operator which is invariant under reproduction procedure. Let y be as

in Theorem 5.5. Define a rational pseudo-differential operator Ry,s over C(x)

Ry,s =
−→∏

16i6r

(
∂ − si ln

′ P
s
i yi−1

yi

)si
. (5.9)

Theorem 5.6 ([HMVY19, Theorem 6.3]). Let P be a glm|n population. Then the rational pseudo-differential

operator Ry,s is independent of the choice of the pair (y, s) in P. �

Let y represent a solution of the Bethe ansatz equation associated with (Cs+ , T s+). Suppose at least one

of the weights λi is typical. Then Ry,s+ is an (m|n)-rational pseudo-differential operator, cf. [HMVY19,

Proposition 7.7]. Let W = V ⊕ U be the superkernel of Ry,s+ . We have dimV = m, dimU = n, dimW =

m+ n.

Theorem 5.7 ([HMVY19, Theorem 7.9]). Assume Ry,s+ is an (m|n)-rational pseudo-differential operator.

Then there exist bijections between the glm|n population PA
y,s+ , the set of complete factorizations F(Ry,s+),

and the space F(W ) of full superflags in W . �

Remark 5.8. In [HMVY19], this theorem is formulated for the case of polynomial weights only. It also applies

if y is assumed to be superfertile, see Section 6.1. Moreover, the population PA
y,s+ is always embedded in the

set of complete factorizations F(Ry,s+) without any additional assumptions.

5.4. Reproduction procedure for osp2m+1|2n. In this section, we apply Theorem 5.4 to the case of g =

osp2m+1|2n. Since this section deals only with the case ι = 1, we work with parity sequences and not extended

parity sequences.

Let s ∈ Sm|n. Recall sequences s[i] = (s1, . . . , si+1, si, . . . , sr), 1 6 i 6 r − 1, and set s[r] = s.

Let Cs be the Cartan matrix of g associated with the parity sequence s, then, as in the case of glm|n, direct

computations show that (Cs)[i] is exactly the Cartan matrix Cs[i] of g associated with the parity sequence s[i].

The only new case comparing to the glm|n case is that the fermionic reproduction procedure in the (r− 1)-st

direction. Here we use the last two rows of Table 1 with q1 = −1, q2 = q4 = 1, and q3 = 0. In particular, the
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fermionic reproduction procedure in the (r − 1)-st direction does not change the r-th row of the Cartan matrix.

Note that this implies the reproduction procedure in the r-th direction is always bosonic.

Let λ = (λ1, . . . , λp) be a sequence of dominant integral osp2m+1|2n-weights, z = (z1, . . . , zp) a sequence

of pairwise distinct complex numbers. Let P s = (P s
1 , . . . , P

s
r ) and T s = (T s

1 , . . . , T
s
r ) be the sequences of

rational functions associated with λ, z, and s, see (4.2) and (4.3). Note that in this case, (Cs,T s) is admissible

for all s ∈ Sm|n.

We have T s
i = P s

i (P
s
i+1)

−sisi+1 for 1 6 i 6 r − 1 and T s
r = (P s

r )
2.

Denote π(T s
i ) by πs

i .

Using Lemma 2.1, we write P s[i] in terms of P s. For 1 6 i 6 r − 1, if si = si+1, then P s[i] = P s. Also,

P s[r] = P s. If si 6= si+1, 1 6 i 6 r − 1, then

P s[i] = (P s
1 , . . . , P

s
i−1, P

s
i+1π

s
i , P

s
i (π

s
i )

−1, P s
i+2, . . . , P

s
r ). (5.10)

Now it is straightforward to check that (T s)[i] obtained from Table 1 coincides with the sequence T s[i] of

rational functions associated with λ, z, and s[i].

Then in the case of osp2m+1|2n, Theorem 5.4 and the reproduction procedure take the following form. Set

y0(x) = 1.

Theorem 5.9. Let y = (y1, . . . , yr) be a sequence of polynomials generic with respect to (Cs,T s).

(1) The sequence y represents a solution of the Bethe ansatz equation (4.5) associated with (Cs,T s), if

and only if there exist polynomials ỹi, 1 6 i 6 r, satisfying (5.7), (5.8) for 1 6 i 6 r − 1, and

Wr(yr, ỹr) = (P s
r )

2y2r−1. (5.11)

(2) If y[i] = (y1, . . . , ỹi, . . . , yr) is generic with respect to (Cs[i] ,T s[i]), then y[i] represents a solution of

the Bethe ansatz equation (4.5) associated with (Cs[i] ,T s[i]). �

Similar to Theorem 5.5, in each case one can remove all P s
j and write instead a single T s

i .

For 1 6 i 6 r − 1, the reproduction procedure in the i-th direction is bosonic if si = si+1, and fermionic if

si 6= si+1. The reproduction procedure in the r-th direction is always bosonic. As always, a bosonic reproduc-

tion does not change parity (and therefore the Cartan matrix) and fermionic does.

If y[i] is fertile in some direction with respect to (Cs[i],T s[i]), then we can apply reproduction procedure

again.

Denote by Py,s ⊂ (P(C[x]))r × Sm|n the set of all pairs (ȳ, s̄) obtained from the initial pair (y, s) by

repeatedly applying all possible reproduction procedures. We say that Py,s is the osp2m+1|2n population of

solutions of the Bethe ansatz equation originated from (y, s).

5.5. The differential operator of an osp2m+1|2n population. Our main idea to study the osp2m+1|2n popula-

tions is to include them in the well-understood gl2m|2n populations. The construction is as follows.

For a parity sequence s ∈ Sm|n, define sA ∈ S2m|2n by

sA = (sA1 , . . . , s
A
2r) = (s1, . . . , sr, sr, . . . , s1),

Let Cs,A be the Cartan matrix of gl2m|2n associated to the parity sequence sA, cf. (2.1).

Let y = (y1, . . . , yr) be a sequence of polynomials. Define a sequence of polynomials

yA = (yA1 , . . . , y
A
2r−1) = (y1, y2, . . . , yr−1, yr, yr−1, . . . , y1). (5.12)

Let λ, P s, and T s be as above.

