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On A Class of Weakly Weighted Einstein Metrics

Zhongmin Shen* and Runzhong Zhao

Abstract

The notion of general weighted Ricci curvatures appears naturally in many problems. The N-Ricci
curvature and the projective Ricci curvature are just two special ones with totally different geometric
meanings. In this paper, we study general weighted Ricci curvatures. We find that Randers metrics of
certain isotropic weighted Ricci curvature must have isotropic S-curvature. Then we classify them via
their navigation expressions. We also find equations that characterize Randers metrics of almost isotropic

weighted Ricci curvature.

1 Introduction

The S-curvature was first introduced in the study of volume comparison in Finsler geometry ([9]), where a
Bishop-Gromov type comparison theorem was proved. Since then the S-curvature has been recognized as
an important non-Riemannian quantity in Finsler geometry. Various combinations of Ricci curvature and
S-curvature, now known as weighted Ricci curvatures, then came into play in Finsler geometry.

In 2009, S. Ohta [8] gave a diameter bound for a Finsler manifold (M, F') with a volume form dV under

a positive lower bound of the N-Ricci curvature
Ri Ric +S L g2
icy = Ric -
N N—_n )

where Ric is the Ricci curvature of F' and S is the S-curvature of (F,dV). However, in the extreme case

when N = 0o, a positive lower bound of
Rice = Ric+8

does not imply the compactness of a Finsler manifold, but merely gives an upper bound for the volume.
This is first pointed out by S. Yin in [I9]. Recently, X. Cheng and the first author give an estimate on
the volume ([6]). On the other hand, the local expansion of the volume of small metric balls leads to the
following weighted Ricci curvature [10]:

Ric +38S — 382

There is another quantity of this type occuring in the recent study of projective geometry, namely, the
projective Ricci curvature
S S?

PRic = Ric+(n — 1) o + CFSE

was found to be a projective invariant [11][14].
We now consider an important example. Let h = \/W be a Riemannian metric on an n-manifold
M satistying
Ric" 4aHess, f — bdf @ df = (n — 1)uh?, (1)
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where a, b are constants and p = u(z) is a scalar function on M. Let W = W* a?ci be a vector field on M

satisfying
Wij + Wi = —4chij, (2)

where W; := h;jWW’ and ¢ = c(x) is a scalar function on M. Assume that [|[W|, < 1. We can define a
Randers metric F' = a + 8 by the navigation data (h, W) as follows

VARZ + W2 Wo
=YY" "0 _ 7 3
5 T (3)
where A := 1 — |[W|2. Let dV = e /dVpy and S be the S-curvature of (F,dV'), where dVzy denote the

Busemann-Hausdorff volume form. We shall show that the Ricci curvature of F' satisfies

: 0
Ric+aS — bS? = (n — 1) (3? + a) F? (4)

where ¢ = o(x) is a scalar function and 0 is a 1-form on M. Both o and 6 are expressed in terms of
fye,p, Woand their derivatives with respect to h. Note that ([2)) is equivalent to that Spy = (n + 1)cF and
Spr = (n+1)coF. Thus if f =0, then @) can be rewritten as

Ric_(n—l){%é+&}, (5)

where 6§ := 6 — é?:_l)l‘)l coand ¢ := o + %. This case has been discussed in [5]. However, when f # 0,

@) cannot be expressed as (Bl in general. See Example [[3] below.
This leads to the notion of an (a, b)-weighted Ricci curvature
Ric,, 1, := Ric +aS — bS?
where a, b are constants. The (a, b)-weighted Ricci curvature can also be written in the following form

v

K . 4
Rica,, = PRic — —— ($ 8?) + —— 8, 6
iCa b ic ) _+n—|—1 +(n+1)2 (6)
where s := (n—1) —a(n+1) and v := 3(n — 1) — 4a(n + 1) — b(n + 1)%2. As we shall see, there is a reason
why we express (a, b)-weighted Ricci curvature in the form (@).

