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Abstract. We consider the system of quantum differential equations for a partial flag
variety and construct a basis of solutions in the form of multidimensional hypergeometric
functions, that is, we construct a Landau–Ginzburg mirror for that partial flag variety. In
our construction, the solutions are labeled by elements of the K-theory algebra of the partial
flag variety.

To establish these facts we consider the equivariant quantum differential equations for a
partial flag variety and introduce a compatible system of difference equations, which we call
the qKZ equations. We construct a basis of solutions of the joint system of the equivariant
quantum differential equations and qKZ difference equations in the form of multidimensional
hypergeometric functions. Then the facts about the non-equivariant quantum differential
equations are obtained from the facts about the equivariant quantum differential equations
by a suitable limit.

Analyzing these constructions we obtain a formula for the fundamental Levelt solution
of the quantum differential equations for a partial flag variety.
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1. Introduction

The genus zero Gromov–Witten invariants of a partial flag variety V answer enumera-
tive questions about rational curves in V and are put together in various ways to define
rich mathematical structures such as the quantum cohomology algebra and the system of
quantum differential equations. Those structures are part of the so-called ‘A-model’ of V .
Landau–Ginzburg mirror symmetry seeks to describe these structures in terms of a mirror
dual ‘B-model’ associated with V . The way originated by A.Givental in [Gi1, Gi2] seeks to
encode the data from the A-model by oscillating integrals of a superpotential function W ,
which is defined on a ‘mirror dual’ affine variety V o. In particular, these oscillating integrals
are supposed to give all solutions of the system of quantum differential equations.
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This Landau–Ginzburg mirror symmetry has been established by A.Givental for full flag
varieties and projective spaces in [Gi1, Gi2, GKi]. The construction for Grassmannians has
been performed by R.J.Marsh and K.Rietsch in [MR]. A standard problem, related to
generalizations of Givental’s approach, is to check that the number of critical points of the
superpotential equals the dimension of the cohomology algebra of V , and then check that
the oscillating integrals, which are intrinsically labeled by the critical points, indeed generate
a basis of solutions of the system of quantum differential equations. While the first part is
of algebraic nature, the second part is of global topological nature (to determine integration
cycles exiting critical points). For example, in [MR] a superpotential for a Grassmannian
was constructed, and it was shown that the number of its critical points is the correct one,
but the part that the oscillating integrals indeed give a basis of solutions was not addressed.

In this paper, we suggest a new ‘hypergeometric Landau–Ginzburg mirror symmetry
model’ for a partial flag variety V and construct the full set of solutions of the system
of quantum differential equation of V in the form of multidimensional hypergeometric func-
tions. In these functions the role of Givental’s exponential of the superpotential is played
by what we call the master function, which is the product of Gamma functions multiplied
by the exponential of a linear function, and the role of the mirror dual V o is played by the
complement in an affine space to the set of all poles of the product of Gamma functions
composing the master function. In particular, our V o is not an algebraic variety, but a
complex analytic variety.

It is interesting to note that in our construction, the solutions of the system of quantum
differential equations of V are naturally labeled by elements of the K-theory algebra of V .
In particular, that observation suggests that the monodromy and Stokes phenomenon of the
system of quantum differential equations of V may be described in terms of the K-theory
algebra of V , in accordance with the philosophy of B.Dubrovin, see [D1, D2, CDG, TV6,
TV7, TV2, CV].

Consider the example of the m-dimensional complex projective space V = CPm. In the
body of the paper, this example corresponds to the case n = m + 1 , N = 2 , λ = (1, m) .

The cohomology algebra is H∗(V ;C) = C[x]
/
〈xm+1〉 , where x is the first Chern class of

the tautological line bundle. The quantum multiplication ∗p on H∗(V ;C) depends on a
parameter p ,

xi ∗p xj = xi+j for i+ j 6 m, xi ∗p xj = pxi+j−m−1 for i+ j > m ,

i, j = 0, . . . , m . The parameter p corresponds to p2/p1 in the body of the paper. The
quantum differential equation is

(1.1) − κp
∂I

∂p
= x ∗p I ,

where κ is the parameter of the differential equation and I is the unknown H∗(V ;C)-valued

function. The K-theory algebra is K(V ;C) = C[X,X−1]
/〈
(X− 1)m+1

〉
, where X is the

class of the tautological line bundle.

The H∗(V ;C)-valued weight function is W (t, x) =
∑m

i=0 t
m−ixi . The master function is

Φ(t, p, κ) = (κm+1/p)t/κ
(
Γ(t/κ)

)m+1
.
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For a univariate Laurent polynomial P (X) , define

ΨP (p, κ) = κ−1
∞∑

r=0

Res t=−rκ

(
Φ(t, p, κ)P (e2π

√
−1 t/κ)W (t, x)

)
.

The function ΨP (p, κ) depends only on the class of P in K(V ;C) . Alternatively, ΨP (p, κ)
can be written as an integral over an appropriate contour C encircling the poles of Φ(t, p, κ)
in the positive direction,

ΨP (p, κ) =
1

2π
√
−1

∫

C

Φ(t, p, κ)P (e2π
√
−1 t/κ)W (t, x) dt .

For instance, one can take the parabola C = { κ
(
1− s2+ s

√
−1

)
| s ∈ R } .

Theorem 1.1. For any Laurent polynomial P , the H∗(V )-valued function ΨP (p, κ) is an

entire function of log p that solves the quantum differential equation (1.1). If the classes of

Laurent polynomials P0, . . . , Pm give a basis of K(V ;C) , then the functions ΨP0(p, κ), . . . ,
ΨPm

(p, κ) give a basis of solutions of the quantum differential equation.

Theorem 1.1 follows from Proposition 6.25, see also Proposition 5.17. The fact that
solutions ΨP0(p, κ), . . . ,ΨPm

(p, κ) of Theorem 1.1 form a basis follows from the following
determinant formula.

Theorem 1.2. We have

det

( ∞∑

r=0

Res t=−rκ

(
tie−2π

√
−1 j t/κΦ(t, p, κ)

))m

i,j=0

=
(
2π

√
−1

)m(m+1)/2
κ(m+1)(m+2)/2 .

Theorem 1.2 follows from Theorem 5.18, see also formula (5.60) .

Notice that in [Gu], D.Guzzetti considers a scalar linear differential equation of orderm+1
equivalent to the quantum differential equation (1.1) and constructs a basis of solutions in
the form of similar integrals.

Our construction of the basis of solutions of the system of quantum differential equa-
tions for a partial flag variety is done in several steps and is based on constructions from
representation theory.

We consider the joint compatible system of rational qKZ difference equations and dynami-
cal differential equations for sections of the trivial bundle π : (CN)⊗n×Cn×CN → Cn×CN .
This system is defined in terms of the Yangian Yh(glN) action on (CN)⊗n and depends on
the Yangian deformation parameter h. In this paper, we describe the h → ∞ limit of this
system of difference and differential equations. This is our first main result, see Section 3.
We call the obtained equations the limiting qKZ difference equations and limiting dynamical
differential equations.

In [TV1, TV6] we constructed solutions of the joint system of initial qKZ difference equa-
tions and dynamical differential equations in the form of multidimensional hypergeometric
functions, see Theorem 4.9. In this paper, we calculate the h → ∞ limit of these solutions
and obtain solutions of the joint system of limiting equations, see Theorem 5.13. This is our
second main result.
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According to the general theory in [MO] the initial system of qKZ difference equations and
dynamical differential equations is identified with the system of qKZ difference equations
and equivariant quantum differential equations in the equivariant cohomology of cotangent
bundles of partial flag varieties. The precise formulae for that identification can be found
in [GRTV, RTV1]. It was expected that a suitable h → ∞ limit of these equations gives a
system of difference and differential equations related to the equivariant quantum cohomology
of partial flag varieties themselves instead of their cotangent bundles. In particular, it was
shown in [BMO] that the h → ∞ limit of the equivariant quantum differential equations
for the cotangent bundle of the full flag variety gives the equivariant quantum differential
equations of the corresponding full flag variety. Also, the appropriate h → ∞ limit of the
Yangian R-matrix associated with the quantum cohomology of the cotangent bundle of
a Grassmannian, was used in [GK, GKS] to calculate the quantum multiplication in the
cohomology of the Grassmannian itself.

In this paper, we identify our limiting dynamical differential equations for sections of
the bundle π with the equivariant quantum differential equations for partial flag varieties.
Under this identification, our limiting qKZ difference equations become a system of difference
equations in the equivariant cohomology of partial flag varieties, hence, a new system of
difference equations compatible with the equivariant quantum differential equations. At
the same time, the multidimensional hypergeometric solutions of the limiting equations for
sections of the bundle π become solutions of the equivariant quantum differential equation
and qKZ difference equations for partial flag varieties. This is our third main result, see
Theorem 6.17.

The particular case of a projective space was considered in [TV7, CV], where the joint
system of the equivariant quantum differential equation and compatible qKZ difference equa-
tions, together with hypergeometric solutions, was used to analyze the Stokes phenomenon
for the equivariant quantum differential equation of a projective space. We expect similar
applications of our compatible qKZ equations for partial flag varieties.

The paper is organized as follows. In Section 2 we define the initial joint system of qKZ

and dynamical equations. In Section 3 we describe the h → ∞ limit of these equations.
In Section 4 we describe multidimensional hypergeometric solutions of the initial qKZ and
dynamical equations. In Section 5 we obtain solutions of the limiting equations by taking the
h → ∞ limit of the solutions of the initial equations. In Section 6 we identify the limiting
equations with the equation in equivariant cohomology of partial flag varieties. Appendices
A–D contain technical information.

In Appendix E we show that the monodromy of the system of dynamical differential
equations (2.7) is abelian under a certain resonance condition for the equivariant parameters.
This is analogous to the corresponding property of the quantum differential equation of the
Hilbert scheme of points in the plane, see [OP].

Notice that Proposition 6.23 provides an equivariant Gamma theorem for a partial flag
variety Fλ , cf. Theorem B.2 and formula (11.19) in [TV6]. Notice also that in Theorems
4.10, 4.17, 5.14, 5.18 we prove different determinant formulas which imply that the functions
entering the determinants form bases in the spaces of solutions of the corresponding differ-
ential and difference equations. The Levelt fundamental solutions are discussed in Sections
4.7 and 5.5.
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2. Dynamical and qKZ equations

2.1. Notations. Fix N, n ∈ Z>0 . Let λ ∈ ZN
>0 , |λ| = λ1 + . . . + λN = n . Let I = (I1,

. . . , IN) be a partition of {1, . . . , n} into disjoint subsets I1, . . . , IN . Denote by Iλ the set
of all partitions I with |Ij | = λj , j = 1, . . . , N .

Consider the space CN with the standard basis vi = (0, . . . , 0, 1i, 0, . . . , 0) , i = 1, . . . , N ,
and the tensor product (CN)⊗n with the basis (vI)I ,

vI = vi1 ⊗ . . .⊗ vin ,

where ij = m if j ∈ Im .

The space (CN)⊗n is a module over the Lie algebra glN with basis ei,j , i, j = 1, . . . , N .

The glN -module (CN)⊗n has weight decomposition (CN)⊗n =
∑

|λ|=n(C
N)⊗n

λ , where (CN)⊗n
λ

is the subspace with basis (vI)I∈Iλ .

2.2. Difference qKZ equations. Define the R-matrix acting on (CN)⊗2,

R(u; h) =
u− hP

u− h
,

where P is the permutation of factors of (CN)⊗2 and u, h ∈ C . The R-matrix satisfies the
Yang-Baxter and unitarity equations,

R(12)(u− v; h)R(13)(u; h)R(23)(v; h) = R(23)(v; h)R(13)(u; h)R(12)(u− v; h) ,(2.1)

R(12)(u; h)R(21)(−u; h) = 1 .(2.2)

The first equation is an equation in End((CN)⊗3). The superscript indicates the factors of
(CN)⊗3 on which the corresponding operators act.

Let z = (z1, . . . , zn) ∈ Cn, q = (q1, . . . , qN) ∈ CN , and κ ∈ C . Define the qKZ operators
K1, . . . , Kn acting on (CN)⊗n:

Ka(z ; h; q ; κ) = R(a,a−1)(za − za−1 + κ; h) . . . R(a,1)(za− z1 + κ; h) ×(2.3)

× q
e
(a)
1,1

1 . . . q
e
(a)
N,N

N R(a,n)(za− zn ; h) . . . R
(a,a+1)(za − za+1 ; h) .

The qKZ operators preserve the weight decomposition of (CN)⊗n and have the property

Ka(z1, . . . , zb + κ, . . . , zn; h; q ; κ)Kb(z ; h; q; κ) =(2.4)

= Kb(z1, . . . , za + κ, . . . , zn; h; q; κ)Ka(z ; h; q ; κ)

for all a, b = 1, . . . , n, see [FR]. We say that the collection of operators K1, . . . , Kn with this
property define a discrete flat connection, see [TV2].
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The system of difference equations with step κ,

(2.5) f(z1, . . . , za + κ, . . . , zn; h; q ; κ) = Ka(z ; h; q ; κ) f(z ; h; q ; κ) , a = 1, . . . , n ,

for a (CN)⊗n-valued function f(z, h, q ; κ) is called the qKZ equations .

Remark 2.1.

2.3. Differential dynamical equations. Define the linear operators X1, . . . , XN acting
on (CN)⊗n, called the dynamical Hamiltonians:

Xi(z ; h; q) =

n∑

a=1

zae
(a)
i,i − h

( ẽi,i(1− ẽi,i)

2
+

∑

16a<b6n

N∑

k=1

e
(a)
i,k e

(b)
k, i +

+

N∑

j=1
j 6=i

qj
qi − qj

(ẽi,j ẽj,i− ẽi,i)
)
,

where ẽs,t =
∑n

a=1 e
(a)
s,t . The differential operators

(2.6) ∇q,κ,i = κqi
∂

∂qi
−Xi(z ; h; q) , i = 1, . . . , N ,

preserve the weight decomposition of (CN)⊗n and pairwise commute, see [TV3], also [GRTV,
Section 3.4], [RTV1, Section 7.1], [MTV]. The operators ∇q,κ,i define the (CN)⊗n-valued
dynamical connection.