Define a sequence of dominant integral gl2m|2n-weights λA = (λA
1 , . . . , λ

A
p ) by

(
(λA

i )
sA , εs

A

j

)
= −

(
(λA

i )
sA , εs

A

2r+1−j

)
= (λs

i , ε
s
j ), 1 6 i 6 p, 1 6 j 6 r.
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Define a sequence of rational functions P s,A by

P s,A = (P s,A
1 , . . . , P s,A

2r ) = (P s
1 , . . . , P

s
r−1, P

s
r , (P

s
r )

−1, (P s
r−1)

−1, . . . , (P s
1 )

−1)

and a sequence of rational functions T s,A by

T s,A = (T s,A
1 , . . . , T s,A

2r−1), T s,A
i = (T s,A

2r−i)
sAi sAi+1 = T s

i .

Note that P s,A and T s,A are exactly sequences of rational functions associated to λA, z, and sA, see (4.2) and

(4.3).

Lemma 5.10. The sequence of polynomials y represents a solution of the osp2m+1|2n Bethe ansatz equation

(4.5) associated with (Cs,T s), if and only if yA represents a solution of the gl2m|2n Bethe ansatz equation (4.5)

associated with (Cs,A,T s,A).

Proof. The lemma is straightforward. �

Let y = (y1, . . . , yr) be a sequence of polynomials. We have the rational pseudo-differential operator

R
2m+1|2n
y,s from (5.9),

R
2m+1|2n
y,s = RyA,sA =

−→∏

16i62r

(
∂ − sAi ln′

P s,A
i yAi−1

yAi

)sAi
, (5.13)

where yA0 = yA2r = 1. Clearly, R
2m+1|2n
y,s is symmetric.

Suppose that y0 represents a solution of the osp2m+1|2n Bethe ansatz equation associated with (Cs0 ,T s0).

Let Py0,s0 be the osp2m+1|2n population originated from (y0, s0). Let PA
yA
0 ,sA0

be the gl2m|2n population origi-

nated from (yA
0 , s

A
0 ), see Lemma 5.10.

Proposition 5.11. There exists an injective map Py0,s0 → PA
yA
0 ,sA0

, (y, s) 7→ (yA, sA). In particular, the

rational pseudo-differential operator R
2m+1|2n
y,s is independent of the choice of (y, s) in Py0,s0 . �

Proof. Let 1 6 i 6 r − 1. Suppose y is fertile in the i-th direction and let y[i] = (y1, . . . , ỹi, . . . , yr) be the

immediate descendant in the i-th direction, then we have that yA is fertile in the i-th and (2r − i)-th directions.

Performing the gl2m|2n reproduction procedures in the i-th and (2r−i)-th directions, we can choose ỹ2r−i = ỹi.

Then

((yA)[i])[2r−i] = (y1, . . . , ỹi, . . . , yr, . . . , ỹi, . . . , y1) = (y[i])A.

In addition, we have (s[i])A = ((sA)[i])[2r−i]. We also have

(yA)[r] = (y1, . . . , yr−1, ỹr, yr−1, . . . , y1) = (y[r])A.

Hence the map is well-defined. Clearly, the map is injective, completing the proof of the first statement. The

second statement is clear from Theorem 5.6 and the first statement. �

5.6. Reproduction procedure for osp2m|2n. In this section, we apply Theorem 5.4 to the case of g = osp2m|2n.

Let s̃ ∈ S̃0
m|n be an extended parity sequence. Recall the parity sequences s[i] = (s1, . . . , si+1, si, . . . , sr),

1 6 i 6 r − 1, s[r] = s[r−1], and the extended parity sequences s̃[i], 1 6 i 6 r, and s̃[f ], see (2.8).

Let Cs be the Cartan matrix of g associated with the parity sequence s, then, as in the case of glm|n, direct

computations show that (Cs)[i] is exactly the Cartan matrix Cs[i] of g associated with the parity sequence s[i]

in all cases except for the case of i = r, (sr−1, sr) = (−1, 1) when (Cs)[i] is obtained from Cs[i] by swapping

two last rows and two last columns.

The new cases, comparing to the glm|n, are the fermionic reproduction procedure in the (r − 1)-st and r-

th direction. Here we use the first four rows of Table 1 with q1 = −1, q2 = 1, 2, q4 = 1, 2, q3 = 0, 2,

and sometimes we multiply a row corresponding to a root of length zero by a minus sign, see Remark 5.1.
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In particular, the fermionic reproduction procedure in the (r − 1)-st direction may change Dynkin diagram

(ignoring the parity of each node corresponding to simple roots). The new feature here is that if s is of type D,

then the reproduction procedure in the r-th direction also changes the binary choice κ(s̃).

Let λ = (λ1, . . . , λp) be a sequence of dominant integral osp2m|2n-weights, z = (z1, . . . , zp) a sequence

of pairwise distinct complex numbers. Let P s̃ = (P s̃
1 , . . . , P

s̃
r ) and T s̃ = (T s̃

1 , . . . , T
s̃
r ) be the sequences of

rational functions associated with λ, z, and s̃, see (4.2) and (4.3). Note that in this case, (C s̃,T s̃) is admissible

for all s̃ ∈ S̃0
m|n.

We have T s̃
i = P s̃

i (P
s̃
i+1)

−sisi+1 for 1 6 i 6 r − 1. Moreover, T s̃
r = P s̃

r if s is of type C and T s̃
r =

P s̃
r−1(P

s̃
r )

sr−1 if s is of type D.

Denote π(T s̃
i ) by πs̃

i .

Using Lemma 2.1, we write P s̃[i] in terms of P s̃. For 1 6 i 6 r − 1, if si = si+1, then P s̃[i] = P s̃ and if

si 6= si+1, then

P s̃[i] = (P s̃
1 , . . . , P

s̃
i−1, P

s̃
i+1π

s̃
i , P

s̃
i (π

s̃
i )

−1, P s̃
i+2, . . . , P

s̃
r ). (5.14)

For i = r, we have

P s̃[r] =

{
(P s̃

1 , . . . , P
s̃
r−2, (P

s̃
r )

−1πs̃
r , P

s̃
r−1(π

s̃
r )

−1), if (sr−1, sr) = (−1, 1),
P s̃, otherwise .

The formula for P s̃[r] in the case of (sr−1, sr) = (−1, 1) corresponds to the sequence of weights λ and the

extended parity (s̃[f ])[r−1], see (2.9).

Now it is straightforward to check that (T s̃)[i] obtained from Table 1 coincides with the sequence T s̃[i] of

rational functions associated with λ, z, and s̃[i].

Then in the case of osp2m|2n, Theorem 5.4 and the reproduction procedure take the following form. Set

y0(x) = 1.

Theorem 5.12. Let y = (y1, . . . , yr) be a sequence of polynomials generic with respect to (Cs,T s̃).