A Finsler metric F' on an n-manifold M is said to be weakly (a,b)-weighted Einstein with respect to a

volume form dV = e~/dVzy if the (a,b)-weighted Ricci curvature satisfies
30
Ricap = (n — 1) <F + a> F? (7)

where o is a scalar function and § = ;3" is a one-form on M. F is said to be (a, b)-weighted Einstein with
respect to a volume form dV = e~ fdVggy if it satisfies @) with 6 = 0.

By the above definition, a Riemannian metric h satisfying () is (a, b)-weighted Einstein with respect to
dV = e fdV,.

To understand weakly (a, b)-weighted Einstein metrics, it is natural to study Randers metrics. We first
discover that when v # 0, the weakly (a,b)-weighted Einstein condition implies that the S-curvature is
isotropic with respect to the Busemann-Hausdorff volume form. As a consequence, weakly (a,b)-weighted
Einstein Randers metrics with v £ 0 can be obtained by navigations of homothetic field on weighted Einstein

Riemannian metrics. This result generalizes the results on weakly Einstein metrics in [1], [3] and [5].



Theorem 1.1 Let F = a+ 3 be a Randers metric on an n-dimensional manifold M defined by a navigation

W on a Riemannian metric h Assume that v # 0.F is weakly (a,b)-weighted Einstein satisfying
30
Ricap = (n—1) (F + U) F?

with respect to a volume form dV = e~fdVgy if and only if h is (a,b)-weighted Einstein satisfying () with
respect to dV = e~ fdVi, and W satisfies (3) for some scalar functions f,c,pu on M. In this case

, 1 y , .y
=K== =2, W + m{ —afi;W'W? +af;S" — bc2(n + 1)2 + bfifjWZW]} (8)

and

0, = ﬁ{ [3(n —1)+a(n+ 1)} ¢ + 2afi; W + 2af;8% — 2cf; [a +(n+ 1)b] - 2bfifjo} 9)

where ' and 8% = hi*Sy; are given in (23) below.

Remark 1.2 As shown below in proposition 41l the ’if” part in theorem [L.Tldoes not rely on the assumption
v # 0. A particularly interesting class of examples may arise from the case where b = 0, where the Ricci
almost gradient solitons lead to Randers metrics with Einstein condition for Rics. It is well-known that
positive lower bound of Rics, implies finite volume for forward-complete Finsler manifolds, which inspires

the search for non-compact Randers metrics with positive lower bound of Rics, constructed in this way.

The following example shows that a weakly (a,b)-weighted Einstein Randers metric is not necessarily

weakly Einstein.

Example 1.3 Let h = \/dt? + u(t)?(dz? + dy?) on R3. Using O’'Neil’s formula (see also [2]) it’s easy to

see that Ric" = —%dz@ — (u(®)u” (t) + o' (t)?)(dz? + dy?). In case that f = f(t) is a function of ¢ only,
equation () is equivalent to
u(t)*(af"(t) = bf'(£)*) = u(t)u”(t) — u'(t)* + au(t)u’(t) f' () (10)
where 1 = — 23,(;(;) +af”(t) —bf'(t)>.
An easy example comes when u(t) = ¢t. Note that in particular Ric" = —(dx® + dy?) in this case, hence

h is not Einstein. Nevertheless one checks that

1
f(t):/t 1+\/§tanh(\/§lns)d8

S

satisfies equation (I0) with @ = b = 1. This function f is well-defined on the half space {t > 0}.

On the other hand, there is an obvious killing field W = —y0x + x0y whose norm ||[W||, < 1 in the
region {t?(z? + y?) < 1}. Thus in the region {(t,z,y) | t > 0,2% + y*> < t~2}, the navigation data
(h = \/dt2 +2(dz? + dy?),W = —ydz + zdy) defines a Randers metric which is weakly (1, 1)-weighted
Einstein.