The system of differential equations

(2.7) κqi
∂f

∂qi
= Xi(z ; h; q)f , i = 1, . . . , N ,

for a (CN)⊗n-valued function f(z ; h; q ; κ) is called the dynamical equations .

Theorem 2.2 ([TV3]). The joint system of dynamical and qKZ equations with the same

parameter κ is compatible.

Lemma 2.3. The dynamical Hamiltonians X1, . . . , XN acting on (CN)⊗n can be written in

the form

(2.8) Xi(z ; h; q) =
n∑

a=1

zae
(a)
i,i − h

∑

16a<b6n

N∑

j=1
j 6=i

( e
(a)
i,j e

(b)
j,i

1− qj/qi
−

e
(a)
j,i e

(b)
i,j

1− qi/qj

)
.

Proof. The proof is by direct verification. �

3. Limit h → ∞
3.1. Limit of qKZ operators. Introduce the R-matrix R◦(u) acting on (CN)⊗2:

R◦(u) = P + u
∑

16i<j6N

ei,i ⊗ ej,j .
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For example, for N = 2 the matrix is

R
◦
(u) =




1 0 0 0
0 u 1 0
0 1 0 0
0 0 0 1


 .

Lemma 3.1. We have

(3.1) R◦(u) = lim
h→∞

(
(−h)

∑

i<j e
(1)
i,i e

(2)
j,j R(u; h) (−h)−

∑

i<j e
(1)
j,j e

(2)
i,i

)
.

Moreover, R◦(u) satisfies the Yang-Baxter and unitarity equations,

(
R

◦
(u− v)

)(12)(
R

◦
(u)

)(13)(
R

◦
(v)

)(23)
=

(
R

◦
(v)

)(23)(
R

◦
(u)

)(13)(
R

◦
(u− v)

)(12)
,(3.2)

(
R

◦
(u)

)(12)(
R

◦
(−u)

)(21)
= 1 .(3.3)

Proof. The proof of formula (3.1) is straightforward. Equations (3.2), (3.3) follow from (3.1)
and (2.1), (2.2), respectively. �

Let p = (p1, . . . , pN) ∈ CN . Define the qKZ operators K◦

1, . . . , K
◦

n acting on (CN)⊗n :

K
◦

a(z ;p; κ) =
(
R

◦
(za − za−1 + κ)

)(a,a−1)
. . .

(
R

◦
(za− z1 + κ)

)(a,1) ×(3.4)

× p
e
(a)
1,1

1 . . . p
e
(a)
N,N

N

(
R

◦
(zi − zn)

)(a,n)
. . .

(
R

◦
(za− za+1)

)(a,a+1)
.

Lemma 3.2. For a = 1, . . . , n, we have

K
◦

a(z ;p; κ) = lim
h→∞

(
(−h)

∑

b<c, i<j e
(b)
j,je

(c)
i,i K̃i(z ; h;p; κ) (−h)−

∑

b<c, i<j e
(b)
j,je

(c)
i,i

)
,

where the operators K̃1, . . . , K̃n are obtained from the qKZ operators K1, . . . , Kn, see (2.3),
by the substitution

(3.5) qi 7→ pi (−h)
∑n

b=1

(

∑

j>i e
(b)
j,j −

∑

j<i e
(b)
j,j

)

, i = 1, . . . , N .

Proof. The lemma is proved by direct verification using Lemma 3.1. �

Corollary 3.3. The qKZ operators K◦

1, . . . , K
◦

n preserve the weight decomposition of (CN)⊗n

and define a discrete flat connection,

K
◦

a(z1, . . . , zb + κ, . . . , zn;p; κ)K
◦

b (z ;p; κ) = K
◦

b (z1, . . . , za + κ, . . . , zn;p; κ)K
◦

a(z ;p; κ)

for all a, b = 1, . . . , n , cf. (2.4).

Remark 3.4. The R-matrix R◦(u) for N = 2 is analogous to the R-matrix of the five-
vertex model and the q-boson model, and to the R-matrices considered in [GK, GKS] in
relation to the quantum cohomology theory for Grassmannians.

Remark 3.5. Since det R◦(u) = 1 , the qKZ operators K◦

1, . . . , K
◦

n are invertible for all
z,p, κ provided pi 6= 0 for all i = 1, . . . , N . That is, the discrete flat connection on (CN)⊗n

defined by K◦

1, . . . , K
◦

n is regular for all z , unlike the discrete flat connection defined by the
qKZ operators K1, . . . , Kn , see (2.3).
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3.2. Dynamical operators X◦

1, . . . , X
◦

N . Recall λ = (λ1, . . . , λN) . Let λ(i) =
∑i

j=1 λi ,

i = 1, . . . , N , so that λ(N) = n . For 1 6 i < j 6 n , set λ〈i,j〉 =
∑j−1

k=i (λk + λk+1) =

λi + λj + 2
∑j−1

k=i+1 λk .

Recall I = (I1, . . . , IN) and the vectors vI ∈ (CN)⊗n. For σ ∈ Sn and I = (I1, . . . , IN) ,
set σ(I) =

(
σ(I1), . . . , σ(IN)

)
. For a, b = 1, . . . , n , let sa,b be the transposition of a, b .

Given I ∈ Iλ , let a ∈ Ii and b ∈ Ij . A pair (a, b) is called I-disordered if either a < b ,
i > j , or a > b , i < j . A pair (a, b) is called I-ordered if either a < b , i < j , or a > b ,
i > j . A pair (a, b) is called I-flat if i = j .

Denote M = {min(a, b) + 1, . . . ,max(a, b)− 1} , k = min(i, j) , l = max(i, j) . If i 6= j ,

so that k < l , set ma,b,I = λ〈k, l〉 and

ra,b,I = |M ∩ Ii |+ |M ∩ Ij |+ 2
∣∣∣M ∩

l−1⋃

r=k+1

Ir

∣∣∣ .

Clearly, ma,b.I > 2 and 0 6 ra,b,I 6 ma,b,I − 2 if i 6= j . Set I[a,b] =
⋃ l

r=k Ir .

Set
(3.6) Imin

λ =
(
(λ1, . . . , λ

(1)) , (λ(1)+ 1, . . . , λ(2)) , . . . (λ(N−1) + 1, . . . , n)
)
.

For I ∈ Iλ , let σI ∈ Sn be the element of minimal length such that σI(I
min
λ ) = I . Notice

that

(3.7) |σI | =
∣∣{(a, b) | a ∈ Ii , b ∈ Ij , a < b , i > j }

∣∣ .
Lemma 3.6. We have

a) If the pair (a, b) is I-disordered, then |σsa,b(I) | = |σI | − ra,b,I − 1 .

b) If the pair (a, b) is I-ordered, then |σsa,b(I) | = |σI |+ ra,b,I + 1 .

c) If the pair (a, b) is I-flat, then sa,b(I) = I .

Corollary 3.7. If |σsa,b(I) | < |σI | , then the pair (a, b) is I-disordered. If |σsa,b(I) | > |σI | ,
then the pair (a, b) is I-ordered.

A pair (a, b) is called I-admissible of the first kind if |σsa,b(I) | = |σI | − 1 , and I-admissible

of the second kind if |σsa,b(I) | = |σI |+ma,b,I − 1 .

Lemma 3.8. A pair (a, b) is I-admissible of the first kind if and only if it is I-disordered

and the intersection {min(a, b) + 1, . . . ,max(a, b)− 1} ∩ I[a,b ] is empty.

Lemma 3.9. A pair (a, b) is I-admissible of the second kind if and only if it is I-ordered

and the intersection {1, . . . ,min(a, b)− 1, max(a, b) + 1, . . . , n} ∩ I[a,b ] is empty.

Example. Let N = 4 , n = 5 , λ = (2, 1, 1, 1) , I =
(
{1, 3}, {4}, {2}, {5}

)
. Then the I-ad-

missible pairs of the first kind are (3, 2) , (2, 3) , (4, 2) , (2, 4) , and the I-admissible pairs of
the second kind are (1, 4) , (4, 1) , (1, 5) , (5, 1) , (2, 5) , (5, 2) .

For all i, j, a, b , define linear operators Qa,b
i,j acting on (CN)⊗n by the rule

Qa,b
i,j vI = vsa,b(I) , if a ∈ Ii , b ∈ Ij , and the pair (a, b) is I-admissible,

Qa,b
i,j vI = 0 , otherwise.
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Recall the linear operators e
(a)
i,i acting on (CN)⊗n .

The dynamical operators X◦

1 , . . . , X
◦

N , acting on (CN)⊗n are given by the formula

X
◦

i (z ;p) =

n∑

a=1

za e
(a)
i,i +

∑

16b<a6n

( N∑

j=i+1

Qa,b
i,j −

i−1∑

j=1

pi
pj

Qa,b
i,j

)
+(3.8)

+
∑

16a<b6n

( N∑

j=i+1

pj
pi

Qa,b
i,j −

i−1∑

j=1

Qa,b
i,j

)
.

Notice that the operators X◦

1, . . . , X
◦

N preserve the weight decomposition of (CN )⊗n.

Example. Let N = 2 , n = 3 . The operators X◦

1 , X
◦

2 preserve the subspace spanned by
the vectors

v({1},{2,3}) = v1⊗ v2⊗ v2 , v({2},{1,3}) = v2⊗ v1⊗ v2 , v({3},{1,2}) = v2⊗ v2⊗ v1 .

of weight λ = (1, 2) . The matrices of X◦

1 , X
◦

2 in this basis are

X
◦

1 =




z1 1 0
0 z2 1

p2/p1 0 z3


 , X

◦

2 =




z2 + z3 −1 0
0 z1 + z3 −1

−p2/p1 0 z1 + z2


 .

Example. Let N = 5 , n = 6 , I =
(
{2, 5}, {6}, {3}, {1}, {4}

)
. Then

X
◦

1(z ;p) vI = (z2 + z5) vI + v({1,5},{6},{3},{2},{4}) + v({2,4},{6},{3},{1},{5}) +

+ v({2,3},{6},{5},{1},{4}) +
p2
p1

v({5,6},{2},{3},{1},{4}) ,

X
◦

2(z ;p) vI = z5 vI + v({2,5},{4},{3},{1},{6}) + v({2,5},{3},{6},{1},{4}) −
p2
p1

v({5,6},{2},{3},{1},{4}) .

3.3. Limit of dynamical Hamiltonians. Let the operators X̃1, . . . , X̃N be obtained from
the dynamical Hamiltonians X1, . . . , XN , see (2.8), by substitution (3.5) . In more detail,

the operators X̃1, . . . , X̃N preserve the weight decomposition of (CN)⊗n and the action of

X̃i(z ; h;p) on (CN)⊗n
λ coincides with the action of Xi(z ; h; q) for q = (q1, . . . , qN),

(3.9) qj = pj (−h)
∑

k>j λk −∑

k<j λk , j = 1, . . . , N .

Lemma 3.10. For i = 1, . . . , N , we have

(3.10) X
◦

i (z ;p) = lim
h→∞

(
(−h)

∑

b<c, j<k e
(b)
k,k

e
(c)
j,j X̃i(z ; h;p) (−h)−

∑

b<c, j<k e
(b)
k,k

e
(c)
j,j

)
.

Proof. The lemma is proved by direct verification using Lemma 2.3, the equality
∑

b<c, j<k

e
(b)
k,k e

(c)
j,j vI = |σI | vI ,

following from (3.7), and Lemma 3.6. �
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Corollary 3.11. The differential operators

(3.11) ∇◦

p,κ,i = κpi
∂

∂pi
−X

◦

i (z ;p) , i = 1, . . . , N ,

preserve the weight decomposition of (CN)⊗n and pairwise commute.

3.4. Limiting equations. The system of difference equations with step κ,

(3.12) f(z1, . . . , za + κ, . . . , zn;p) = K
◦

a(z ;p; κ) f(z ;p) , a = 1, . . . , n ,

for a (CN)⊗n-valued function f(z,p) will be called the limiting qKZ equations .

The system of differential equations with parameter κ,

(3.13) κpi
∂f

∂pi
= X

◦

i (z ;p)f , i = 1, . . . , N ,

for a (CN)⊗n-valued function f(z ;p) will be called the limiting dynamical equations .

Theorem 3.12. The joint systems of limiting dynamical and limiting qKZ equations with

the same parameter κ is compatible.

Proof. The theorem follows from Theorem 2.2 and Lemmas 3.2, 3.10. �

4. Hypergeometric solutions of the dynamical and qKZ equations

4.1. Weight functions WI(t; z ; h). For I ∈ Iλ, we define the weight functions WI(t; z ; h),

cf. [TV1, TV4, RTV1, TV6]. The functions WI(t; z ; h) here coincide with those defined in
[TV6, Section 3.4].

Recall λ = (λ1, . . . , λN) and I = (I1, . . . , IN). Set
⋃ j

k=1 Ik = { i(j)1 < . . . < i
(j)

λ(j)} .
Consider the variables t

(j)
a , j = 1, . . . , N − 1, a = 1, . . . , λ(j). Set t

(N)
a = za, a = 1, . . . , n .

Denote t(j) = (t
(j)
1 , . . . , t

(j)

λ(j)) and t = (t(1), . . . , t(N−1)) .

For I ∈ Iλ , define

(4.1) ΣI = (z
i
(1)
1
, . . . , z

i
(1)

λ(1)
, z

i
(2)
1
, . . . , z

i
(2)

λ(2)
, . . . , z

i
(N−1)
1

, . . . , z
i
(N−1)

λ(N−1)
) ,

so that, t = ΣI reads in detail as

t(k)a = z
i
(k)
a
, k = 1, . . . , N − 1 , i = a, . . . , λ(k) .

For a function f(x1, . . . , xk) of some variables, denote

Symx1,...,xk
f(x1, . . . , xk) =

∑

σ∈Sk

f(xσ(1), . . . , xσ(k)) .