(1) The sequence y represents a solution of the Bethe ansatz equation (4.5) associated with (Cs,T s̃) and

an extended parity sequence s̃ of type C, if and only if there exists a polynomial ỹi satisfying (5.7), (5.8),

for each 1 6 i 6 r − 2, and

{
Wr(yr−1, ỹr−1) = P s̃

r−1/P
s̃
r yr−2y

2
r ,

Wr(yr, ỹr) = P s̃
r yr−1,

if (sr−1, sr) = (−1,−1),




yr−1ỹr−1 = ln′

(P s̃
r−1P

s̃
r yr−2

y2r

)
πs̃
r−1yr−2yr,

Wr(yr, ỹr) = P s̃
r yr−1,

if (sr−1, sr) = (1,−1).

(2) The sequence y represents a solution of the Bethe ansatz equation (4.5) associated with (Cs,T s̃) and

an extended parity sequence s̃ of type D, if and only if there exists a polynomial ỹi satisfying (5.7), (5.8),

for each 1 6 i 6 r − 3, and





Wr(yr−2, ỹr−2) = P s̃
r−2/P

s̃
r−1yr−3yr−1yr,

Wr(yr−1, ỹr−1) = P s̃
r−1/P

s̃
r yr−2,

Wr(yr, ỹr) = P s̃
r−1P

s̃
r yr−2,

if (sr−1, sr) = (1, 1, 1),
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



yr−2ỹr−2 = ln′
(P s̃

r−2P
s̃
r−1yr−3

yr−1yr

)
πs̃
r−2yr−3yr−1yr,

Wr(yr−1, ỹr−1) = P s̃
r−1/P

s̃
r yr−2,

Wr(yr, ỹr) = P s̃
r−1P

s̃
r yr−2,

if (sr−1, sr) = (−1, 1, 1),





Wr(yr−2, ỹr−2) = P s̃
r−2/P

s̃
r−1yr−3yr−1yr,

yr−1ỹr−1 = ln′
(P s̃

r−1P
s̃
r yr−2

y2r

)
πs̃
r−1yr−2yr,

yrỹr = ln′
(P s̃

r−1yr−2

P s̃
r y

2
r−1

)
πs̃
ryr−2yr−1,

if (sr−1, sr) = (−1,−1, 1),





yr−2ỹr−2 = ln′
(P s̃

r−2P
s̃
r−1yr−3

yr−1yr

)
πs̃
r−2yr−3yr−1yr,

yr−1ỹr−1 = ln′
(P s̃

r−1P
s̃
r yr−2

y2r

)
πs̃
r−1yr−2yr,

yrỹr = ln′
(P s̃

r−1yr−2

P s̃
r y

2
r−1

)
πs̃
ryr−2yr−1,

if (sr−1, sr) = (1,−1, 1).

(3) Let

y[i] =

{
(y1, . . . , yr−2, ỹr, yr−1), if i = r, (sr−1, sr) = (−1, 1),
(y1, . . . , ỹi, . . . , yr), otherwise.

(5.15)

If y[i] is generic with respect to (Cs[i] ,T s̃[i]), then y[i] represents a solution of the Bethe ansatz equation

(4.5) associated with (Cs[i] ,T s̃[i]). �

Similar to Theorems 5.5, 5.9, in each case one can remove all P s̃
j and write instead a single T s̃

i .

We now discuss the role of the choice κ in an extended parity sequence s̃ of type D. The change κ→ −κ is

resulting in the changes: P s̃
r → (P s̃

r )
−1, T s̃

r−1 ↔ T s̃
r , yr−1 ↔ yr. In other words, this change represents the

non-trivial involution of the Dynkin diagram exchanging the labels of nodes r − 1 and r. In particular, it does

not change the solution of the Bethe ansatz equation. To accommodate for this, it is convenient to include such

a change into reproduction procedure. For that, we introduce a fake reproduction procedure as follows.

Recall that if sr = 1, we set s̃[f ] = (s;−κ(s̃)),

y[f ] = (y1, . . . , yr−2, yr, yr−1).

Then we also have

Lemma 5.13. Let y = (y1, . . . , yr) represent a solution of the Bethe ansatz equation (4.5) associated with

(Cs,T s̃). Assume sr = 1. Then y[f ] represents a solution of the Bethe ansatz equation (4.5) associated with

(Cs,T s̃[f ]). �

Due to Lemma 5.13, if sr = 1, we have

(y[r], s̃[r]) =

{(
(y[f ])[r−1], (s̃[f ])[r−1]

)
, if sr−1 = −1,(

((y[f ])[r−1])[f ], ((s̃[f ])[r−1])[f ]
)
, otherwise.

(5.16)

In type D, there is no natural order for the last two simple roots - and the fake reproduction procedure just

exchanges the labeling of these two simple roots. However, in type C we do have a natural labeling which may

be different from the labeling chosen for type D. This is taken care by the change of order of components of y

in (5.15).
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Starting from a pair (y, s̃), consisting of a solution of the Bethe ansatz equation and the corresponding ex-

tended parity sequence, we produce a collection of similar pairs by repeatedly applying all possible reproduction

procedures (including the fake one). We denote this collection by Py,s̃ ⊂ (P(C[x]))r × S̃0
m|n and call it the

osp2m|2n population of solutions of the Bethe ansatz equation originated from (y, s̃).

5.7. The differential operator of an osp2m|2n population. As in the case of osp2m+1|2n, we include the

osp2m|2n population into a population of type A, in this case, associated to gl2m|2n+1. We do it under the

additional assumption that all weights λi are dominant integral of the same kind.

Let all weights λi be dominant integral of the first kind. Under this assumption all P s̃
i are polynomials

provided κ(s̃) = 1. For an extended parity sequence s̃ ∈ S̃0
m|n, define

sA = (sA1 , . . . , s
A
2r+1) = (s1, . . . , sr,−1, sr, . . . , s1) ∈ S2m|2n+1.

Let y = (y1, . . . , yr) be a sequence of polynomials. Define the sequence of polynomials,

ys̃,A =





(y1, . . . , yr−2, yr−1yr, y
2
r , y

2
r , yr−1yr, yr−2, . . . , y1), if κ(s̃) = 1, sr = 1,

(y1, . . . , yr−2, yr−1yr, y
2
r−1, y

2
r−1, yr−1yr, yr−2, . . . , y1), if κ(s̃) = −1, sr = 1,

(y1, . . . , yr−1, y
2
r , y

2
r , yr−1, . . . , y1), otherwise.

(5.17)

Let λ, P s̃, and T s̃ be as above.