In view of Theorem 7.4.2 in [3], this Randers metric is not weakly Einstein since h is not Einstein.
As a special case of our theorem, we obtain the following

Corollary 1.4 Let F = a+ (8 be a Randers metric on an n-dimensional manifold M defined by a navigation

W on a Riemannian metric h, F is weakly weighted Einstein satisfying

0
Ricoo = (n — 1) (%—i—a) F?



with respect to some volume form dV if and only if h is a Ricci almost gradient soliton Ric" + Hessy, f =

(n— 1)uh2 and R;j = —2ch;; for some scalar functions c. In this case we have dV = e fdVey,
2 i 1 i iTr7d
and 5
0; = =1 (2n = V)e; + fi ;W7 + [;87%; — sz} (12)

One can refer to [15] for Ricci almost gradient solitons in Riemannian geometry.
Complete characterization of weakly (a,b)-weighted Einstein Randers metric is more subtle when v = 0.

The (a,b)-weight Ricci curvature becomes

Rica, = PRic — nil(SJr nilsQ).
In this case, the weakly (a, b)-weighted Einstein condition does not imply that the S-curvature is isotropic.
Nevertheless, we can still obtain some equations on a and (3 that characterize Randers metrics F = a + (8
of weakly (a,b)-weighted Ricci curvature. See Proposition 5.1l below. If in addition x = 0, then the (a, b)-
weighted Ricci curvature Ric,, = PRic is just the projective Ricci curvature. We obtain a result that
generalizes the result in [I4] (see Proposition [6.1] below).

2 Preliminaries

Let F = a + 3 be a Randers metric on an n-manifold M, where oo = y/a;;(x)y’y? is a Riemannian metric
and B = b;(x)y’ is a 1-form with ||B]|, = \/a" (2)b;(z)b;(x) < 1. With a little abuse of notation, we shall

denote by ; the covariant derivative with respect to the Riemannian metrics, so for a we write

abi

— amk
bij = 55 — L%
where “T" is the Christoffel symbol of a. We shall also adopt the notations
1 1
T i— = bl—l—b,z s Sif i&— < bi;'—b';i
J 2 (bij + bjsi) J 2 (bizj — bjsi) (13)

X . X} —
S5 1= b Sij, Ty = b Tij, €i5 = Tij + biSj + bjSi

and further
= m te: 1= m
qij : imS g iy Simsj

_ _ (14)
q; ‘= bzqij = Tms?, tj = bltij = SmS?
It is a well-known fact that the spray coefficients G* of F' and those G°, of « are related by
G =G+ Py +Q (15)
where o
arid _ . ) R
P = ;L;‘ — 50 = 61329Fy — sy, Qli=as!, = O[S’Ljy'] (16)

with the convention that an index 0 means the contraction with °.

The spray G := yi% —2G? 82%' is a vector field on the tangent bundle, that uniquely defines a family of
transformation R, := Rikdzzrk ® % :T,M — T,M. R is called the Riemann curvature of the spray G. In
local coordinates, the coefficients R’ are given by

aG" j 0%Gt - 0%GH oG 0GI
=2— —y , +2G7 — -

Oxk OxI Oyk Oyidyk  Oyi Oyk

RY, (17)



The trace of the Riemann curvature does not depend on the choice of local coordinates, and is called the

Ricci curvature:

Ric := tr(R,) = R, (18)
For Randers metrics, the Ricci curvature is given by [1][13]
Ric = Ric® + (208, — 2too — &°t'),) + (n — 1)= (19)
where Ric® is the Ricci curvature of o and
2 3 1
E = Fa(qoo — Oéto) + m(’l‘oo — 20[80)2 — ﬁ(’roo;o — 20[80;0)

Alternatively, we will describe Randers metrics as solutions of the navigation problem on a Riemannian

manifold. Let i a Riemannian metric and W be a vector field with ||[W]|, < 1. We may define a Finsler

metric F' by
Y
— =1 20
v, 20
It is well known that the Finsler metric F' obtained this way is a Randers metric. Indeed, F' = o + 8 with
TN TR 21
C'w (21)
B\
where A =1 — HWH% We shall denote
1 1
Rii == WZ, —I—W';i , Siji= = le — Wﬂ
i g Wiy + Wi, Sy i= 5 (Wi = W) )

Sj = WiSZ—j, Rj = WiRij, R = Rjo
where ; denotes the covariant derivative with respect to h, along with £ := y — F(x,y)W. By construction
we have h(z,§) = F(x,y).
Volume form comes into play when we introduce the weighted Ricci curvature using the S-curvature. In

local coordinates, a volume form is described by a positive function o
dV = o(z)dz' A--- Ada" (23)