The weight functions are

(4.2) WI(t; z ; h) = Sym
t
(1)
1 ,..., t

(1)

λ(1)

. . . Sym
t
(N−1)
1 ,..., t

(N−1)

λ(N−1)

UI(t; z ; h) ,
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UI(t; z ; h) =

=

N−1∏

j=1

λ(j)∏

a=1

( λ(j+1)∏

c=1

i
(j+1)
c <i

(j)
a

(t(j)a − t(j+1)
c )

λ(j+1)∏

d=1

i
(j+1)
d

>i
(j)
a

(t(j)a − t
(j+1)
d − h)

λ(j)∏

b=a+1

t
(j)
b − t

(j)
a − h

t
(j)
b − t

(j)
a

)
.

Example. Let N = 2, n = 2, λ = (1, 1), I = ({1}, {2}), J = ({2}, {1}). Then
WI(t; z ; h) = t

(1)
1 − z2 − h , WJ(t; z ; h) = t

(1)
1 − z1 .

Lemma 4.1 ([RTV1, TV6]). For any I ∈ Iλ , i = 1, . . . , N − 1 , and a = 1, . . . , n− 1 , we
have

Wsa,a+1(I)(t; z ; h) =(4.3)

=
za − za+1− h

za− za+1
WI(t; z1, . . . , za+1, za, . . . , zn; h) +

h

za − za+1
WI(t; z ; h) .

Remark 4.2. Define the operators ŝ1, . . . , ŝn−1 acting on functions of z1, . . . , zn :

(4.4) ŝaf(z) =
za− za+1− h

za− za+1
f(z1, . . . , za+1, za, . . . , zn) +

h

za − za+1
f(z) .

The assignment sa,a+1 7→ ŝa , a = 1, . . . , n − 1 , yields a representation of the symmetric
group Sn .

Set

(4.5) cλ(t; h) =
N−1∏

i=1

λ(i)∏

a=1

λ(i)∏

b=1
b6=a

(t(i)a − t
(i)
b − h) .

Recall the permutations σI , I ∈ Iλ , defined in Section 3.2.

Lemma 4.3 ([RTV1]). We have WJ(ΣI ; z ; h) = 0 unless I = J or |σI | > |σJ | , and

(4.6) WI(ΣI ; z ; h) = cλ(ΣI ; h)

N−1∏

j=1

N∏

k=j+1

∏

a∈Ij

( ∏

b∈Ik
b<a

(za− zb)
∏

b∈Ik
b>a

(za − zb − h)

)
.

Lemma 4.4. For any J ∈ Iλ , the polynomial WJ(ΣI ; z ; h) is divisible by

cλ(ΣI ; h)
N−1∏

j=1

N∏

k=j+1

∏

a∈Ij

∏

b∈Ik
b>a

(za − zb − h) .

Lemma 4.4 is a version of [RTV2, Lemma 3.1, item (I)]. A stronger more technical analogue
of Lemma 4.4 is given by Lemma 4.14 in Section 4.5.

Let σ0 be the longest permutation, σ0(i) = n+ 1− i , i− 1, . . . , n . For I ∈ Iλ , define

(4.7) W̌I(t; z ; h) = Wσ0(I)(t; zn, . . . , z1 ; h) .
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Set

(4.8) Rλ(z) =
N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

(za − zb) , Qλ(z ; h) =
N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

(za− zb − h) ,

For σ ∈ Sn , denote zσ = (zσ(1), . . . , zσ(n)) .

Proposition 4.5 ([RTV1, Lemma 3.4]). The functions WI(t; z ; h) and W̌J(t; z ; h) are

biorthogonal,

(4.9)
∑

I∈Iλ

WJ (ΣI ; z ; h) W̌K(ΣI ; z ; h)

c2λ(ΣI ; h)Rλ(zσI
)Qλ(zσI

; h)
= δJ,K .

Corollary 4.6. We have

(4.10)
∑

I∈Iλ

WI(ΣJ ; z ; h) W̌I(ΣK ; z ; h) = δJ,K c2λ(ΣJ ; h)Rλ(zσJ
)Qλ(zσJ

; h) .

4.2. Master function. Let φ(x, h, κ) = Γ(x/κ) Γ
(
(h− x)/κ

)
. Define the master function:

Φλ(t; z ; h; q ; κ) = (eπ
√
−1 (n−λN )qN )

∑n
a=1 za/κ

N−1∏

i=1

(
eπ

√
−1 (λi+1−λi)

qi
qi+1

)∑λ(i)

a=1 t
(i)
a /κ

×(4.11)

×
N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

1

(t
(i)
a − t

(i)
b − h)φ(t

(i)
a − t

(i)
b , h, κ)

λ(i+1)∏

c=1

φ(t(i)a − t(i+1)
c , h, κ)

)
,

where λ(N) = n and t
(N)
a = za , a = 1, . . . , n . The function Φλ(t; z ; h; q ; κ) is symmetric

in the variables t
(i)
1 , . . . , t

(i)

λ(i) for each i = 1, . . . , N − 1.

4.3. Jackson integrals. Let λ{1} =
∑N−1

i=1 λ(i) . Consider the space Cλ{1}× Cn× C × CN

with coordinates t, z, h, q . The lattice κZλ{1}
naturally acts on this space by shifting the

t-coordinates.

For a function of f(t) and a point s ∈ Cλ{1}
, define Rest=s f(t) to be the iterated residue,

Rest=s f(t) = Res
t
(1)
1 =s

(1)
1

. . . Res
t
(1)

λ(1)
=s

(1)

λ(1)

. . . Res
t
(N−1)
1 =s

(N−1)
1

. . . Res
t
(N−1)

λ(N−1)
=s

(N−1)

λ(N−1)

f(t) .

Let L′ be the complement in Cn× C of the union of the hyperplanes

(4.12) h = mκ , za− zb = mκ , za − zb + h = mκ ,

for all a, b = 1, . . . , n , a 6= b , and all m ∈ Z60 . Let L′′⊂ CN be the domain

(4.13) |qi+1/qi| < 1 , i = 1, . . . , N − 1 ,

with additional cuts fixing a branch of log qi for all i = 1, . . . , N . Set L = L′× L′′ ⊂
C

n× C× C
N .
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Let l =
(
l
(1)
1 , . . . , l

(1)

λ(1) , . . . , l
(N−1)
1 , . . . , l

(N−1)

λ(N−1)

)
∈ Zλ{1}

. By convention, set l
(i)
a = 0 for

a > λ(i) or i = N .

Let f(t; z ; h; q) be a polynomial in t and a holomorphic function of z, h, q in L . For

(z ; h; q) ∈ L , define

(4.14) MJ(Φλf)(z ; h; q ; κ) =
∑

l∈Zλ{1}

Rest=ΣJ−lκ

(
Φλ(t; z ; h; q ; κ)f(t; z ; h; q)

)
.

This sum is called the Jackson integral over the discrete cycle Σ̂J ⊂ Cλ{1}× Cn× C× CN,

Σ̂J = {(ΣJ − lκ; z ; h; q) | l ∈ Z
λ{1}

, (z ; h; q) ∈ L} .

Notice that the master function Φλ(t; z ; h; q ; κ) has only simple poles, and

Rest=ΣJ−lκ

(
Φλ(t; z ; h; q ; κ)f(t; z ; h; q)

)
=

= f(ΣJ − lκ; z ; h; q) Rest=ΣJ−lκ Φλ(t; z ; h; q ; κ) .

A closed expression for the residue Rest=ΣJ−lκ Φλ(t; z ; h; q ; κ) is given by Lemma 4.7 below.

Recall cλ(t; h) , see (4.5). Set

(4.15) Mλ(z ; κ) =
N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

sin
(
π (za− zb)/κ

)

πeπ
√
−1(za+zb)/κ

,

and

(4.16) Aλ(t; z ; h; κ) =

N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ
(
1 + (t

(i)
b − t

(i)
a )/κ

)

Γ
(
(t

(i)
b − t

(i)
a + h)/κ

)
λ(i+1)∏

c=1

Γ
(
(t

(i+1)
c − t

(i)
a + h)/κ

)

Γ
(
1 + (t

(i+1)
c − t

(i)
a )/κ

)
)
.

Lemma 4.7. If l 6∈ Zλ{1}

>0 , then Rest=ΣJ−lκ Φλ(t; z ; h; q; κ) = 0 . For l ∈ Zλ{1}

>0 ,

Rest=ΣJ−lκ Φλ(t; z ; h; q ; κ) =(4.17)

=
κλ{1}

Aλ(ΣJ − lκ; z ; h; κ)

Mλ(zσJ
; κ)cλ(ΣJ − lκ; h)

N∏

i=1

q
∑

a∈Ji
za/κ

i

N−1∏

i=1

(qi+1/qi)
∑λ(i)

a=1 l
(i)
a .

In particular,

Rest=ΣJ
Φλ(t; z ; h; q ; κ) =

(
κΓ(h/κ)

)λ{1}

cλ(ΣJ ; h)

N∏

i=1

(
eπ

√
−1 (n−λi) qi

)∑

a∈Ji
za/κ ×(4.18)

×
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

Γ
(
(za− zb)/κ

)
Γ
(
(zb − za+ h)/κ

)
.

By Lemma 4.7, the actual summation in formula (4.14) is only over the positive cone of
the lattice,

(4.19) MJ(Φλf)(z ; h; q ; κ) =
∑

l∈Zλ{1}

>0

f(ΣJ − lκ; z ; h; q) Rest=ΣJ−lκΦλ(t; z ; h; q ; κ) .
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4.4. Solutions of the dynamical and qKZ equations. For J ∈ Iλ , define

(4.20) ΨJ(z ; h; q ; κ) =
(
κΓ(h/κ)

)−λ{1}

Ωλ(h; q ; κ)
∑

I∈Iλ

MJ(ΦλWI)(z ; h; q ; κ) vI ,

where

(4.21) Ωλ(h; q ; κ) =

N−1∏

i=1

N∏

j=i+1

(1− qj/qi)
hλi/κ .

Definition 4.8. Say that a function f(q) is holomorphic in the unit polydisk around q = ≀0
if f(q) = g(q2/q1, . . . , qN/qN−1) for a function g(s1, . . . , sN−1) holomorphic in s1, . . . , sN−1 ,

provided |si | < 1 for all i = 1, . . . , N − 1 . Denote f( ≀0) = g(0, . . . , 0) .

In the given definition, we described homogeneous functions of q that have behave regularly
as the ratios of the subsequent coordinates approaches zero. The symbol ≀0 used in the
definition is formal and does not represent any point of C

n.

Theorem 4.9. The (CN)⊗n
λ -valued function ΨJ(z ; h; q ; κ) is a solution of the joint system

of dynamical differential equations (2.7) and qKZ difference equations (2.5). It has the form

ΨJ(z ; h; q ; κ) = Ψ
⋄

J(z ; h; q ; κ)

N∏

i=1

(
eπ

√
−1 (n−λi) qi

)∑
a∈Ji

za/κ ×(4.22)

×
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

( ∏

b∈Jj

Γ
(
1 + (zb − za + h)/κ

)

sin
(
π (za− zb)/κ

)
∏

c∈Jj
c<a

1

za − zc − h

)
,

where the function Ψ
⋄

J(z ; h; q ; κ) is entire in z, h and holomorphic in q in the unit polydisk

around q = ≀0 . In more detail,

Ψ
⋄

J(z ; h; q ; κ) =
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

−πκ

Γ
(
1 + (zb − za)/κ

) ×(4.23)

×
(
Ψ

⋄

J,0(z ; h) +
∑

m∈ZN−1
>0

m 6=0

Ψ
⋄

J,m(z ; h; κ)

N−1∏

i=1

(qi+1/qi)
mi

)
,

where

Ψ
⋄

J,0(z ; h) =
1

cλ(ΣJ ; h)

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj
b>a

1

za − zb − h
×(4.24)

×
(
WJ(ΣJ ; z ; h) vJ +

∑

I∈Iλ
|σI|<|σJ|

WI(ΣJ ; z ; h) vI

)

is a polynomial in z, h , and Ψ
⋄

J,m(z ; h; κ) for m 6= 0 are rational functions of z, h, κ with

at most simple poles on the hyperplanes za− zb ∈ κZ>0 for a ∈ Ji , b ∈ Jj , 1 6 i < j 6 N .
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Furthermore, for any transposition sa,b ∈ Sn ,

(4.25) Ψ
⋄

J(z ; h; q ; κ)
∣∣
za=zb

= Ψ
⋄

sa,b(J)
(z ; h; q ; κ)

∣∣
za=zb

.

Proof. The fact that ΨJ(z ; h; q ; κ) solves the dynamical equations (2.7) is proved in [TV6,
Theorem 8.4], and the fact that ΨJ(z ; h; q ; κ) solves the qKZ equations (2.5) is proved in
[TV1, Theorem 1.5.2], cf. [TV4].

Analytic properties of Ψ
⋄

J(z ; h; q; κ) are proved in Section 4.5. The fact that the right-
hand side of formula (4.24) is a polynomial in z, h follows from Lemmas 4.3, 4.4. �

The functions ΨJ(z ; h; q ; κ) are called the multidimensional hypergeometric solutions of
the dynamical equations. In [TV5], we constructed another type of solutions of the dynamical
equations using multidimensional hypergeometric integrals.

The next theorem computes the determinant of coordinates of solutions ΨJ(z ; h; q ; κ)
and is analogous to [TV6, Theorem 11.3].

Theorem 4.10. Let n > 2 . Then

det
(
Ωλ(q , κ)MJ(ΦλWI)(z ; h; q ; κ)

)
I,J∈Iλ

=(4.26)

=
(
κΓ(h/κ)

)λ{1}dλ
(
e2π

√
−1 (n−1)d

(2)
λ

N∏

i=1

q
d
(1)
λ,i

i

)∑n
a=1 za/κ ×

×
n−1∏

a=1

n∏

b=a+1

(
πκ2Γ

(
(za− zb + h)/κ

)
Γ
(
1 + (zb − za + h)/κ

)

sin
(
π (za − zb)/κ

)
)d

(2)
λ

,

where λ{1} =
∑N−1

i=1 (N− i)λi ,

(4.27) dλ =
n!