Define gl2m|2n+1-weights λA
i , 1 6 i 6 p, by ((λA

i )
sA , εs

A

r+1) = 0 and

(
(λA

i )
sA , εs

A

j

)
= −

(
(λA

i )
sA , εs

A

2r+2−j

)
= (λs̃

i , ε
s̃
j ), 1 6 j 6 r.

The weights λA
i apriori depend on s̃ but by Lemma 2.1 they depend on κ(s̃) only. To make this dependence

explicitly we denote the sequence (λA
1 , . . . , λ

A
p ) by λκ,A = (λκ,A

1 , . . . , λκ,A
p ).

Lemma 5.14. If λ is a dominant integral osp2m|2n-weight of the first kind (resp. of the second kind), then λ1,A

(resp. λ−1,A) is a dominant integral gl2m|2n+1-weight.

Proof. One computes λ1,A starting from (λ1,A)s
A

by moving components corresponding to negative si to the

right. The rule is described in Lemma 2.1. For the extended parity sequence s̃− = (s−; 1), we have

(λ1,A)(s−)A = (µ1, . . . , µr, 0,−µr, . . . ,−µ1),

where we have µ1 > · · · > µm and µm+1 > · · · > µr. Clearly, moving the first m components and the zero to

the right creates a dominant integral gl2m|2n+1-weight. �

We say that an osp2m|2n-weight λ of the first kind (resp. of the second kind) is A-typical if λ1,A (resp. λ−1,A)

is a typical gl2m|2n+1-weight. We say that λ is A-typical if all λi are dominant integral weights of the same

kind and if at least one of λi is A-typical.

Define a sequence of rational functions P s̃,A by

P s̃,A = (P s̃,A
1 , . . . , P s̃,A

2r+1), P s̃,A
i = (P s̃,A

2r+2−i)
−1 =

{
1, if i = r + 1,

P s̃
i , otherwise,

(5.18)

and a sequence of rational functions T s̃,A by

T s̃,A = (T s̃,A
1 , . . . , T s̃,A

2r ), T s̃,A
i = (T s̃,A

2r+1−i)
sAi sAi+1 =

{
P s̃
r , if i = r and sr = 1,

T s̃
i , otherwise,

(5.19)

where 1 6 i 6 r. Note that P s̃,A and T s̃,A are exactly sequences of rational functions associated to λκ(s̃),A, z,

and sA, see (4.2) and (4.3). Set πs̃,A
i := π(T s̃,A

i ), 1 6 i 6 2r.

We say that the sequence T s̃ is A-typical if the sequence of gl2m|2n+1-weights λκ(s̃),A is A-typical.
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Let s̃ be an extended parity sequence of type C with κ(s̃) = 1. Let y represent a solution of the Bethe ansatz

equation as in Theorem 5.12. We shall construct a gl2m|2n+1 population containing (y, s̃).

Let ỹr be as in (5.2), that is Wr(yr, ỹr) = T s̃
r yr−1. We choose ỹr in such a way that it is relatively prime to

the polynomial T s̃
r yr−1yr. Set

y
s̃,A
1 = (y1, . . . , yr−1, yrỹr, y

2
r , yr−1, . . . , y1),

y
s̃,A
2 = (y1, . . . , yr−1, yrỹr, y

2
r + cỹ2r , yr−1, . . . , y1).

Let Cs,A be the Cartan matrix of gl2m|2n+1 associated with the parity sequence sA.

Lemma 5.15. For almost all c ∈ C, the sequence of polynomials y
s̃,A
2 represents a solution of the Bethe ansatz

equation associated with (Cs,A,T s̃,A). The gl2m|2n+1 population, containing (ys̃,A
2 , sA), does not depend on

c and contains also the sequence (ys̃,A, sA).

Proof. The lemma for the case of (sr−1, sr) = (−1,−1) follows from [MV04, Lemma 7.6]. We only need to

show the case of (sr−1, sr) = (1,−1). Since y is generic with respect to (Cs,T s̃), clearly y
s̃,A
2 is generic with

respect to (Cs,A,T s̃,A) for almost all c ∈ C. It suffices to show that y
s̃,A
2 is fertile in all directions with respect

to (Cs,A,T s̃,A).

By Theorem 5.12, (4.3), and (5.18), we have

Wr(y2r , yrỹr) = T s̃,A
r yr−1y

2
r , yr−1(ỹr−1yr) = ln′

(T s̃,A
r−1yr−2

y2r

)
πs̃,A
r−1yr−2y

2
r .

These equations show that ys̃,A is fertile in all directions with respect to (Cs,A,T s̃,A). Note that

Wr(y2r , y
2
r + cỹ2r) = 2cT s̃,A

r yr−1(yrỹr),

and we conclude that y
s̃,A
1 is fertile in all directions except possibly the (r − 1)-st direction with respect to

(Cs,A,T s̃,A). We also have

ln′
(T s̃,A

r−1yr−2

yrỹr

)
πs̃,A
r−1yr−2yrỹr− ỹr ln

′
(T s̃,A

r−1yr−2

y2r

)
πs̃,A
r−1yr−2yr

= − πs̃,A
r−1yr−2Wr(yr, ỹr) = −πs̃,A

r−1yr−2T
s̃
r yr−1.

Since yr−1 divides the polynomial ln′
(
T s̃,A
r−1yr−2

y2r

)
πs̃,A
r−1yr−2yr, yr−1 divides ln′

(
T s̃,A
r−1yr−2

yrỹr

)
πs̃,A
r−1yr−2yrỹr as

well. This shows y
s̃,A
1 is fertile with respect to (Cs,A,T s̃,A) in the (r − 1)-st direction. In particular, y

s̃,A
2 is

fertile in all directions except possibly in the r-th and (r + 2)-nd directions with respect to (Cs,A,T s̃,A). We

show that y
s̃,A
2 is fertile in these directions too.

The fact that y
s̃,A
2 is fertile in the r-th direction follows from the equality

Wr(yrỹr,−y2r + cỹ2r ) = T s̃,A
r yr−1(y

2
r + cỹ2r).

Due to the equality

2 ln′
(T s̃,A

r−1yr−2

yrỹr

)
πs̃,A
r−1yr−2yrỹr = ỹr ln

′
(T s̃,A

r−1yr−2

y2r

)
πs̃,A
r−1yr−2yr + yr ln

′
(T s̃,A

r−1yr−2

ỹ2r

)
πs̃,A
r−1yr−2ỹr

and the fact that yr and yr−1 are relatively prime, we deduce that the polynomial ln′
(
T s̃,A
r−1yr−2

ỹ2r

)
πs̃,A
r−1yr−2ỹr is

divisible by yr−1.