The quantity
det g;5(z, y)
o(z)
is called the distortion and its rate of change along geodesics is measured by S-curvature. Namely, let ¢(t)
be a geodesic with ¢(0) = z and ¢(0) = y € T, M \ {0}, we have
d )

S(a,0) = | e, Sr.9) = | [S(el®). i) 29

T(z,y) :==1n

In short, we have
S=r1y', S=8S.y’ (25)
where | denotes the horizontal covariant derivative of F'.
Every Finsler metric F' induces a volume form called the Busemann-Hausdorff volume form. It is ex-
pressed in local coordinates by
Vol(B(1)) 1
~Vol{(y) R [ Fry) <1}

A Finsler metric F is said of isotropic S-curvature if S = (n 4+ 1)cF for some scalar function c. The

dVey = UBH(x)dxl s dzx™ coda™

following lemma is well-known.



Lemma 2.1 ([JJ/[17]) For a Randers metric F expressed by o+  or by the navigation data (h, W), the
following are equivalent for a scalar function ¢ = c(x),

(a) S = (n+ 1)cF with respect to the Busemann-Hausdorff volume form ,

(b) eoo = 2¢(a® — 52),

(¢) Roo = —2ch?.

In the general case, let dV = e("*1?qV,, one derives that [3]

S €00
I 26
S () (26
and using (I6)
S __[€oopt 1
T [ °F (sot + ¢o|z)] y 27
€00;0 €00 €00 2a
=35 = (80,0 + ¢050) — 2 {? —(s0+ ¢0)} (ﬁ - So) - ?eloslo +2a(s1 + d1)s'

3 Isotropic S-curvature

Recall that the (a, b)-weighted Ricci curvature Ric, }, = Ric +aS — bS? can be expressed as

v S2

K .
Ricap, = PRic — ($+—=8%) + ——8
1Ca,b R _+n+1 +(n—|—1)2

where k := (n — 1) —a(n + 1) and v := 3(n — 1) — 4a(n + 1) — b(n + 1)2. In this section, we shall study

weakly (a,b)-weighted Einstein Randers metrics under the assumption v # 0:
0
Ricap = (n — 1) (% + a) F?

Lemma 3.1 Assume that v # 0.If a Randers metric on an n-manifold is weakly (a,b)-weighted Finstein,

then it has isotropic S-curvature with respect to the Busemann-Hausdorff volume form.

Proof. Taking dV = e(*D?dV,, we have
0 =F?Ricap, —(n — 1) (3_15 + a> F?
=F?Ric® +F?(2as'f,, — 2too — &*t",) + (n — 1)F?2 — (n — 1)(30F* + o F")
+a(n+1) {geoo;o — F?(50.0 + ¢0:0) — a9 + Feoo(3s0 + ¢o)
— 2F?50(s0 + ¢o) — 2aFejps'y + 2aF?(s; + ¢[)slo} —b(n+1)2 {e% — F(so+ ¢o)} ’ .

The above equation can be reorganized as follows:

0 :iyego + FPi(y) + F*Py(y) + F°P3(y) + F'Pa(y) (28)
where P;’s are polynomials with coefficients being functions of x only. Replacing F' by a + 3, we can rewrite
©8) as

A(y) + aB(y) =0,
where 1
Aly) == Zuego + B8P+ (a? + B2 P2 + (3a*B + B Ps + (a* + 6a°B% + )Py (29)



and
B(y) := Py + 2BP2 + (® + 38%)Ps + (40?8 + 45°) P;. (30)

Observe that A and B are polynomials in y, where « is irrational, hence A(y) = B(y) = 0.
Now that A(y) — fB(y) = 0, we have

1900 + (0% = 57) [Paly) + 28Ps + (7 +35%) i) =0 (1)

Since ||b]|, < 1, @® — B2 is an irreducible polynomial in y. Hence v # 0 leads to
ego = 2¢(z)(a? — %) (32)

for some scalar function ¢ = ¢(z), thus the S-curvature is isotropic with respect to the Busemann-Hausdorff

volume form. Q.E.D.