λ1 ! . . . λN !
, d

(1)
λ,i =

λi (n− 1)!

λ1 ! . . . λN !
, d

(2)
λ =

(n− 2)!

λ1 ! . . . λN !

N−1∑

i=1

N∑

j=i+1

λiλj .

Proof. Denote by F (z ; q) the determinant in the left-hand side of formula (4.26). By
Theorem 4.9, it solves the differential equations

(
κqi

∂

∂qi
− trXi(z ; h; q)|(CN )⊗n

λ

)
F (z ; q) = 0 , i = 1, . . . , N ,

where Xi(z ; h; q)|(CN )⊗n
λ

are the restrictions of dynamical Hamiltonians (2.8) to the invariant

subspace (CN)⊗n
λ . Since trXi(z ; h; q)|(CN )⊗n

λ

= d
(1)
λ,i

∑n
a=1 za , the function F (z ; q) equals

the product of powers of q1, . . . , qn in the right-hand side of formula (4.26) multiplied by a
factor that does not depend on q . This factor can be found by taking the limit qi+1/qi → 0
for all i = 1, . . . , N − 1 , using Theorem 4.9. �
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Remark 4.11. By Theorem 4.9, the determinant F (z ; q) in Theorem 4.10 solves the dif-
ference equations

(4.28) F (z1, . . . , za + κ, . . . , zn; q) = detKa(z ; h; q ; κ)|(CN )⊗n
λ

F (z ; q) , a = 1, . . . , n ,

where Ka(z ; h; q ; κ)|(CN )⊗n
λ

are the restrictions of the qKZ operators (2.3) to the invariant

subspace (CN)⊗n
λ . Equations (4.28) determine the product of Gamma functions in the right-

hand side of formula (4.26) up to a κ-periodic function of z1, . . . , zn .

4.5. Proof of Theorem 4.9. Recall λ{1} =
∑N−1

i=1 λ(i). Set λ{2} =
∑N−1

i=1

(
λ(i)

)2
and

λ{2} =
∑

16i<j6N λiλj . Notice the homogeneity properties

Φλ(t; z ; h; q ; κ) = κλ{1}−λ{2}

Φλ(t/κ; z/κ; h/κ; q ; 1) ,(4.29)

ΨJ(z ; h; q; κ) = κλ{1}+λ{2}ΨJ(z/κ; h/κ; q ; 1) .

To simplify writing, we assume in this section that κ = 1 and omit the corresponding
argument in all functions. The general case can be recovered by the homogeneity.

Recall Imin
λ , Aλ(t; z ; h), see (3.6), (4.16). For l ∈ Zλ{1}

>0 , define

(4.30) Bl(z ; h) =
Aλ(ΣImin

λ

− l; z ; h)

cλ(ΣImin
λ

− l; h)
.

Set

(4.31) Zλ = { l ∈ Z
λ{1}

>0 | l(i)a > l(i+1)
a , i = 1, . . . , N − 1 , a = 1, . . . , λ(i)} .

Lemma 4.12. If l 6∈ Zλ , then Bl(z ; h) = 0 . For l ∈ Zλ ,

Bl(z ; h) =
N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ(zb − za+ l
(i)
a − l

(i)
b + 1) Γ(zb − za+ l

(i)
a − l

(i+1)
b + h)

Γ(zb − za+ l
(i)
a − l

(i)
b + h+ 1) Γ(zb − za+ l

(i)
a − l

(i+1)
b + 1)

×(4.32)

× Γ(l
(i)
a − l

(i+1)
a + h)

(l
(i)
a − l

(i+1)
a )!

λ(i+1)∏

c=λ(i)+1

Γ(zc− za+ l
(i)
a − l

(i+1)
c + h)

Γ(zc− za+ l
(i)
a − l

(i+1)
c + 1)

)
.

Recall zσ = (zσ(1), . . . , zσ(n)) and the permutations σI , I ∈ Iλ , defined in Section 3.2.

Let r = (r1, . . . , rN−1) . For I,J ∈ Iλ , define

(4.33) BI,J(z ; h; r) =
∑

l∈Zλ

Bl(z ; h)WI(ΣImin
λ

− l; zσ−1
J
; h)

N−1∏

i=1

r
∑λ(i)

a=1 l
(i)
a

i .

Set

(4.34) M̃λ(z ; h) =
N−1∏

i=1

λ(i)∏

a=1

(
sin(πh)

λ(i)∏

b=a+1

sin
(
π (za− zb)

)

za − zb

λ(i+1)∏

c=λ(i)+1

sin
(
π (za− zc − h)

))
,

Proposition 4.13. For any I,J ∈ Iλ , the function M̃λ(z ; h)BI,J(z ; h; r) is entire in z, h

and holomorphic in r provided |ri | < 1 for all i = 1, . . . , N − 1 .
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Proof. By Stirling’s formula, ratios of Gamma functions appearing in formula (4.32) have
the following asymptotics as k → +∞ over integers,

(4.35)
Γ(α + k)

Γ(β + k)
= kα−β

(
1 + o(1)

)
,

Γ(α− k)

Γ(β − k)
= kα−β sin(πα)

sin(πβ)

(
1 + o(1)

)
,

provided α and β are not integers in the second case, and these asymptotics can be differ-
entiated with respect to α and β .

The right-hand side of formula (4.33) allows one to present M̃λ(z ; h)BI,J(z ; h; r) as a
power series in r :

M̃λ(z ; h)BI(zσJ
; z ; h; r) =

∑

k∈ZN−1
>0

B̃I,J,k(z ; h)

N−1∏

i=1

r ki
i .

Formulae (4.32), (4.35) show that for given z, h , this series and its formal derivatives with
respect to z, h converge provided |ri| < 1 for all i = 1, . . . , N − 1 . Therefore, the function

M̃λ(z ; h)BI,J(z ; h; r) is holomorphic in r provided |ri | < 1 for all i = 1, . . . , N − 1 , and

is holomorphic in z, h whenever all the coefficients B̃I,J,k(z ; h) are holomorphic in z, h .

It remains to show that all the coefficients B̃I,J,k(z ; h) are entire in z, h . To this end, it

suffices to show that for any l ∈ Zλ , the product M̃λ(z ; h)Bl(z ; h)WI(ΣImin
λ

− l; zσ−1
J
; h)

is an entire function of z, h .

Take l ∈ Zλ and a 6= b . Since l
(i)
a > l

(i+1)
a and l

(i)
b > l

(i+1)
b , the ratio

sin
(
π (za− zb)

)
Γ(za − zb + l

(i)
b − l

(i)
a + 1)Γ(zb − za+ l

(i)
a − l

(i)
b + 1)

(za − zb) Γ(za − zb+ l
(i)
b − l

(i+1)
a + 1)Γ(zb − za + l

(i)
a − l

(i+1)
b + 1)

is an entire function of za , zb , and if l
(i)
b > l

(i+1)
b , then the ratio

Γ(zb − za+ l
(i)
a − l

(i+1)
b + h)

Γ(zb − za+ l
(i)
a − l

(i)
b + h+ 1)

is a polynomial in za , zb , h . Set

(4.36) Fl(z ; h) =

N−1∏

i=1

λ(i)∏

a=1

λ(i)∏

b=1

b6=a, l
(i)
b

= l
(i+1)
b

(zb − za+ l(i)a − l
(i)
b + h) .

Then by formulae (4.32), (4.34), the product M̃λ(z ; h)Bl(z ; h)Fl(z ; h) is an entire function

of z, h . Since by Lemma 4.14 below, the ratio WI(ΣImin
λ

− l; zσ−1
J
; h)/Fl(z ; h) is a polyno-

mial in z, h , the product M̃λ(z ; h)Bl(z ; h)WI(ΣImin
λ

− l; zσ−1
J
; h) is an entire function of

z, h too. Proposition 4.13 is proved. �

Lemma 4.14. Let Fl(z ; h) be given by (4.36). Then the ratio WI(ΣImin
λ

− l; zσ−1
J
; h)/Fl(z ; h)

is a polynomial in z, h .

Proof. The proof is by inspection, similarly to the proof of Lemma 4.4. �
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Proof of Theorem 4.9. Recall that we assume κ = 1 and skip the corresponding argument
in all functions. By formulae (4.19), (4.30) – (4.33), and Lemmas 4.7, 4.12,

MJ(ΦλWI)(z ; h; q) = BI,J(zσJ
; h; q2/q1, . . . , qN/qN−1) ×(4.37)

×
N∏

i=1

(
eπ

√
−1 (n−λi) qi

)∑

a∈Ji
za

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

π

sin
(
π (za − zb)

) .

Then by formulae (4.20), (4.22), (4.37), we have

Ψ
⋄

J(z ; h; q) =
∑

I∈Iλ

BI,J(zσJ
; h; q2/q1, . . . , qN/qN−1) vI ×(4.38)

× Ωλ(q)
(
Γ(h)

)λ{1}

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

( ∏

b∈Jj

π

Γ(zb − za + h+ 1)

∏

c∈Jj
c<a

(za− zc − h)

)
.

By Proposition 4.13, the function in the right-hand side of formula (4.38) is holomorphic in
q in the unit polydisk around ≀0 , and may have poles in z, h at most at the hyperplanes
za − zb ∈ Z 6=0 for a 6= b , za − zb − h ∈ Z>0 for a ∈ Ji , b ∈ Jj , i < j , and h ∈ Z>0 .
To complete the proof of Theorem 4.9, it remains to show that those poles do not actually
occur.

For the hyperplanes za − zb ∈ Z 6=0 , a 6= b , we will show the regularity of the function

Mλ(zσJ
)ΨJ(z ; h; q) . Observe that Mλ(zσJ

)ΨJ(z ; h; q) is regular at the hyperplanes za = zb
for all a 6= b , and solves qKZ difference equations (2.5). Since all the qKZ operators
K1(z ; h; q), . . . , Kn(z ; h; q) and their inverses are regular at the hyperplanes za − zb ∈ Z

for a 6= b , the function Mλ(zσJ
)ΨJ(z ; h; q) is regular at all hyperplanes za − zb ∈ Z for

a 6= b .

To deal with the hyperplanes za− zb− h ∈ Z>0 and h ∈ Z>0 , we will show that for given
z , the function Ψ

⋄

J(z ; h; q) is entire in h , and it suffices to do it for generic z .

To simplify writing, we will omit the argument z in all functions for a while. Let r =
(r1, . . . , rN−1) and r∗ = (1, r1 , r1r2 , . . . , r1 . . . rN−1) . Denote F (h; r) = Ψ

⋄

J(h; r∗) , so that

Ψ
⋄

J(h; q) = F (h; q2/q1, . . . , qN/qN−1) .

Recall the dynamical operators X1, . . . , XN , see (2.8). Set

X(i)(h; r) =
N∑

j=i+1

(
Xj(h; r∗) −

∑

a∈Jj

za

)∣∣∣
(CN )⊗n

λ

, i = 1, . . . , N − 1 .

The dynamical differential equations (2.7) for ΨJ(h; q) are equivalent to the following equa-
tions for F (h; r),

(4.39) ri
∂

∂ri
F (h; r) = X(i)(h; r)F (h; r) , i = 1, . . . , N − 1 .

The operators X(1)(h; r), . . . , X(N−1)(h; r) are linear functions in h and rational functions

in r , regular provided |ri | < 1 for all i = 1, . . . , N − 1 . The eigenvalues of the operator
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X(i)(h; 0) for a given i are
∑N

j=i+1

(∑
a∈Ij za − ∑

a∈Jj za
)
, I ∈ Iλ . Hence, one of the

eigenvalues of X(i)(h; 0) equals zero and all other eigenvalues are not integers for generic z .
Therefore, a solution F (h; r) of equations (4.39) holomorphic |ri | < 1 for all i , is uniquely
determined by the value F (h; 0) , and F (h, r) is holomorphic in h whenever F (h; 0) is.
The value F (h; 0) = Ψ

⋄
(h; ≀0) can be found from formulae (4.20), (4.18), (4.32), (4.33),

(4.37), (4.38). It is a polynomial in h by Lemmas 4.3, 4.4. Therefore, F (h, r) is an entire
function of h , and so is Ψ

⋄
(h; q) .

Formulae (4.23), (4.24), (4.25), and the rationality of Ψ
⋄

J,m(z ; h) follow from formulae
(4.20), (4.30) – (4.33), (4.37), (4.38), and Lemma 4.3. The properties of poles of Ψ

⋄

J,m(z ; h)
are determined by the analytic properties of Ψ

⋄

J(z ; h; q) . The fact that Ψ
⋄

J,0(z ; h) is a
polynomial in z, h follows from Lemma 4.4. �

4.6. Solutions of the dynamical and qKZ equations parametrized by Laurent

polynomials. In the sequel, we will use the following notation. For any variable x , there
is the companion x́ , and for any function f(x́) , we set f́(x; κ) = f(e2π

√
−1x/κ) . The

convention for collections of variables is similar. For instance, ź = (ź1, . . . , źn) and f́(z ; κ) =

f(e2π
√
−1 z1/κ, . . . , e2π

√
−1 zn/κ) .

Introduce the variables γi,j , i = 1, . . . , N , j = 1, . . . , λi . Denote

(4.40) Γ = (γ1,1, . . . , γ1,λ1 , . . . , γN,1, . . . , γN,λN
) , Γ́±1 = (γ́±1

1,1, . . . , γ́
±1
N,λN

) .

Recall zσ = (zσ(1), . . . , zσ(n)) , and the permutations σI , I ∈ Iλ , defined in Section 3.2. For

a Laurent polynomial P (Γ́; ź; h́) , set

(4.41) ΨP (z ; h; q ; κ) =
∑

J∈Iλ

Ṕ (zσJ
; z ; h; κ) ΨJ(z ; h; q ; κ) ,

where the functions ΨJ(z ; h; q ; κ) , are given by (4.20).

Proposition 4.15. The function ΨP (z ; h; q ; κ) is a solution of the joint system of dynamical

differential equations (2.7) and qKZ difference equations (2.5).