BETHE ANSATZ EQUATIONS FOR ORTHOSYMPLECTIC LIE SUPERALGEBRAS 27

Finally, the fact that y
s̃,A
2 is fertile in the (r+2)-nd direction follows from T s̃,A

r+2 = (T s̃,A
r−1)

−1 and the equality

− ln′
(T s̃,A

r+2(y
2
r + cỹ2r)

yr−2

)
πs̃,A
r−1yr−2(y

2
r + cỹ2r )

= ln′
(T s̃,A

r−1yr−2

y2r

)
πs̃,A
r−1yr−2y

2
r + c ln′

(T s̃,A
r−1yr−2

ỹ2r

)
πs̃,A
r−1yr−2ỹ

2
r . �

Let y = (y1, . . . , yr) be a sequence of polynomials and s̃ an arbitrary extended parity sequence. Define a

rational pseudo-differential operator R
2m|2n
y,s̃ by

R
2m|2n
y,s̃ = Rys̃,A,sA =

−→∏

16i62r+1

(
∂ − sAi ln′

P s̃,A
i ys̃,Ai−1

ys̃,Ai

)sAi
, (5.20)

where ys̃,A0 = ys̃,A2r+1 = 1. Clearly, R
2m|2n
y,s̃ is symmetric.

Lemma 5.16. Suppose sr = 1. We have R
2m|2n

y[f ],s̃[f ]
= R

2m|2n
y,s̃ . In other words, the rational pseudo-differential

operator R
2m|2n
y,s̃ is invariant under the fake reproduction procedure.

Proof. The first and last r − 1 factors of R
2m|2n

y[f ],s̃[f ]
and R

2m|2n
y,s̃ coincide. Hence it suffices to check that the

products of the middle 3 factors

(
∂ + ln′

P s̃
r yr−1

yr

)
∂−1

(
∂ − ln′

P s̃
r yr−1

yr

)
,
(
∂ − ln′

P s̃
r yr−1

yr

)
∂−1

(
∂ + ln′

P s̃
r yr−1

yr

)

are the same. This follows from Lemma 3.14. �

Let s̃0 be an extended parity sequence such that κ(s̃0) = 1. Suppose that the sequence y0 represents a solu-

tion of the osp2m|2n Bethe ansatz equation associated with (Cs0 ,T s̃0). Let Py0,s̃0 be the osp2m|2n population

originated from (y0, s̃0). Let PA
y0,s̃0

be the gl2m|2n+1 population originated from (ys̃0,A
0 , sA0 ), cf. Lemma 5.15.

Proposition 5.17. The rational pseudo-differential operator R
2m|2n
y,s̃ is independent of the choice of (y, s̃) in

Py0,s̃0 . Assume that T s̃ is A-typical, then there exists a natural map from Py0,s̃0 to the set of symmetric complete

factorizations of R
2m|2n
y,s̃ given by (5.20). �

Proof. First, we show that the rational pseudo-differential operator R
2m|2n
y,s̃ (y) does not change under the repro-

duction procedure. Since the reproduction procedure in the r-th direction is expressed in terms of reproduction

procedure in the (r− 1)-th direction and the fake reproduction procedure, see (5.16), it is enough to show it for

directions 1, . . . , r − 1 and for the fake reproduction procedure.

The case of fake reproduction procedure follows from Lemma 5.16. Reproductions procedures in directions

1, 2, . . . , r−2 are treated as in Proposition 5.11. For reproduction procedure in the (r−1)-st direction, we have

several cases. We discuss in detail the case of (sr−1, sr) = (1,−1). The other cases are similar.

Since y is osp2m|2n fertile in the (r− 1)-st direction, by definition (cf. Theorem 5.12), there exists a polyno-

mial ỹr−1 satisfying

yr−1ỹr−1 = ln′
(P s̃

r−1P
s̃
r yr−2

y2r

)
πs̃
r−1yr−2yr =⇒ yr−1(ỹr−1yr) = ln′

(P s̃,A
r−1P

s̃,A
r yr−2

y2r

)
πs̃,A
r−1yr−2y

2
r .

Hence the sequence ys̃,A = (y1, . . . , yr−1, y
2
r , y

2
r , yr−1, . . . , y1) is gl2m|2n+1 fertile in the (r − 1)-st direction.

In particular, we have

(ys̃,A)[r−1] = (y1, . . . , yr−2, ỹr−1yr, y
2
r , y

2
r , yr−1, . . . , y1).
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Note that by (5.18) and (5.19), we also have

yr−1(ỹr−1yr) = − ln′
(P s̃,A

r+2P
s̃,A
r+3y

2
r

yr−2

)
πs̃,A
r+2y

2
ryr−2.

Therefore (ys̃,A)[r−1] is gl2m|2n+1-fertile in the (r + 2)-nd direction and

((ys̃,A)[r−1])[r+2] = (y1, . . . , yr−2, ỹr−1yr, y
2
r , y

2
r , ỹr−1yr, yr−2, . . . , y1) = (y[r−1])s̃

[r−1],A.

Thus ((y[r−1])s̃
[r−1],A, (s[r−1])A) is in the gl2m|2n+1 population containing (ys̃,A, sA). By Theorem 5.6, we

conclude that the rational pseudo-differential operator does not change.

If T s̃ is A-typical, then R
2m|2n
y,s̃ is a (2m|2n + 1)-rational pseudo-differential operator. Therefore, for any

(y, s̃) ∈ Py0,s̃0 , formula (5.20) gives a symmetric complete factorization of R
2m|2n
y,s̃ . �

It is clear that the map described in Proposition 5.17 is injective when restricted to points of Py0,s̃0 with fixed

value of κ(s̃). We will show that it is injective in Theorem 6.3, see also Remark 6.4.

6. POPULATIONS AND ISOTROPIC SUPERFLAG VARIETIES

6.1. Superfertile solutions of the Bethe ansatz equations. Let C be a generalized Cartan matrix. Let T be

a sequence of functions such that (C,T ) is admissible. Let y represent a solution of the Bethe ansatz equation

associated with admissible (C,T ). In particular, y is generic with respect to (C,T ). Then by Theorem 5.4, if a

descendant y[i] is generic with respect to (C [i],T [i]) and (C [i],T [i]) is admissible, we can repeat the reproduction

procedure. Sometimes y[i] is not generic, but still fertile and we can do the reproduction procedure. In this

section we study the case when the reproduction procedure can be done indefinitely.