4 The case when v # 0

In this section, we are going to prove Theorem [Tl In Lemma [BI] we have shown that if a Randers metric
F = a+ 8 is weakly (a,b)-weighted Einstein with v # 0, then ([B2) holds or equivalently the S-curvature is
isotropic with respect to the Busemann-Hausdorff volume form (see Lemma 2] above). Express F = a +
using a navigation data (h, W) as in (@). Then the Riemann curvature of F' can be expressed in terms of the
Riemann curvature of h and the covariant derivatives of W ([3]). Then we can derive equations in h and W

that characterize weakly (a,b)-weighted Einstein Randers metrics.

Proposition 4.1 Let F' be a Randers metric on an n-dimensional manifold M defined by a navigation data
(h, W). Suppose that the S-curvature with respect to Busemann-Hausdorff volume form dVpy is isotropic
Spr = (n+1)cF. Then F is weakly (a,b)-weighted Einstein satisfying

Ricap = (n — 1) (3—}2 + 0) F? (33)

with respect to a volume form dV = e~!dVpy if and only if Ric" +aHess;, f — b (df @ df) = (n — 1)uh? for

some scalar functions f and p. In this case,
, 1 y . y
o=p—ct =2, W+ — [—afi;W'WI + afiS" —bc®(n+1)* + bf; ;W W] (34)
and

R ){[3(11—1)+a(n+1)}ci+2afi;jo+2afj8ji—2cfi[a+(n+l)b}—2bfifjo} (35)

3(n—1

Proof. Let G* and G* be spray coefficients of F and h, respectively. It is well-known that

) ) ) 1 ) ) 1 i )
G'—-G'=FS,)+ §F2(Rl +S8") — 3 <yf - W1> (2FRo — Roo — FQR).

Recall that F(z,y) = h(z,£) =: h, where & := y— F(z,y)W. Since Sy = (n+1)cF, we have Ri; = —2ch,j,
and it follows that

2FRy — Roo — F*R = —4chWi (€' + hW?) + 2chy; (€8 + hW?) (&7 + hWT) + 2ch? |W ||} = 2¢h?

Then 1
G'— G =NhS,(& +hW) + 5132(78 + 8%) — ché’



Now suppose that F is weakly (a,b)-weighted Einstein as above, taking a scalar function f so that dV =
e 7dVgy, then S = Spy + Hessp f = (n+1)coF + Hessp f. Then

Hessp [ = fu;y'y’ =iy (€ + RW(E +hWY) +2fi(G" = G)
=fisg (€7 + RW)(E + W) + f; (2hS',(67 + W) + BA(R' + §) — 2che’ )
By lemma 7.4.1 in [3], the weakly (a, b)-weighted Einstein condition () is equivalent to
Ric" (&) — (n — 1)7h* 4+ 3(n — 1)c; (&' + hW*)h
=(n—1) (30:(6" + IOk + 0h?) — aln + Desl€' +FWh
—a[fug (€ + RWNE + W) + fi (2558 + RW) + AR + 8%) — 26he’)] (3)
+b [(n +1)ch + fi(€ + BWi)} ’

where 7 = ¢ + 2¢,W°.
Note that h is irrational in ¢, separating rational and irrational terms in the above equation we have

Ric" —(n — 1)7h2+3(n — 1)e;Wh? = (n — 1)(30; W' + 0)h? — a(n + 1)e;Wih?
— aHessy, fi;6€7 — ah®fi.;W'W7I — 2afiﬁ2Sijo —af'h}(R' +S%) (37)
b f66 + 002 [(n+ 1)e + £

3(n—1)e;&'h =3(n — 1)0;§'h — a(n + 1)c;é'h
—2afi; € WIh —2af;SEh + 2acf;€h + 2bf;&" [(n+ Ve + f; W] R
Now suppose that F' is weakly (a,b)-weighted Einstein. From (37]) we obtain

Ric" (&) + aHessy, f(£) — bfif;6'¢ = (n — 1)ph?
where

w=7+0+30;W*
1

n—1

[(B+a)n+ (a—3)eiW' +afi;WW +2afiS W + afi(R' +8°) = b((n+ L)c+ fiW')?]