Proof. By Theorem 4.9, the function ΨP (z ; h; q ; κ) solves the system of equations (2.7) and

(2.5) since Ṕ (zσJ
; z ; h; κ) does not depend on q and is κ-periodic function in each of the

variables z1, . . . , zn . �

Let C[Γ́±1]Sλ be the space of Laurent polynomials in Γ́ symmetric in γ́i,1, . . . , γ́i,λi
for

each i = 1, . . . , N .

Proposition 4.16. For any P ∈ C[Γ́±1]Sλ ⊗ C[ź±1, h́±1] , the function ΨP (z ; h; q ; κ) is

holomorphic in z, h, q provided za − zb + h 6∈ κZ60 for all a, b = 1, . . . , n , a 6= b , and

|qi+1/qi| < 1 for all i = 1, . . . , N − 1 , with a branch of log qi fixed for each i = 1, . . . , N .

The singularities of ΨP (z ; h; q ; κ) at the hyperplanes za − zb + h ∈ κZ60 are simple poles.

Proof. By Theorem 4.9, we need only to show that ΨP (z ; h; q ; κ) is regular at the hyper-
planes za − zb ∈ κZ , a 6= b , where it might have simple poles.

The regularity of ΨP (z ; h; q ; κ) at the hyperplanes za = zb for all a 6= b follows from
formula (4.25). Since ΨP (z ; h; q ; κ) solves qKZ difference equations (2.5) and all the qKZ
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operators K1(z ; h; q; κ), . . . , Kn(z ; h; q; κ) and their inverses are regular at the hyperplanes
za − zb ∈ κZ , the function ΨP (z ; h; q; κ) is regular at all hyperplanes za − zb ∈ κZ ,
a 6= b . �

Denote by Sλ the space of solutions of the system of dynamical differential equations

(2.7) and qKZ difference equations (2.5) spanned over C by the functions ΨP (z ; h; q ; κ) ,

P ∈ C[Γ́±1]Sλ ⊗ C[ź±1, h́±1] . The space Sλ is a C[ź±1, h́±1]-module with f(ź ; h́) acting as

multiplication by f́(z ; h; κ) .

Define the algebra

(4.42) Kλ = C[Γ́±1]Sλ ⊗ C[ź±1, h́±1]
/〈 N∏

i=1

λi∏

j=1

(u− γ́i,j) =

n∏

a=1

(u− źa)
〉
,

where u is a formal variable. By (4.41), the assignment P 7→ ΨP defines a homomorphism

(4.43) µK

λ : Kλ → Sλ , Y 7→ ΨY ,

of C[ź±1, h́±1]-modules.

By Propositions A.2, A.3, the algebra Kλ is a free C[ź±1, h́±1]-module generated by the
classes

(4.44) YI(Γ) = VI(γ́
−1
1,1, . . . , γ́

−1
1,λ1

, . . . , γ́−1
N,1, . . . , γ́

−1
N,λN

) , I ∈ Iλ ,

where the polynomials VI are defined by formula (A.6). Introduce the coordinates of solu-
tions ΨYI

:

(4.45) ΨYI
(z ; h; q ; κ) =

∑

J∈Iλ

Ψ̄I,J(z ; h; q ; κ) vJ .

Theorem 4.17. Let n > 2 . Then

det
(
Ψ̄I,J(z ; h; q ; κ)

)
I,J∈Iλ

=
(
eπ

√
−1 (n−1)d

(2)
λ

N∏

i=1

q
d
(1)
λ,i

i

)∑n
a=1 za/κ

n−1∏

j=2

j (n−j)d
(2)
λ ×(4.46)

×
n−1∏

a=1

n∏

b=a+1

(
2π

√
−1 κ2 Γ

(
(za − zb + h)/κ

)
Γ
(
1 + (zb − za+ h)/κ

))d
(2)
λ ,

where d
(1)
λ,i , d

(2)
λ are given by formulae (4.27).

Proof. The statement follows from Theorem 4.10 and formula (A.7). �

Corollary 4.18. The map µK
λ : Kλ → Sλ is an isomorphism of C[ź±1, h́±1]-modules.

Remark 4.19. The algebra Kλ is the equivariant K-theory algebra KT×C×(T ∗Fλ ;C) of
the cotangent bundle of the partial flag variety Fλ , see the notation in Section 6.
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4.7. Levelt fundamental solution. Recall Definition 4.8 of a function f(q) holomorphic
in the unit polydisk around ≀0 . The dynamical Hamiltonians X1(z ; h; q), . . . , Xn(z ; h; q)
given by (2.8) are holomorphic in q in the unit polydisk around ≀0 and

(4.47) Xi(z ; h; ≀0) =
n∑

a=1

zae
(a)
i,i − h

∑

16a<b6n

( i−1∑

j=1

e
(a)
j,i e

(b)
i,j −

N∑

j=i+1

e
(a)
i,j e

(b)
j,i

)
.

Notice that for I ∈ Iλ ,

Xi(z ; h; ≀0) vI =
∑

a∈Ii

zavI +
∑

J∈Iλ
|σJ|<|σI|

ξi,I,J vJ ,

where the coefficients ξi,I,J take values 0,±h . Therefore, the eigenvalues of the restriction

of the operator Xi(z ; h; ≀0) on (CN )⊗n
λ are

∑
a∈Ii za , I ∈ Iλ . A more detailed statement is

given by Proposition 4.20 below.

Recall the function Ψ
⋄

I,0(z ; h) , I ∈ Iλ , given by (4.24).

Proposition 4.20. Given I ∈ Iλ , we have Xi(z ; h; ≀0)Ψ⋄

I,0(z ; h) =
∑

a∈Ii za Ψ
⋄

I,0(z ; h) , and

Ψ
⋄

I,0(z ; h) 6= 0 provided za 6= zb for all pairs a, b such that a < b and σ−1
I (a) > σ−1

I (b) .

Proof. The first part of the statement follows from Theorem 4.9. The nonvanishing of
Ψ

⋄

I,0(z ; h) is implied by formula (4.24) and Lemmas 4.3, 4.4. �

For I ∈ Iλ , set EI(z) =
(
E

(1)
I (z), . . . , E

(N−1)
I (z)

)
, where E

(i)
I (z) =

∑i
j=1

∑
a∈Ij za is

the eigenvalue of X1(z ; h; ≀0) + . . . + Xi(z ; h; ≀0) on Ψ
⋄

I,0(z ; h) . For I, J ∈ Iλ , denote by

DI,J the set of points z such that EI(z) − EJ(z) ∈ Z
N−1
>0 and EI(z) 6= EJ(z) . Set

Dλ =
⋃

I,J∈Iλ DI,J .

Theorem 4.21. (i) For any z, h such that za − zb 6∈ κZ 6=0 for all 1 6 a < b 6 n , there

exists an End
(
(CN)⊗n

λ

)
-valued function Ψ#(z ; h; q) , holomorphic in q in the unit polydisk

around ≀0 , such that Ψ#(z ; h; ≀0) is the identity operator and the function

(4.48) Ψ̂(z ; h; q ; κ) = Ψ
#
(z/κ; h/κ; q)

N∏

i=1

qXi(z/κ;h/κ; ≀0)
i ,

solves dynamical differential equations (2.7). For given z, h , the function Ψ#(z ; h; q) with

the specified properties is unique if and only if z 6∈ κDλ . Furthermore, det Ψ#(z ; h; q) = 1
and

(4.49) det Ψ̂(z ; h; q ; κ) =

N∏

i=1

q
d
(1)
λ,i

∑n
a=1 za/κ

i ,

where d
(1)
λ,1 , . . . , d

(1)
λ,N are given by formula (4.27).

(ii) Define the function Ψ#(z ; h; q) for generic z, h as in item (i). Then Ψ#(z ; h; q) is

holomorphic in z if za− zb 6∈ Z 6=0 for all 1 6 a < b 6 n , and is entire in h . The singu-

larities of Ψ#(z ; h; q) at the hyperplanes za − zb ∈ Z 6=0 are simple poles.
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The theorem is proved in Section 4.8. An explicit expression for the function Ψ#(z ; h; q)
is given by formula (4.60).

Following [AB, Chapter 2], we will call Ψ̂(z ; h; q ; κ) the Levelt fundamental solution of

dynamical differential equations (2.7) on (CN )⊗n
λ , see also [CV, Section 6.2].

For a (CN)⊗n
λ -valued solution Ψ(z ; h; q ; κ) of dynamical differential equations (2.7), de-

fine its principal term

(4.50) Ψ ≀0(z ; h; κ) = Ψ̂(z ; h; q ; κ)−1Ψ(z ; h; q ; κ) .

By Theorem 4.21, the principal term does not depend on q .

Set

(4.51) Cλ(z ; κ) =

N∏

i=1

eπ
√
−1 (n−λi)

∑λ(i)

a=λ(i−1)+1 za/κ

and

(4.52) Gλ(z ; h; κ) =

N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

Γ
(
(za− zb)/κ

)
Γ
(
(zb − za + h)/κ

)
.

Proposition 4.22. For a Laurent polynomial P (Γ́; ź; h́) , the principal term of the solution

ΨP (z ; h; q; κ) , given by (4.41), equals

(4.53) Ψ ≀0
P (z ; h; κ) =

∑

I,J∈Iλ

Ṕ (zσJ
; z ; h; κ)Cλ(zσJ

; κ)Gλ(zσJ
; h; κ)

WI(ΣJ ; z ; h)

cλ(ΣJ ; h)
vI .

Here cλ(ΣJ ; h) is given by formula (4.5).

The proposition is proved in Section 4.8.

4.8. Proofs of Theorem 4.21 and Proposition 4.22. To simplify writing, we assume in
this section that κ = 1 , similarly to Section 4.5, and omit the corresponding argument in
all functions. The general case can be recovered by the homogeneity properties (4.29).

Lemma 4.23. Given A ∈ End
(
(CN)⊗n

λ

)
, assume that the function

FA(z ; h; q) =

N∏

i=1

qXi(z;h; ≀0)
i A

N∏

i=1

q−Xi(z;h; ≀0)
i

is holomorphic in q in the unit polydisk around ≀0 , and FA(z ; h; ≀0) = 1 , the identity oper-

ator. Then A = 1 and FA(z ; h; q) = 1 , provided z 6∈ Dλ . On the other hand, if z ∈ Dλ ,

then there exists A 6= 1 such that the function FA(z ; h; q) has the requested properties and

is not a constant function of q .

Proof. The statement follows from a basic linear algebra reasoning. �

Proof of Theorem 4.21. For the uniqueness statement, assume that the function Ψ#(z ; h; q)
is as required in Theorem 4.21. Then the function Ψ#

1 (z ; h; q) has the same requested
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properties if and only if the product

E(z ; h) =
N∏

i=1

q−Xi(z;h; ≀0)
i Ψ#(z ; h; q)−1Ψ

#

1 (z ; h; q)
N∏

i=1

qXi(z;h; ≀0)
i

does not depend on q , whilst the function

F (z ; h; q) =
N∏

i=1

qXi(z;h; ≀0)
i E(z ; h)

N∏

i=1

q−Xi(z;h; ≀0)
i = Ψ#(z ; h; q)−1Ψ

#

1 (z ; h; q) .

is holomorphic in q in the unit polydisk around ≀0 , and F (z ; h; ≀0) is the identity operator.
Thus the uniqueness statement follows from Lemma 4.23.

Recall the functions Ψ
⋄

J(z ; h; q) and Ψ
⋄

J,0(z ; h) , see (4.23), (4.24). By Lemma 4.3,

(4.54) Ψ
⋄

J,0(z ; h) =
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj
b>a

1

za− zb − h

∑

I∈Iλ

WI(ΣJ ; z ; h)

cλ(ΣJ ; h)
vI .

Let Ψ#(z ; h; q) to be the operator such that for any I ∈ Iλ ,

Ψ
#
(z ; h; q) : vI 7→

∑

J∈Iλ

Ψ
⋄

J(z ; h; q)
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

Γ(zb − za)

π
×(4.55)

× W̌I(ΣJ ; z ; h)

cλ(ΣJ ; h)

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj
b<a

1

za − zb − h

We will verify below that the function Ψ#(z ; h; q) is as required in Theorem 4.21.

By Theorem 4.9, the functions Ψ
⋄

J(z ; h; q) are holomorphic in q in the unit polydisk

around ≀0 , hence so does Ψ#(z ; h; q) . Then Ψ#(z ; h; ≀0) is the identity operator by formulae
(4.23), (4.54), and orthogonality relation (4.9).

By formulae (4.9), (4.54), and Proposition 4.20,

N∏

i=1

qXi(z ;h; ≀0)
i vI =

∑

J,K∈Iλ

W̌I(ΣJ ; z ; h)WK(ΣJ ; z ; h)

c2λ(ΣJ ; h)Rλ(zσJ
)Qλ(zσJ

; h)

N∏

i=1

q
∑

a∈Ji
za

i vK .

Then by formulae (4.55), (4.10), (4.22), the functions

Ψ#(z ; h; q)
N∏

i=1

qXi(z ;h; ≀0)
i vI =

∑

J∈Iλ

ΨJ(z ; h; q)
W̌I(ΣJ ; z ; h)

cλ(ΣJ ; h)

N∏

i=1

eπ
√
−1 (λi−n)

∑

a∈Ji
za ×

×
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

−1

Γ(1 + za − zb)Γ(1− za + zb + h)

are linear combinations of the solutions ΨJ(z ; h; q) of dynamical differential equations (2.7)
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with coefficients independent of q . Hence, Ψ̂(z ; h; q) = Ψ#(z ; h; q)
∏N

i=1 qXi(z ;h; ≀0)
i solves

dynamical differential equations (2.7).

The determinant det Ψ̂(z ; h; q) satisfies the equations

(
qi

∂

∂qi
− trXi(z ; h; q)|(CN )⊗n

λ

)
det Ψ̂(z ; h; q) = 0 , i = 1, . . . , N ,

Since trXi(z ; h; q)| (CN )⊗n
λ

= trXi(z ; h; ≀0)| (CN )⊗n
λ

= d
(1)
λ,i (z1+ . . .+ zn) , where d

(1)
λ,i are given

by (4.27), the determinant det Ψ#(z ; h; q) does not depend on q . Therefore,

det Ψ#(z ; h; q) = det Ψ#(z ; h; ≀0) = 1 and det Ψ̂(z ; h; q) =
N∏

i=1

q
d
(1)
λ,i

∑n
a=1 za

i .