Following the terminology of [MV08], we call a fertile tuple y superfertile if all sequences in the population

of y are fertile.

Note that “super” in superfertile has nothing to do with the parity and just means “always fertile”.

It is expected that a sequence y representing a solution of the Bethe ansatz equation associated with suffi-

ciently generic weights λ and evaluation points z is always superfertile.

In the even situation, a generic fertile sequence y is indeed always superfertile, thanks to [MV04, Lemma

3.6]. In particular, it applies to the cases of Dm or osp2m|0, Bm or osp2m+1|0, Cn or osp0|2n, and osp1|2n.

In the presence of fermionic reproduction procedures, one has to add some restrictions.

Recall the parity sequence s+ = (1, . . . , 1,−1, . . . ,−1) ∈ Sm|n. The sequence y representing a solution of

the glm|n Bethe ansatz equation associated to parity sequence s+ under assumption that at least one weight is

typical is superfertile, [HMVY19]. Note that this assumption is sufficient but not necessary.

Let λ = (λ1, . . . , λp) be a sequence of dominant integral osp2m+ι|2n-weights (of the first kind if ι = 0),

z = (z1, . . . , zp) a sequence of pairwise distinct complex numbers. Recall that s̃+ = (s+; 1) ∈ S̃ι
m|n. Let

T s̃+ = (T
s̃+
1 , . . . , T

s̃+
r ) be the sequence of rational functions associated with λ, z, and s̃+.

Conjecture 6.1. Let y represent a solution of osp2m+ι|2n Bethe ansatz equation associated with (Cs+ ,T s̃+).

Assume that all roots of yi are of order one and do not vanish at zj , j = 1, . . . , p. Assume that all weights λj

are A-typical. Then y is superfertile. �

It is likely that the assumptions of this conjecture could be relaxed further.

Proposition 6.2. Conjecture 6.1 holds for the cases osp3|2n and osp2m+1|2.

Proposition 6.2 is proved in Section 6.6.
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6.2. More on superflags. Let W be a self-dual superspace of dimension M + N . Let F = {F1 ⊂ · · · ⊂
FM+N = W} ∈ F(W ) be a full superflag. Let w1, w2, . . . , wM+N be a basis of W which generates F. In other

words, w1, . . . , wi is a basis of Fi for each 1 6 i 6 M +N .

Let F′ ∈ F(W ) be another superflag. Then there exists a unique basis w′
1, . . . , w

′
M+N of W , w′

i =
∑

j aijwj ,

which generates F′ and such that aij = 0 whenever there exists k < i with the property akj 6= 0, aks = 0, for

each j + 1 6 s 6 M +N , and such that aij = 1 whenever aij 6= 0, ais = 0, for each j + 1 6 s 6 M +N .

Define a permutation σ ∈ SM+N by setting σ(i) to be the largest j such that aij 6= 0.

Clearly, σ is a well-defined permutation which depends only on superflags F, F′, and not on the choice of the

generating basis {w1, . . . , wM+N}.
Thus, a fixed superflag F defines a cell decomposition of the set of superflags F(W )

F(W ) =
⊔

σ∈SM+N

Fσ(W ),

where Fσ(W ) is the set of superflags corresponding to the permutation σ. We also have a cell decomposition of

the isotropic superflags,

F⊥(W ) =
⊔

σ∈SM+N

F⊥
σ (W ),

We call these decompositions the Bruhat cell decompositions.

Note that if F is an isotropic superflag then F⊥
σ (W ) = ∅ unless σ(i) + σ(M +N + 1 − i) = M +N + 1

for all 1 6 i 6 M +N .

In the case when W is odd dimensional, we will use the following decompositions,

F⊥(W ) = F⊥
+(W )

⊔
F⊥
−(W ), F⊥

±(W ) =
⊔

σ∈SM+N ,
sgn(σ)=±1

F⊥
σ (W ). (6.1)

In this case, F⊥
±(W ) are closed in F⊥(W ).

6.3. Reproduction procedure and superflags. Let g = osp2m+ι|2n. Let λ be an A-typical sequence of dom-

inant integral osp2m+ι|2n-weights, z a sequence of pairwise distinct complex numbers. Let s̃0 be an extended

parity sequence in S̃ι
m|n. Let Cs0 be the Cartan matrix of g associated to the parity sequence s0. Let T s̃0 be the

sequence of rational functions associated with λ, z, and s̃0, see (4.3).

Let y0 be a sequence of polynomials which represents a solution of the Bethe ansatz equation (5.1) associated

to (Cs0 ,T s̃0). Let P = Py0,s̃0 be the population of solutions of the Bethe ansatz equation originated from

(y0, s̃0)

Then R = R
2m+ι|2n
y0,s̃0

is a symmetric (2m|2n + 1 − ι)-rational pseudo-differential operator. Let W be the

superkernel of R. Then W is a self-dual superspace of functions, see Lemma 3.10.

The sequence y determines a symmetric complete sA0 -factorization of R, see (5.13) and (5.20). By Propo-

sition 3.13, symmetric complete factorizations of R are in a bijection with isotropic superflags in W . We have

dimW = 2m + 2n + 1 − ι and we denote it by rA. Let F0 ∈ F(W ) be the superflag corresponding to the

symmetric complete factorization of R defined by y0.

Any other pair (y, s̃) ∈ P in the population of solutions of the Bethe ansatz equation originated from (y0, s̃0)

gives a symmetric complete sA-factorization of R and, therefore, corresponds to an isotropic superflag of W

which we denote by Fy,s̃. We describe the change of the superflag during the reproduction procedure.

Let {w1, . . . , wrA} be a homogeneous basis of W which generates the superflag Fy,s̃. Then {w1, . . . , wi} is

a basis of dimension i subspace in superflag Fy,s̃. In particular, parity of wi is sAi .

We have three principal cases.

First, a bosonic reproduction procedure, cf. [MV04, Section 6.4]. In this case, an immediate descendant

depends on a choice of integration constant c ∈ C.
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Let i < r = m+ n and si = si+1. Assume that we are not in type D with κ(s̃) = −1 and i = r − 1. Then

the superflag Fy[i],s̃[i] corresponding to the immediate descendent in the i-th direction is generated by the basis

{w1, . . . , wi−1, cwi + wi+1, wi, wi+2, . . . , wrA−i−1, cwrA−i + wrA−i+1, wrA−i, wrA−i+2, . . . , wrA}. (6.2)

In the case, i = r − 1, ι = 0, sr = 1 (type D), κ(s̃) = −1, the basis above generates the superflag Fy[r],s̃[r].