Conversely, suppose that Ric" +aHess), f — bdf @ df = (n — 1)uh? and R;j = —2ch;j. According to
equation (B8], we may choose

1

)

{3 = 1)+ aln+ V)e +2afi; W +20f;8, = 2cfila+ (n+1)0] = 2L /W7 (39)

and then )
o=pu—c—2c;W'+ e [—afi;jWin +af;S* —bct(n+1)% + bfifjWin}
n —

It is easy to check that equation ([B1) also holds and it follows that
0
Ricap = (n—1) (% + a) F?
with respect to dV = e~ TdVzy. Q.E.D.

Proof of Theorem[11]: Theorem [T now follows by combining Lemma B.I] with Proposition 41l  Q.E.D.



We may also find equations on « and § that characterize weakly (a,b)-weighted Einstein metrics. We
shall continue to use the notations in Section [3l

Assume that F = o + (3 is weakly (a, b)-weighted Einstein with v # 0. By Lemma Bl we have

eoo = 2¢(x)(a? — ), (40)
Then the P;’s in (28)) are given by
P, =(a? — ﬁ2){m(4ﬁc2 + 2¢(s0 4+ 3¢g) — o) — 2cv(sg + (;50)}
Py =Ric* =285, — 2to0 — "y, — a(n +1)[28¢1s'y + do.0 — 7]
+ K [2Bto + so,0 — 4Beso + s5 — 3(so + ¢0)?] + v(so + ¢o)?

Py =2pt", + 25", + 2a(n + s’y — 3(n — 1)0 — 2xtg
Py=—t7 —(n—1)0

Now the equation B(y) — aff'@ﬁg(/l(y) — BB(y)) = 0 gives
Pi(y) + (o® = B%)(P3(y) +2BPs(y) — 28c’v) =0

from which we obtain
8o =(n —1)(30/2 4 Bo — dis'y)
+ n{%o —2f¢® — c(so + 3¢o) + to + (blslo} + cv (Be+ so + ¢o)
Plugging into [BI) and solving for Ric® we have
Ric® = 2too + &*t, + (n — 1)[do,0 — & + 3860 + o(a® + 5°)]
- H{%;o — ¢85 + 55 — 3(s0 + ¢0)? + s0.0 + Beo — 48%¢* — 63¢(so + ¢0)} (42)

—v(s0 + ¢o + Be)? — vcta?

Conversely, if (A0), @I) and (42) hold, then it is easy to see that F' is weakly (a,b)-weighted Einstein.
We have proven the following.

Theorem 4.2 Let a,b be two constants satisfying v # 0 and F' = a + B be a Randers metric on an n-
dimensional manifold M. F is weakly (a,b)-weighted Einstein satisfying

Ricap, = (n — 1) (3—; + a) F?

with respect to some volume form dV = e™+tV9dV,, if and only if equations {{0), 1) and [#3) are satisfied
with some scalar functions ¢ and c.

5 The case when v =0 and x # 0

In this section we shall consider the (a, b)-weighted Ricci curvature when v = 0. In this case, the (a, b)-Ricci
curvature is given by

Rica, = PRic — n[

S 482
+ ]
n+1 (n+1)2



where k := (n—1) —a(n + 1). We are going to derive an equivalent condition for the weakly (a, b)-weighted

Einstein condition 20
Ricap = (n—1) (F + U) F2 (43)

We shall continue to use the notations in Section Bl

Assume that F is weakly (a, b)-weighted Einstein satisfying ([@3]). First note that equation [BI) now gives
Py +2BP; + (o +38*)Py =0 (44)

Plugging back into either A(y) =0 or B(y) = 0 we have
P+ (o = BH)Ps +2B(a* — )Py = 0 (45)

In this case, the polynomials P;’s can be simplified a little:

1
Pl = — K 5600;0 + 2ﬁ6[05l0 — 600(50 + 3¢0)

Py =Ric® —=2Bs'G.,,, — 2too — B, — (n — 1)[po0 — 07 + 2B1s']