The functions Ψ
⋄

J(z ; h; q) in formula (4.55) are entire in z, h by Theorem 4.9, and the
expressions

W̌I(ΣJ ; z ; h)

cλ(ΣJ ; h)

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj
b<a

1

za− zb − h

are polynomials by Lemma 4.4 applied to the functions W̌I(t; z ; h) . Hence, Ψ#(z ; h; q) is

holomorphic in z, h provided za − zb 6∈ Z for all a 6= b . Moreover, Ψ#(z ; h; q) is regular
for za = zb by formula (4.25), and the singularities at the hyperplanes za − zb ∈ Z 6=0 are
simple poles. Theorem 4.21 is proved. �

Proof of Proposition 4.22. Denote by Ψ̄P (z ; h) the right-hand side of formula (4.53). Then

formula (4.41), Proposition 4.20, and Theorem 4.9 yield Ψ̂(z ; h; q) Ψ̄P (z ; h) = ΨP (z ; h; q) .

Hence by definition (4.50) of the principal term, Ψ ≀0
P (z ; h) = Ψ̄P (z ; h) . �

Consider the entries of Ψ#(z ; h; q) in the standard basis {vI , I ∈ Iλ} of (CN )⊗n
λ ,

(4.56) Ψ
#
(z ; h; q) : vJ 7→

∑

I∈Iλ

Ψ
#

I,J(z ; h; q) vI .

Recall the function A(t; z ; h; κ) at κ = 1 , see (4.16),

(4.57) A(t; z ; h) =

N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ(t
(i)
b − t

(i)
a + 1)

Γ(t
(i)
b − t

(i)
a + h)

λ(i+1)∏

c=1

Γ(t
(i+1)
c − t

(i)
a + h)

Γ(t
(i+1)
c − t

(i)
a + 1)

)
,

where λ(N) = n and t
(N)
a = za , a = 1, . . . , n . Notice that

A(ΣI ; z ; h) =
(
Γ(h)

)λ{1}
N−1∏

i=1

N∏

j=i+1

∏

a∈Ii

∏

b∈Ij

Γ(zb − za+ h)

Γ(zb − za+ 1)
,
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where λ{1} =
∑N−1

i=1 λ(i) . Recall the function Ωλ(h; q ; κ) at κ = 1 , see (4.21),

(4.58) Ωλ(h; q) =

N−1∏

i=1

N∏

j=i+1

(1− qj/qi)
hλi .

For l ∈ Zλ{1}
, set

(4.59) JI,J, l(z ; h) =
∑

K∈Iλ

A(ΣK− l; z ; h)WI(ΣK− l; z ; h) W̌J(ΣK ; z ; h)

Rλ(zσK
)Qλ(zσK

; h)A(ΣK ; z ; h) cλ(ΣK− l; h) cλ(ΣK ; h)
.

Proposition 4.24. We have

(4.60) Ψ
#

I,J(z ; h; q) = Ωλ(h; q)
∑

l∈Zλ{1}

>0

JI,J, l(z ; h)

N−1∏

i=1

(qi+1/qi)
∑λ(i)

a=1 l
(i)
a .

Proof. The statement follows from formula (4.55) and Theorem 4.9. �

4.9. The map Bλ . In Section 4.6, we introduced the space Sλ of (CN)⊗n
λ -valued solutions

of the joint system of dynamical differential equations (2.7) and qKZ difference equations
(2.5) spanned over C by the functions ΨP (z ; h; q ; κ) labeled by Laurent polynomials in

Γ́, ź, h́ ; we also defined the map

µK

λ : Kλ → Sλ , Y 7→ ΨY ,

see (4.43). In Section 4.7 we introduced the Levelt fundamental solution Ψ̂(z ; h; q ; κ)
of dynamical differential equations (2.7), see (4.48), (4.55). Denote by S ̂

λ the space of
(CN)⊗n

λ -valued solutions of dynamical differential equations (2.7) spanned over C by the

functions Ψ̂(z ; h; q ; κ)v , v ∈ (CN)⊗n
λ . Since det Ψ̂(z ; h; q ; κ) 6= 0 , see (4.49), there is an

isomorphism
µ̂

λ : (CN)⊗n
λ → S ̂

λ , v 7→ Ψ̂(z ; h; q ; κ)v .

Let L⊂ Cn× C be the complement of the union of the hyperplanes

(4.61) za− zb + h ∈ κZ60 , za− zb ∈ κZ6=0 , a, b = 1, . . . , n , a 6= b .

Denote by OL the ring of functions of z, h holomorphic in L . Let S
OL

λ be the space of

(CN)⊗n
λ -valued solutions of dynamical differential equations (2.7) holomorphic in q provided

|qi+1/qi| < 1 for all i = 1, . . . , N−1 , with a branch of log qi fixed for each i = 1, . . . , N , and

holomorphic in z, h in L . Both spaces Sλ and S ̂

λ are subspaces of S
OL

λ , see Proposition
4.16 and Theorem 4.21. Let

(4.62) µ
OL

λ : (CN)⊗n
λ ⊗C OL → S

OL

λ , v 7→ Ψ̂(z ; h; q ; κ)v ,

be the OL -linear extension of the map µ̂
λ .

Recall the functions

Cλ(z ; κ) =
N∏

i=1

eπ
√
−1 (n−λi)

∑λi
a=λ(i−1)+1 za/κ
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and

Gλ(z ; h; κ) =

N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

Γ
(
(za− zb)/κ

)
Γ
(
(zb − za + h)/κ

)
,

see (4.51), (4.52). Define a map

Bλ : Kλ → (CN)⊗n
λ ⊗C OL ,

[P ] 7→
∑

I,J∈Iλ

Ṕ (zσJ
; z ; h; κ)Cλ(zσJ

; κ)Gλ(zσJ
; h; κ)

WI(ΣJ ; z ; h)

cλ(ΣJ ; h)
vI ,(4.63)

where [P ] ∈ Kλ stands for the class of the Laurent polynomial P (Γ́; ź ; h́) . By Proposition
4.22, the map Bλ sends the class Y ∈ Kλ to the principal term of the solution ΨY of the
joint system of dynamical differential equations (2.7) and qKZ difference equations (2.5).

Proposition 4.25. The map Bλ : Kλ → (CN)⊗n
λ ⊗C OL is well-defined and the following

diagram is commutative,

(4.64) Kλ

Bλ
//

µK
λ

!!
❇❇

❇❇
❇❇

❇❇
(CN)⊗n

λ ⊗C OL

µ
OL
λ

}}⑤⑤
⑤⑤
⑤⑤
⑤⑤

S
OL

λ

Proof. By Lemma 4.4, poles of the sum in the right-hand side of (4.63) are at most those of
the function Gλ(z ; h; κ) and, therefore, in addition to hyperplanes (4.61) can occur only at
the hyperplanes za = zb , a 6= b. However, the sums

∑

J∈Iλ

Ṕ (zσJ
; z ; h; κ)Cλ(zσJ

; κ)Gλ(zσJ
; h; κ)

WI(ΣJ ; z ; h)

cλ(ΣJ ; h)

are regular at the hyperplanes za = zb for all a, b , by the standard reasoning. Hence, the
map Bλ is well-defined.

The commutativity of diagram (4.64) follows from Proposition 4.22. �

Remark 4.26. Since Ψ̂(z ; h; q ; κ) is holomorphic in z, h in L , and
(
det Ψ̂(z ; h; q; κ)

)−1
,

is entire in z, h , see (4.49), the inverse matrix Ψ̂(z ; h; q ; κ)−1 is holomorphic in z, h in L .

Therefore, for every Ψ ∈ S
OL

λ , its principal term Ψ ≀0 = Ψ̂−1Ψ , defined by (4.50), belongs to

(CN)⊗n
λ ⊗C OL , and there is an isomorphism S

OL

λ → (CN)⊗n
λ ⊗C OL , Ψ 7→ Ψ ≀0 . The inverse

map equals µ
OL

λ , see (4.62), so that, S
OL

λ = S ̂

λ ⊗C OL .

4.10. Example λ = (1, n − 1) . Throughout this section, let N = 2 and λ = (1, n − 1) .
Denote by [a] the element

(
{a}, {1, . . . , a − 1, a + 1, . . . , n}

)
∈ Iλ . The space (C2)⊗n

λ has

a basis v[1], . . . , v[n] , where v[a] = v
⊗(a−1)
2 ⊗ v1 ⊗ v

⊗(n−a)
2 . Clearly e

(a)
1,1v[b] = δa,b v[b] and

e
(a)
2,2v[b] = (1− δa,b) v[b] .



28 VITALY TARASOV AND ALEXANDER VARCHENKO

The qKZ operators K1, . . . , Kn , see (2.3), are

Ka(z ; h; q ; κ) = R(a,a−1)(za − za−1 + κ; h) . . . R(a,1)(za− z1 + κ; h) ×(4.65)

× q
e
(a)
1,1

1 q
e
(a)
2,2

2 R(a,n)(za− zn ; h) . . . R
(a,a+1)(zi − zi+1 ; h) .

The R-matrices in the right-hand side preserve the subspace (C2)⊗n
λ ⊂ (C2)⊗n, acting there

as follows,

R(a,b)(z ; h) v[a] =
z

z − h
v[a] −

h

z − h
v[b] , R(a,b)(z ; h) v[b] =

z

z − h
v[b] −

h

z − h
v[a] ,

R(a,b)(z ; h) v[c] = v[c] , c 6= a, b .

The qKZ difference equations (2.5) are

(4.66) f(z1, . . . , za + κ, . . . , zn; h; q; κ) = Ka(z ; h; q ; κ) f(z ; h; q ; κ) , a = 1, . . . , n .

The dynamical Hamiltonians X1 , X2 , see (2.8), act on (C2)⊗n
λ as follows

X1(z ; h; q)v[a] = za v[a] − h

a−1∑

b=1

v[b] −
hq2

q1− q2

n∑

b=1
b6=a

v[b] ,(4.67)

X2(z ; h; q)v[a] =
(
−X1(z ; h; q) +

n∑

b=1

zb

)
v[a] ,

and the dynamical differential equations (2.7) are

κq1
∂

∂q1
Ψ(z ; h; q ; κ) = X1(z ; h; q)Ψ(z ; h; q ; κ) ,(4.68)

κq2
∂

∂q2
Ψ(z ; h; q ; κ) = X2(z ; h; q)Ψ(z ; h; q ; κ) .

In this section, we use the variable t = t
(1)
1 . The substitution t = Σ[a] reads as t = za .

The weight functions are

(4.69) W[a](t; z ; h) =

a−1∏

b=1

(t− zb)

n∏

b=a+1

(t− zb − h) , a = 1, . . . , n .

We have cλ(t; h) = 1 , see (4.5). The permutations σ[1], . . . , σ[n] are

σ[a](1) = a , σ[a](b) = b− 1 , b = 1, . . . , a− 1 , σ[a](b) = b , b = a + 1, . . . , n ,
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and |σ[a] | = a− 1 . We have

W[a](za; z ; h) =

a−1∏

b=1

(za− zb)

n∏

b=a+1

(za− zb − h) ,(4.70)

W[a](zb; z ; h) = 0 , b = 1, . . . , a− 1 ,

and W[a](zb; z ; h) is divisible by the product
∏n

b=a+1(za − zb − h) for any b = 1, . . . , n ,

cf. Lemmas 4.3, 4.4

The functions W̌[a](t; z ; h) , see (4.7), are

(4.71) W̌[a](t; z ; h) =
a−1∏

b=1

(t− zb − h)
n∏

c=a+1

(t− zb) , a = 1, . . . , n .

Set
R̄a(z) =

n∏

b=1
b6=a

(za − zb) , Q̄a(z ; h) =

n∏

b=1
b6=a

(za− zb − h) , a = 1, . . . , n .

Then R̄a(z) = Rλ(zσ[a]
) , and Q̄a(z ; h) = Qλ(zσ[a]

; h) , where the functions Rλ(z) , Qλ(z ; h) ,

are given by (4.8). Biorthogonality relations (4.9) , (4.10) become

n∑

c=1

W[a](zc; z ; h) W̌[b](zc; z ; h)

R̄c(z)Q̄c(z ; h)
= δa,b ,

n∑

c=1

W[c](za; z ; h) W̌[c](zb; z ; h) = δa,b R̄a(z)Q̄a(z ; h) .

The master function, see (4.11), is

Φλ(t; z ; h; q ; κ) =

= (eπ
√
−1q2)

∑n
a=1 za/κ (eπ

√
−1 (n−2)q1/q2)

t/κ
n∏

a=1

Γ
(
(t− za)/κ

)
Γ
(
(za− t+ h)/κ

)
.

The hypergeometric solutions (4.20) of the joint system of differential equations (4.68) and
difference equations (4.66) have the form

Ψ[a](z ; h; q; κ) =
(1− q2/q1)

h/κ

κΓ(h/κ)

n∑

b=1

∞∑

l=0

Rest= za−lκΦλ(t; z ; h; q ; κ) W[b](za− lκ; h)v[b] ,

where the residues of the master function are

Rest= za−lκΦλ(t; z ; h; q; κ) = q
za/κ
1 q

∑n
c=1, c 6=a zc/κ

2

n∏

c=1
c 6=a

πeπ
√
−1(za+zc)/κ

sin
(
π (za− zc)/κ

) ×

× κ(q2/q1)
l Γ(l + h/κ)

l!

n∏

c=1
c 6=a

Γ
(
l + (zc− za + h)/κ

)

Γ
(
l + 1 + (zc− za)/κ

) .
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Determinant formula for coordinates of the hypergeometric solutions, see (4.26), is

det

( ∞∑

l=0

Rest= za−lκΦλ(t; z ; h; q ; κ)W[b](za− lκ; h)

)n

a,b=1

=(4.72)

=

(
q1 q

n−1
2

)∑n
a=1 za/κ

(
κΓ(h/κ)

)n

(1− q2/q1)nh/κ

n−1∏

a=1

n∏

b=a+1

πκ2Γ
(
(za− zb + h)/κ

)
Γ
(
1 + (zb − za + h)/κ

)

e−π
√
−1(za+zb)/κ sin

(
π (za − zb)/κ

) .