Let now i = r, ι = 1. Then the superflag Fy[r],s̃[r] is generated by the basis

{w1, . . . , wr−1, cwr +wr+1, wr, wr+2, . . . , wrA}. (6.3)

Finally, let i = r, ι = 0, sr = −1 (type C). Then the superflag Fy[r],s̃[r] is generated by the basis

{w1, . . . , wr−1, 2c
2wr + 2cwr+1 + wr+2, 2cwr + wr+1, wr, . . . , wrA}. (6.4)

Second, a fermionic reproduction procedure. Assume that we are not in type D with κ(s̃) = −1 and i = r−1.

Let i < r = m+ n and si = −si+1. Then the superflag Fy[i],s̃[i] is generated by the basis

{w1, . . . , wi−1, wi+1, wi, wi+2, . . . , wrA−i−1, wrA−i+1, wrA−i, wrA−i+2, . . . , wrA}. (6.5)

In the case, i = r − 1, ι = 0, sr = 1 (type D), κ(s̃) = −1, the basis above generates the superflag Fy[r],s̃[r].

Third, the fake reproduction procedure. We have ι = 0, sr = 1. Then the superflag Fy[f ],s̃[f ] is generated by

the basis

{w1, . . . , wr−1, wr+2, wr+1, wr, wr+3, . . . , wrA}. (6.6)

6.4. The main theorem. Now we are ready to describe our main result.

Let g = osp2m+ι|2n. Let λ be an A-typical sequence of dominant integral osp2m+ι|2n-weights, z a sequence

of pairwise distinct complex numbers. Let s̃0 be an extended parity sequence in S̃ι
m|n. Let Cs0 be the Cartan

matrix of g associated to the parity sequence s0. Let T s̃0 be the sequence of rational functions associated with

λ, z, and s̃0, see (4.3).

Let y0 be a sequence of polynomials which represents a solution of the Bethe ansatz equation (5.1) associated

to (Cs0 ,T s̃0). Let P = Py0,s̃0 be the population of solutions of the Bethe ansatz equation originated from

(y0, s̃0)

LetR = R
2m+ι|2n
y0,s̃0

denote the symmetric (2m|2n+1− ι)-rational pseudo-differential operator associated to

P. Let W = V ⊕ U be the superkernel of R and writeR = D0̄D−1
1̄

, where V = kerD0̄ and U = kerD1̄.

Theorem 6.3. Assume y0 is superfertile. Then W is a vector superspace of rational functions. We have natural

bijections between the population P, the variety of isotropic superflags F⊥(W ), and the setF⊥(R) of symmetric

complete factorizations of the rational pseudo-differential operator R.

Proof. By Proposition 3.13, we have a bijection between the variety of isotropic superflags F⊥(W ) and the set

F⊥(R) of symmetric complete factorizations ofR.

By (5.13) and (5.20), we have a map from the population P to the set of symmetric complete factorizations

F⊥(R). In the case ι = 1, the map is clearly injective.

We now show the map is injective for ι = 0 as well. Combining Proposition 3.13 and (5.20), we find the

isotropic superflag F0 corresponding to (y0, s̃0). Then we have the decomposition (6.1) and F0 ∈ F⊥
+(W ).

Note that the fermionic and bosonic reproduction procedures preserve the decomposition, see (6.2), (6.4), (6.5),

while the fake reproduction maps superflags in F⊥
±(W ) to superflags in F⊥

∓(W ), see (6.6). After restriction to

the points of the population P with κ = 1, the map is clearly injective. It follows that the map is injective.

The map from the population P to the set of symmetric complete factorizations F⊥(R) is surjective, since all

isotropic superflags are obtained from any single one by changes (6.2)-(6.6) corresponding to the reproduction

procedure.
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Finally, we show that W consists of rational functions. We consider a symmetric complete factorization ofR
corresponding to the parity (1, . . . , 1,−1, . . . ,−1, 1, . . . , 1). Then R = D̄∗

1D̄−1
2 D̄1. Note that D̄1 and D̄2 are

not unique. Clearly, kernels of D̄1 and D̄2 consist of rational functions. Indeed, for example, for D̄2 the kernel

of last linear factor is explicitly a rational function and due to superfertility, it stays a rational function under

reproduction procedure. The choice of the last linear factor corresponds to a choice of isotropic vector in V and

the isotropic vectors are dense in V . Then the kernel U of D1̄ consists of rational functions by Lemma 3.9.

Similarly, starting from a parity (−1, . . . ,−1, 1, . . . , 1,−1, . . . ,−1), we show that the kernel V of D0̄ also

consists of rational functions. �

Remark 6.4. If the assumption of superfertility is dropped, the same argument as in the proof of Theorem 6.3

shows that the population P can be embedded into the set of isotropic superflags F⊥(W ). �

The population P, the set of symmetric complete factorizations F⊥(R), and the variety of isotropic superflags

F⊥(W ) are naturally direct unions:

P =
⊔

s

Ps, F⊥(R) =
⊔
F⊥
s (R), F⊥(W ) =

⊔
F⊥
s (W ).

Here Ps is the set of all pairs (y, s̃) ∈ P with parity s, F⊥
s (R) is the set of all symmetric complete sA-

factorizations of R, and F⊥
s (W ) is the set of all isotropic superflags in FsA(W ). The parity for a superflag is

given by the parity of the homogeneous basis generating the superflag.

We note that the bijections in Theorem 6.3 are clearly compatible with the parity decompositions.

Recall that in type D, each solution of the Bethe ansatz equation corresponds to two points in the population

P, one with κ = 1 and one with κ = −1. These two points are connected via the fake reproduction procedure.

6.5. The even cases. Theorem 6.3 in the special cases osp2m+1|0 = so2m+1, osp0|2n = sp2n recovers the

known theorems for even cases of types Bm and Cn of [MV04].

The Lie algebra g = osp2m|0 is even and is identified with the simple Lie algebra of type Dm. In this case,

the rational pseudo-differential operator has the form R = D∂−1D∗, where D is a differential operator of order

m. Such an operator is natural to expect, see [DS85, Proposition 8.5], [MM17, Corollary 3.8].

Note that in this case we have only bosonic and fake reproduction procedures.