+ & [po,0 — ¢f + 2Busy + 2e108'y + 5§+ 2Bto — 3(s0 + ¢0)? + So0]
Py =2Bt"7 + 257, + 2a(n+ 1)¢is'y — 3(n — 1)0 — 2kto
P=—tT, —(n—1)c

Solving for s'.,,, using equation (A3]) we have

50m =(n—1)(30/2+ Bo — ¢lsl0)

e00:0 + 4Be0s'y — 2e00(s0 + 3¢o) ! (46)
+I€{ 2002 = 52) +to+¢130}
Plugging into equation (@) and solving for Ric®, we have
Ric® = 2tg + @*t"™ + (n — 1)[¢po.0 — 0§ + 380 + o(a® + 57)]
(47)

e00:0 + 48e108ly — 2e00(s0 + 3¢0) }

—Ii{(bo;o - ¢(2) + 5(2) —3(s0 + ¢0)2 + So0;0 + 2610$l0 +8 2 _ 3

Now we assume that the dimension n > 3 and xk # 0. It follows from (46)) that there is a 1-form 7 such
that
e00,0 + 4Beis’y — 2e0(so + 3d0) = 2n(a® — 7). (48)

In fact, (@) allows us to write this n as

1

1= {5 — (0 = 1)(30/2+ B0 — 15y} — to — dush, (49)

and (1) is reduced to
Ric® = 2tgo + &t + (n — 1)[¢o.0 — ¢5 + 380 + o(a® + 5] (50)
—K[o0 — &g + 55 — 3(s0 + ¢0)? + so;0 + 2eqs’y + 281

Conversely, if @ and S satisfy (@8] and (B0) are satisfied with some scalar function ¢ and 1-form 1 defined
by 3)), then it is easy to verify that (43) holds. We have proved the following
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Proposition 5.1 Let a,b be two constants satisfying v =0 and k # 0. Let F = a+ 8 be a Randers metric

on an n-dimensional manifold M. F is weakly (a,b)-weighted Einstein satisfying
36
Ricap = (n—1) (— + U) F?
F
with respect to some volume form dV if and only if equations ({8) and (Z0) are satisfied with some scalar
function ¢ and 1-form n defined by [{9).

Remark 5.2 In case that F' is of isotropic S-curvature with respect to the Busemann-Hausdorff volume

form, repeatedly using equation ([B2) we obtain
n=co —4c*B — 2¢c(so + 3¢0), ews'y = —2Bcso

and the above condition reduces to {@I)) and (@2) with v = 0. It is, however, unknown (to the authors)
whether the existence of the 1-form 7 (48) implies that the S-curvature is isotropic (with respect to the

Busemann-Hausdorff volume form).

6 The projective Ricci curvature

In the case when v = 0 and k = 0, the (a,b)-weighted Ricci curvature is just the projective Ricci curvature
studied in [T4].
Ric,,;, = PRic.

In this case, equations [@6]) and {T) are reduced to
= (n—1)(30/2 + Bo — ¢is'y), (51)
Ric® = 2tgg + 2t + (n — 1) (¢o,0 — ¢ + 380 + o(a® + B?)) . (52)
Therefore we obtain the following proposition due to Gasemnezhad-Rezaei-Gabrani.

Proposition 6.1 ([7]) Let F = a+ 3 be a Randers metric on an n-dimensional manifold M, F is weakly
(a, b)-weighted Finstein satisfying

PRic = (n — 1) <¥ + a> F? (53)

with respect to some volume form dV = e™tVedV,, if and only if equations &d)and (52) are satisfied for

some scalar function ¢.

We shall remark that the equation (&3) is not a projective condition. Namely, if F; and F» are projectively
related and F} satisfies (53)) for some volume form dV, then F» might not satisfy (B3]) for any volume form.
That is the reason why the authors in [I4] study projectively Ricci-flat Finsler metrics. Anyway we recovered
the result in [14] for projectively Ricci-flat Randers metric and Tabatabaeifar and collaborators’ result|16]

for weighted projectively Ricci-flat metric by setting 6 = 0 and o = 0.
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