By formulae (4.69), (4.70), and the Vandermonde determinant formula, equality (4.72) trans-
forms to

det

( ∞∑

l=0

n∑

c=1

Res t= zc−lκ

(
ta−1e−2π

√
−1 (b−1)t/κ Φλ(t; z ; h; q ; κ)

))n

a,b=1

=(4.73)

=

(
q1 q

n−1
2

)∑n
a=1 za/κ

(
−2π

√
−1

)n(n−1)/2
κn(n+1)/2

(
Γ(h/κ)

)n

(1− q2/q1)nh/κ
×

×
n−1∏

a=1

n∏

b=a+1

Γ
(
(za− zb + h)/κ

)
Γ
(
(zb − za+ h)/κ

)
.

Let γ́ = γ́1,1 . For a Laurent polynomial P (γ́ ; ź ; h́) , we have

Ṕ (γ ; z ; h; κ) = P (e2π
√
−1 γ/κ ; e2π

√
−1 z1/κ, . . . , e2π

√
−1 zn/κ ; e2π

√
−1h/κ) .

The solution ΨP of differential equations (4.68) and difference equations (4.66) correspond-

ing to P (γ́ ; ź ; h́) is

(4.74) ΨP (z ; h; q ; κ) =
n∑

a=1

Ṕ (za; z ; h; κ) Ψ[a](z ; h; q ; κ) .

By Proposition 4.16, ΨP (z ; h; q ; κ) is holomorphic in z, h, q provided za − zb + h 6∈ κZ60

for all a, b = 1, . . . , n , a 6= b , and |q2/q1| < 1 with branches of log q1 and log q2 fixed. The
singularities of ΨP (z ; h; q ; κ) at the hyperplanes za − zb + h ∈ κZ60 are simple poles.

The solution ΨP (z ; h; q ; κ) can be written as an integral over a suitable contour C

encircling the poles of the product
∏n

a=1Γ
(
(t− za)/κ

)
counterclockwise and separating them

from the poles of the product
∏n

a=1Γ
(
(za − t + h)/κ

)
,

ΨP (z ; h; q ; κ) =(4.75)

=
(1− q2/q1)

h/κ

2π
√
−1 κΓ(h/κ)

∫

C

Ṕ (t; z ; h; κ) Φλ(t; z ; h; q ; κ)

n∑

a=1

W[a](t; z ; h) v[a] dt .

For instance, if h/κ is sufficiently large positive real, the integral can be taken over the
parabola

C = { h/2− κ
(
s2− s

√
−1

)
| s ∈ R } .



LANDAU–GINZBURG MIRROR FOR A PARTIAL FLAG VARIETY 31

Formula (4.75) can be used to give an alternative proof of analytic properties of the function
ΨP (z ; h; q; κ) .

Let Sλ be the space of solutions of the joint system of dynamical differential equations

(4.68) and qKZ difference equations (4.66) spanned over C by the functions ΨP (z ; h; q ; κ)

corresponding to Laurent polynomials P (γ́ ; ź ; h́) . The space Sλ is a C[ź±1, h́±1]-module

with f(ź ; h́) acting as multiplication by f(e2π
√
−1 z1/κ, . . . , e2π

√
−1 zn/κ ; e2π

√
−1h/κ) .

For λ = (1, n− 1) , the algebra Kλ , see (4.42), can be presented as follows

(4.76) Kλ = C[γ́±1, ź±1, h́±1]
/〈 n∏

a=1

(γ́ − źa) = 0
〉
.

The function ΨP (z ; h; q ; κ) depends only on the class of the Laurent polynomial P in Kλ .

The assignment P 7→ ΨP defines the homomorphism

µK

λ : Kλ → Sλ , Y 7→ ΨY ,

of C[ź±1, h́±1]-modules. Formula (4.73) implies that the homomorphism µK
λ is an isomor-

phism.

The algebra Kλ is the equivariant K-theory algebra KT×C×(T ∗CPn−1;C) of the cotangent

bundle of the projective space CPn−1, see the notation in Section 6.

Recall Definition 4.8 of a function f(q) holomorphic in the unit polydisk around q = ≀0 .
For example, the dynamical Hamiltonians X1 , X2 , see (4.67), are holomorphic in the unit
polydisk around q = ≀0 , and X1(z ; h; ≀0) , X2(z ; h; ≀0) act on (C2)⊗n

λ as follows

X1(z ; h; ≀0)v[a] = za v[a] − h

a−1∑

b=1

v[b] , X2(z ; h; ≀0)v[a] =
(
−X1(z ; h; ≀0) +

n∑

b=1

zb

)
v[a] ,

The Levelt fundamental solution Ψ̂(z ; h; q ; κ) , see (4.48), of differential equations (4.68)
is

Ψ̂(z ; h; q ; κ) = Ψ
#
(z/κ; h/κ; q) q

X1(z ;h; ≀0)/κ
1 q

X2(z ;h; ≀0)/κ
2 ,

where the End
(
(CN)⊗n

λ

)
-valued function Ψ#(z ; h; q) is as follows,

Ψ
#
(z ; h; q) : v[b] 7→

n∑

a=1

Ψ
#

a,b(z ; h; q) v[a] ,

Ψ
#

a,b(z ; h; q) =

= (1− q2/q1)
h

∞∑

l=0

(q2/q1)
l

n∑

c=1

W[a](zc − l; z ; h) W̌[b](zc; z ; h)

R̄c(z)Q̄c(z ; h)

n∏

d=1

l−1∏

m=0

zd− zc + h+m

zd− zc+ 1 +m
.

Furthermore, one has det Ψ#(z ; h; q) = 1 and det Ψ̂(z ; h; q ; κ) =
(
q1 q

n−1
2

)∑n
a=1 za/κ .



32 VITALY TARASOV AND ALEXANDER VARCHENKO

For a solution Ψ(z ; h; q ; κ) of dynamical differential equations (4.68), its principal term,
see (4.50), is

Ψ ≀0(z ; h; κ) = Ψ̂(z ; h; q ; κ)−1Ψ(z ; h; q; κ) .

The principal term of the solution ΨP (z ; h; q ; κ) , corresponding to a Laurent polynomial

P (γ́ ; ź ; h́) , see (4.53), equals

Ψ ≀0
P (z ; h; κ) =

n∑

a=1

v[a]

n∑

b=1

W[a](zb; z ; h) Ṕ (zb; z ; h; κ) e
π
√
−1((n−2)zb+

∑n
c=1 zc) ×(4.77)

×
n∏

c=1
c 6=b

Γ
(
(zb − zc)/κ

)
Γ
(
(zc− zb + h)/κ

)
.

Let L be the complement of the union of the hyperplanes

za− zb ∈ κZ6=0 , za − zb + h ∈ κZ60 , a, b = 1, . . . , n , a 6= b ,

cf. (4.61). Denote by OL the ring of functions of z, h holomorphic in L . The map

Bλ : Kλ → (CN )⊗n
λ ⊗C OL ,(4.78)

[P ] 7→
n∑

a=1

v[a]

n∑

b=1

W[a](zb; z ; h) Ṕ (zb; z ; h; κ) e
π
√
−1 ((n−2)zb+

∑n
c=1 zc)/κ ×

×
n∏

c=1
c 6=b

Γ
(
(zb − zc)/κ

)
Γ
(
(zc − zb + h)/κ

)
,

sends the class [P ] ∈ Kλ of the Laurent polynomial P (γ́ ; ź ; h́) to the principal term of
the solution ΨP of the joint system of differential equations (4.68) and difference equations
(4.66).

Let S
OL

λ be the space of (CN)⊗n
λ -valued solutions of dynamical differential equations

(4.68) holomorphic in q provided |q2/q1| < 1 with branches of log q1 and log q2 fixed, and

holomorphic in z, h in L . The space Sλ is a subspace of S
OL

λ .

Since the matrix Ψ̂(z ; h; q ; κ) is holomorphic in z, h in L , and
(
det Ψ̂(z ; h; q ; κ)

)−1
is

entire in z, h , the inverse matrix Ψ̂(z ; h; q ; κ)−1 is also holomorphic in z, h in L . Thus
the map

µ
OL

λ : (CN)⊗n
λ ⊗C OL → S

OL
λ , v 7→ Ψ̂(z ; h; q ; κ)v ,

gives an isomorphism of OL -modules. Furthermore, the following diagram is commutative,

Kλ

Bλ
//

µK
λ

!!
❇❇

❇❇
❇❇

❇❇
(CN)⊗n

λ ⊗C OL

µ
OL
λ

}}⑤⑤
⑤⑤
⑤⑤
⑤⑤

S
OL

λ
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see Proposition 4.25.

5. Limit h → ∞ for solutions of the dynamical and qKZ equations

5.1. Limiting weight functions W ◦

I (t; z). For I ∈ Iλ , define the limiting weight functions

W
◦

I (t; z) = Sym
t
(1)
1 ,..., t

(1)

λ(1)

. . . Sym
t
(N−1)
1 ,..., t

(N−1)

λ(N−1)

U
◦

I (t; z) ,(5.1)

U
◦

I (t; z) =
N−1∏

j=1

λ(j)∏

a=1

( λ(j+1)∏

c=1

i
(j+1)
c <i

(j)
a

(t(j)a − t(j+1)
c )

λ(j)∏

b=a+1

1

t
(j)
b − t

(j)
a

)
.

Recall the element Imin
λ and the permutation σI . Set

dI =

N−1∑

j=1

λ(j)(λ(j+1) − 1)− |σI | .

Lemma 5.1. For I ∈ Iλ , we have

W
◦

I (t; z) = lim
h→∞

(−h)−dI WI(t; z ; h) .

Proof. The statement follows from formulae (4.2), (5.1) by induction on the length of σI . �

Example. Let N = 2, n = 2, λ = (1, 1), I = ({1}, {2}), J = ({2}, {1}). Then

W
◦

I (t; z) = 1 , W
◦

J (t; z) = t
(1)
1 − z1 .

Lemma 5.2. We have W ◦

Imin
λ

(t; z) = 1 and

(5.2) W
◦

σ0(Imin
λ

)(t; z) =

N−1∏

j=1

λ(j)∏

a=1

λ(j+1)∏

b=λ(j)+1

(t(j)a − zn−b+1) ,

where σ0 ∈ Sn is the longest permutation, σ0(a) = n+ 1− a , a = 1, . . . , n .

Let Υλ = { i | λi+1 6= 0 } ⊂ {1, . . . , N − 1} .
Lemma 5.3. For the transpositions sλ(i), λ(i)+1 , i ∈ Υλ, we have

(5.3) W
◦

s
λ(i),λ(i)+1

(Imin
λ

)(t; z) =

λ(i)∑

j=1

(t
(i)
j − zj) .

Lemmas 5.2 and 5.3 are proved in Appendix C

The following lemma describes the h → ∞ limit of the three-term relations of Lemma
4.1 for functions W ◦

I (t; z ; h) .

Lemma 5.4. For any I ∈ Iλ , i = 1, . . . , N − 1 , and a = 1, . . . , n− 1 , we have

W
◦

sa,a+1(I)
(t; z) =

W ◦

I (t; z)−W ◦

I (t; z1, . . . , za+1, za, . . . , zn)

za+1 − za
,

if |sa,a+1σI | < |σI | , and W ◦

I (t; z1, . . . , za+1, za, . . . , zn) = W ◦

I (t; z) , otherwise.
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Proof. Notice that σsa,a+1(I) = sa,a+1σI unless sa,a+1(I) = I . Now the statement follows

from Lemmas 5.1 and 4.1. �

Remark 5.5. Define the operators ∆1, . . . ,∆n−1 acting on functions of z1, . . . , zn :

∆af(z) =
f(z)− f(z1, . . . , za+1, za, . . . , zn)

za − za+1

.

They satisfy the nil-Coxeter relations,

∆2
a = 0 , ∆a∆b = ∆b∆a , |a− b| > 1 , ∆a∆a+1∆a = ∆a+1∆a∆a+1 ,

for any a, b .

Denote y = (y1, . . . , yn) . Let the functions W̃ ◦

I (y; z) be obtained from W ◦

I (t; z) by

the substitution t
(i)
j = yj , i = 1, . . . , N − 1 , j = 1, . . . , λ(i) . By Lemmas 5.2, 5.4, B.4,

and Proposition B.3, the functions W̃ ◦

I (y; z) coincide with the A-type double Schubert
polynomials Sσ(y ; z) ,

(5.4) W̃
◦

I (y; z) = SσI
(y ; z) .

For I ∈ Iλ , define

(5.5) W̌
◦

I (t; z) = W
◦

σ0(I)
(t; zn, . . . , z1) ,

where σ0 is the longest permutation. Recall Rλ(z) , see (4.8), and zσ = (zσ(1), . . . , zσ(n)) .

Lemmas 5.6 and 5.7 below follow by Lemma 5.1 from Lemma 4.3, Proposition 4.5, and
Corollary 4.6, respectively. Lemmas 5.6 and 5.7 are equivalent to the vanishing and orthog-
onality properties of the double Schubert polynomials.

Lemma 5.6. For I, J ∈ Iλ , we have W ◦

J (ΣI ; z ; h) = 0 unless I = J or |σI | > |σJ | , and

(5.6) W
◦

I (ΣI ; z) =

N−1∏

j=1

N∏

k=j+1

∏

a∈Ij

∏

b∈Ik
b<a

(za− zb) .

Lemma 5.7. The functions W ◦

I (t; z) and W̌ ◦

J (t; z) are biorthogonal,

(5.7)
∑

I∈Iλ

W ◦

J (ΣI ; z) W̌
◦

K(ΣI ; z)

Rλ(zσI
)

= δJ,K ,
∑

I∈Iλ

W
◦

I (ΣJ ; z) W̌
◦

I (ΣK ; z) = δJ,K Rλ(zσJ
) .