We also note that in this case we have W = V ⊕ U with dimU = 1. Moreover, due to Lemma 3.10, the

space U is spanned by Wr(V ), and, in particular, it is completely determined by V . Recall that V is a space

of dimension 2m with a natural symmetric bilinear form. Then isotropic superflags in W are in bijection with

isotropic flags in V .

In particular, each solution of the Bethe ansatz equation corresponds to two superflags. This is in accordance

with the known general fact that a population for the even case is always isomorphic to the flag variety G∨/B∨

of the Langlands dual Lie group G∨, see [Fre04, MV05].

6.6. Proof of Proposition 6.2. We prepare a lemma saying that under some assumptions the fermionic repro-

duction procedure in the i-th direction can be done in such a way that the immediate descendant in the i-th

direction is generic, provided that at least one of the simple roots αs
i±1 is even.

Let s ∈ Sm|n be such that si−1 = si 6= si+1.

Let λ = (λ1, . . . , λp) be a sequence of dominant integral typical glm|n-weights. Let T s be the sequence of

rational functions associated to λ, z, and s. Since λj are typical, we always have πs
j = π(T s

j ) =
∏p

k=1(x−zk),

whenever the simple root αs
j is odd. Denote

∏p
k=1(x− zk) by ξ(x).

Let y = (y1, . . . , yr−1) be a sequence of polynomials representing a solution of the glm|n Bethe ansatz

equation associated to (Cs,T s), where Cs is the Cartan matrix of glm|n associated to s.
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By Theorem 5.5 there exists a polynomial ỹi such that Wr(yi−1, ỹi−1) = T s
i−1yi−2yi. Since y is generic with

respect to λ, s, and z, we have ỹi−1 is relatively prime to yi−1(x). In particular, we can choose ỹi−1 such that

it has no multiple roots, no common roots with yi+1, and such that ỹi−1(zj) 6= 0 for all j = 1, . . . , p.

For c ∈ C
×, denote

yc = (y1, . . . , yi−1 + cỹi−1, . . . , yr−1),

the immediate descendants of y in the (i− 1)-st direction depending on a parameter c.

Lemma 6.5. Assume yi−2, yi+1 in y have no multiple roots. Assume yi−1, yi+1 in y do not vanish at zj , for

each j = 1, . . . , p. Then for generic c ∈ C, the result of fermionic reproduction procedure (yc)
[i] is generic

with respect to λ, s[i], and z, and all polynomials in (yc)
[i] have no multiple roots.

Proof. It follows from Theorem 5.5 there exists a polynomial ỹi such that

yiỹi = ln′
(T s

i yi−1

yi+1

)
ξ(x)yi−1yi+1. (6.7)

In particular, we conclude ỹi(zj) 6= 0 since the right hand side does not vanish at zj .

Similarly, there exists a polynomial ȳi such that

yiȳi = ln′
(T s

i ỹi−1

yi+1

)
ξ(x)ỹi−1yi+1. (6.8)

We observe that ȳi(zj) 6= 0 and ȳi has no common roots with yi+1.

Multiplying (6.7) by ỹi−1, (6.8) by yi−1, subtracting the results and dividing by yi, we obtain

ỹiỹi−1 − ȳiyi−1 = ξ(x)T s
i−1yi−2yi+1. (6.9)

Then ỹi and ȳi have no common multiple roots, since all common roots are also roots of yi−2 which has no

multiple roots. Therefore, for generic c, ỹi + cȳi has no multiple roots and is relatively prime to yi+1.

Clearly, we have

(yc)
[i] = (y1, . . . , yi−2, yi−1 + cỹi−1, ỹi + cȳi, yi+1, . . . , yr−1).

Since yi−1 and ỹi−1 are relatively prime, for generic c, yi−1+ cỹi−1 is relatively prime to yi+1 and yi−2 and has

no multiple roots.

Finally, we see that for generic c, yi−1 + cỹi−1 is also relatively prime to ỹi + cȳi using the equation

yi(ỹi + cȳi) = ln′
(T s

i (yi−1 + cỹi−1)

yi+1

)
ξ(x)(yi−1 + cỹi−1)yi+1,

which is the sum of (6.7), (6.8). �

In Lemma 6.5 we made assumptions on the roots of yi−2, yi−1, yi+1. The assumption on yi−1 in fact can be

dropped by choosing a different member of the yc family. The same is true for yi−2 and yi+1 if the corresponding

simple roots are even. If one of the simple roots is odd then the corresponding polynomial does not vanish at

zj automatically since all weights are typical. Thus the only essential assumption is that polynomials yi−2, yi+1

corresponding to odd simple roots have no multiple roots.

Proof of Proposition 6.2. We consider the case osp2m+1|2. If y is superfertile, then the population has m + 1

components corresponding to parity sequences, each of dimension m2+1. Since, fertility is a closed condition,

see [MV04, Lemma 3.6], it is enough to find a family of fertile tuples in the population originated at y of

dimension m2+1 in each component. Indeed, the population is embedded into the variety of isotropic superflags

F⊥(W ), see Remark 6.4 and in this case, it has full dimension in each irreducible component of F⊥(W ).

Therefore it coincides with F⊥(W ). It follows that the population is closed under all reproduction procedures,

and each point is fertile.
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We start with the parity sequence s+. Then yA = (y1, . . . , ym, ym+1, ym, . . . , y1) is a solution of the gl2m|2

Bethe ansatz equations of parity (1, · · · , 1,−1,−1, 1, . . . , 1). First, we do the bosonic reproduction procedure

in the direction m+ 1 which gives us a one-parameter family of generic sequences y[m+1] which are fertile by

Theorem 5.5. Then we use Lemma 6.5 to perform a sequence of pairs of fermionic reproduction procedures

to (y[m+1])A in the directions (m,m + 2), (m − 1,m + 3), . . . , (2, 2m) keeping the sequence generic and

symmetric. Then we do reproduction procedures in directions 1 and 2m + 1. Let us call the result ỹA. The

sequence ỹA = (ỹAi )16i62m+1 depends on one parameter and corresponds to parity (−1, 1, . . . , 1,−1). Then

we have ỹAi = ỹA2m+2−i and (ỹA2 , . . . , ỹ
A
m+1) is a solution of the Bethe ansatz equation of type Bm, cf. Lemma

5.10. Performing the bosonic reproduction procedures we obtain a family of generic sequences of dimension

m2, see [MV04].

Finally, we use Lemma 6.5, to do fermionic reproduction procedures in pairs of directions (1, 2m + 1),

(2, 2m), . . . , (m,m+ 2) to obtain a family of generic sequences in all parities.

The case of osp3|2n is similar. �
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