5.2. Limiting master function. Define the limiting master function:

Φ
◦

λ(t; z ;p; κ) = (κλN−npN)
∑n

a=1 za/κ
N−1∏

i=1

(
κλi+λi+1 pi/pi+1

)∑λ(i)

a=1 t
(i)
a /κ ×(5.8)

×
N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

1

Γ
(
(t

(i)
a − t

(i)
b )/κ

)
λ(i+1)∏

c=1

Γ
(
(t(i)a − t(i+1)

c )/κ
))

,
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where λ(N) = n and t
(N)
a = za , a = 1, . . . , n . The last formula can be also written as

Φ
◦

λ(t; z ;p; κ) = (κλN−npN)
∑n

a=1 za/κ
N−1∏

i=1

(
κλi+λi+1 pi/pi+1

)∑λ(i)

a=1 t
(i)
a /κ ×

×
N−1∏

i=1

λ(i)∏

a=1

( a−1∏

b=1

(t
(i)
a − t

(i)
b ) sin

(
π (t

(i)
b − t

(i)
a )/κ

)

πκ

λ(i+1)∏

c=1

Γ
(
(t(i)a − t(i+1)

c )/κ
))

,

Denote by Φ̃λ(t; z ; h;p; κ) the function obtained from the master function Φλ(t; z ; h; q ; κ)

by the substitution

(5.9) qi = pi h
∑N

j=i+1 λj −
∑i−1

j=1 λj eπ
√
−1 (λi−n) , i = 1, . . . , N ,

cf. (3.9).

Recall λ{1} =
∑N−1

i=1 λ(i), λ{2} =
∑N−1

i=1

(
λ(i)

)2
, λ{2} =

∑
16i<j6N λiλj .

Lemma 5.8. For |arg(h/κ)| < π, we have

Φ
◦

λ(t; z ;p; κ) = lim
h→∞

(−h)λ
{2}−λ{1}(

Γ(h/κ)
)−λ{1}−λ{2} Φ̃λ(t; z ; h;p; κ) .

Proof. The statement follows from formulae (4.11), (5.8) by Stirling’s formula

(5.10)
Γ(α+ h/κ)

Γ(β + h/κ)
∼ (h/κ)α−β , h → ∞ , |arg(h/κ)| < π .

�

5.3. Solutions of the limiting dynamical and qKZ equations. For a polynomial
f(t; z) , define the Jackson integral

(5.11) MJ(Φ
◦

λf)(z ;p; κ) =
∑

l∈Zλ{1}

Rest=ΣJ−lκ

(
Φ

◦

λ(t; z ;p; κ)f(t; z)
)
, J ∈ Iλ .

Notice that the master function Φ◦

λ(t; z ;p; κ) has only simple poles, and

Rest=ΣJ−lκ

(
Φ

◦

λ(t; z ;p; κ)f(t; z)
)
= f(ΣJ − lκ; z) Rest=ΣJ−lκ Φ

◦

λ(t; z ;p; κ) .

A closed expression for the residue Rest=ΣJ−lκ Φ
◦

λ(t; z ;p; κ) is given by Lemma 5.9 below.

Set

(5.12) M
◦

λ(z ; κ) = π−λ{2}

N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

sin
(
π (za− zb)/κ

)
,

cf. (4.15), and

(5.13) A
◦
(t; z ; κ) =

N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ
(
1 + (t

(i)
b − t(i)a )/κ

) λ(i+1)∏

c=1

1

Γ
(
1 + (t

(i+1)
c − t

(i)
a )/κ

)
)
.
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Lemma 5.9. If l 6∈ Z
λ{1}

>0 , then Rest=ΣJ−lκ Φ
◦

λ(t; z ;p; κ) = 0 . For l ∈ Z
λ{1}

>0 ,

Rest=ΣJ−lκΦ
◦

λ(t; z ;p; κ) =
A◦

λ(ΣJ − lκ; z ; κ)

M ◦

λ(zσJ
; κ)

×(5.14)

× κλ{1}
N∏

i=1

(
κ
∑N

j=i+1 λj −
∑i−1

j=1 λj pi
)∑

a∈Ji
za/κ

N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)∑λ(i)

a=1 l
(i)
a .

In particular,

Rest=ΣJ
Φ

◦

λ(t; z ;p; κ) =(5.15)

= κλ{1}
N∏

i=1

(
κ
∑N

j=i+1 λj −
∑i−1

j=1 λj pi
)∑

a∈Ji
za/κ

N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

Γ
(
(za − zb)/κ

)
.

By Lemma 5.9, the actual summation in formula (5.11) is only over the positive cone of
the lattice,

(5.16) MJ(Φλf)(z ;p; κ) =
∑

l∈Zλ{1}

>0

f(ΣJ − lκ; z ;p) Rest=ΣJ−lκ Φ
◦

λ(t; z ;p; κ) .

Lemma 5.10. For |arg(h/κ)| < π, we have

Rest=ΣJ−lκΦ
◦

λ(t; z ;p; κ) =

= lim
h→∞

(−h)λ
{2}−λ{1}(

Γ(h/κ)
)−λ{1}−λ{2} Rest=ΣJ−lκ Φ̃λ(t; z ; h;p; κ) .

The convergence is uniform in l and locally uniform in z,p .

Proof. The claim follows from formulae (4.17), (5.9), (5.14) by Lemmas D.1, D.2 that are
detalization of Stirling’s formula (5.10). �

Define

(5.17) Ψ
◦

J(z ;p; κ) = κ−λ{1}

Ω
◦

λ(p; κ)
∑

I∈Iλ

MJ(Φ
◦

λW
◦

I )(z ;p; κ) vI ,

where

(5.18) Ω
◦

λ(p; κ) = e
∑◦

i<j pj/(κpi)

the sum taken over all pairs 1 6 i < j 6 N such that λi = 1 and λs = 0 for all s = i+ 1,

. . . , j .

Recall the function ΨJ(z ; h; q; κ) , see (4.20). Let Ψ̃J(z ; h;p; κ) be the function obtained
from ΨJ(z ; h; q ; κ) by substitution (5.9).

Proposition 5.11. For |arg(h/κ)| < π, we have

(5.19) Ψ
◦

J(z ;p; κ) = lim
h→∞

(
−hΓ(h/κ)

)−λ{2} (−h)
∑

b<c, j<k e
(b)
k,k

e
(c)
j,j Ψ̃J(z ; h;p; κ) .

The convergence is locally uniform in z,p .
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Proof. The statement follows from formulae (4.19), (4.20), (4.21), (5.16), (5.17), (5.18), and
Lemmas 5.1, 5.10. �

Definition 5.12. Say that a function f(p) is entire in p÷ if f(p) = g(p2/p1, . . . , pN/pN−1)
for an entire function g(s1, . . . , sN−1) . Denote f( ≀0) = g(0, . . . , 0) .

Theorem 5.13. The (CN )⊗n
λ -valued function Ψ◦

J(z ;p; κ) is a solution of the joint system

of dynamical differential equations (3.13) and qKZ difference equations (3.12). It has the

form

Ψ
◦

J(z ;p; κ) = Ψ
△

J (z ;p; κ)

N∏

i=1

(
κ
∑N

j=i+1 λj −
∑i−1

j=1 λj pi
)∑

a∈Ji
za/κ ×(5.20)

×
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

1

sin
(
π (za − zb)/κ

) ,

where the function Ψ△

J (z ;p; κ) is entire in z and is entire in p÷ . In more detail,

Ψ
△

J (z ;p; κ) =
N−1∏

i=1

N∏

j=i+1

∏

a∈Ji

∏

b∈Jj

π

Γ
(
1 + (zb − za)/κ

) ×(5.21)

×
(
Ψ

△

J,0(z) +
∑

m∈ZN−1
>0

m 6=0

Ψ
△

J,m(z ; κ)

N−1∏

i=1

(pi+1/pi)
mi

)
,

where

(5.22) Ψ
△

J,0(z) = W
◦

J (ΣJ ; z) vJ +
∑

I∈Iλ
|σI|<|σJ|

W
◦

I (ΣJ ; z) vI

is a polynomial in z , and Ψ△

J,m(z ; κ) for m 6= 0 are rational functions of z, κ with at

most simple poles on the hyperplanes za − zb ∈ κZ>0 for a ∈ Ji , b ∈ Jj , 1 6 i < j 6 N .

Furthermore, for any transposition sa,b ∈ Sn ,

(5.23) Ψ
△

J (z ;p; κ)
∣∣
za=zb

= Ψ
△

sa,b(J)
(z ;p; κ)

∣∣
za=zb

.

Proof. The statement follows from Theorem 4.9, Lemmas 3.2, 3.10, 5.1, 5.9, 5.10, and Propo-
sition 5.11. See also [TV6, Section 11]. �

The functions Ψ◦

J(z ;p; κ) are called the multidimensional hypergeometric solutions of the
dynamical equations 3.13 and qKZ difference equations (3.12).

The next theorem computes the determinant of coordinates of solutions Ψ◦

J(z ;p; κ) and
is analogous to [TV6, formula (11.23)].
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Theorem 5.14. Let n > 2 . Then

det
(
Ω

◦

λ(p, κ)MJ(Φ
◦

λW
◦

I )(z ;p; κ)
)
I,J∈Iλ

=(5.24)

= κλ{1}dλ

N∏

i=1

p d
(1)
λ,i

∑n
a=1 za/κ

i

n−1∏

a=1

n∏

b=a+1

(
πκ

sin
(
π (za− zb)/κ

)
)d

(2)
λ

,

where λ{1} =
∑N−1

i=1 (N− i)λi and dλ , d
(1)
λ,i , d

(2)
λ are given by formulae (4.27).

Proof. The statement follows from Lemma 5.1, Proposition 5.11, and formula (4.26).

Alternatively, denote by F (z ;p) the determinant in the left-hand side of formula (5.24).
By Theorem 5.13, it solves the differential equations

(
κpi

∂

∂pi
− trX

◦

i (z ;p)|(CN )⊗n
λ

)
F (z ;p) = 0 , i = 1, . . . , N ,

where X◦

i (z ;p)|(CN )⊗n
λ

are the restrictions of dynamical Hamiltonians (3.8) to the invariant

subspace (CN)⊗n
λ . Since trX◦

i (z ; h; q)| (CN )⊗n
λ

= d
(1)
λ,i

∑n
a=1 za , the function F (z ;p) equals

the product of powers of p1, . . . , pn in the right-hand side of formula (4.26) multiplied by a

factor that does not depend on p . This factor can be found by taking the limit pi+1/pi → 0
for all i = 1, . . . , N − 1 , using Theorem 5.13. �

Remark 5.15. By Theorem 5.13, the determinant F (z ;p) in Theorem 5.14 solves the
difference equations

(5.25) F (z1, . . . , za + κ, . . . , zn;p) = detK
◦

a(z ;p; κ)|(CN )⊗n
λ

F (z ;p) , a = 1, . . . , n ,

where K◦

a(z ; h; q; κ)|(CN )⊗n
λ

are the restrictions of qKZ operators (3.4) to the invariant sub-

space (CN)⊗n
λ . Since detK◦

a(z ;p; κ) = (−1)d
(2)
λ , equations (5.25) determine the product of

sines in the right-hand side of formula (5.24) up to a κ-periodic function of z1, . . . , zn .

5.4. Solutions parametrized by Laurent polynomials. Recall the notation from Sec-
tion 4.6. For a Laurent polynomial P (Γ́; ź) , set

(5.26) Ψ
◦

P (z ;p; κ) =
∑

J∈Iλ

Ṕ (zσJ
; z ; κ) Ψ

◦

J(z ;p; κ) .

Let Ψ̃P (z ; h;p; κ) be the function obtained from ΨP (z ; h; q ; κ) , see (4.41), by substitu-
tion (5.9).

Lemma 5.16. For |arg(h/κ)| < π, we have

(5.27) Ψ
◦

P (z ;p; κ) = lim
h→∞

(
−hΓ(h/κ)

)−λ{2} (−h)
∑

b<c, j<k e
(b)
k,k

e
(c)
j,j Ψ̃P (z ; h;p; κ) .

The convergence is locally uniform in z,p .

Proof. The statement follows from formulae (4.41), (5.26), and Proposition 5.11. �
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Proposition 5.17. The function Ψ◦

P (z ;p; κ) is a solution of the joint system of limiting

dynamical differential equations (3.13) and qKZ difference equations (3.12). Furthermore,

for P ∈ C[Γ́±1]Sλ ⊗ C[ź±1] , the function Ψ◦

P (z ;p; κ) is entire in z and is holomorphic in

p provided a branch of log pi is fixed for each i = 1, . . . , N .

Proof. The statement follows from Propositions 4.15, 4.16, and Lemma 5.16. �

Denote by S
◦

λ the space of solutions of the system of dynamical differential equations

(3.13) and qKZ difference equations (3.12) spanned over C by the functions Ψ◦

P (z ;p; κ) ,

P ∈ C[Γ́±1]Sλ⊗C[ź±1] . The space S
◦

λ is a C[ź±1]-module with f(ź) acting as multiplica-

tion by f́(z) .

Define the algebra

(5.28) K◦

λ = C[Γ́±1]Sλ ⊗ C[ź±1]
/〈 N∏

i=1

λi∏

j=1

(u− γ́i,j) =
n∏

a=1

(u− źa)
〉
,

where u is a formal variable. By (5.26), the assignment P 7→ Ψ◦

P defines a homomorphism

(5.29) µK◦

λ : K◦

λ → S
◦

λ , Y 7→ Ψ
◦

Y ,

of C[ź±1]-modules.

By Proposition A.2, A.3, the algebra K◦

λ is a free C[ź±1]-module generated by the classes

(5.30) YI(Γ) = VI(γ́
−1
1,1, . . . , γ́

−1
1,λ1

, . . . , γ́−1
N,1, . . . , γ́

−1
N,λN

) , I ∈ Iλ ,

where the polynomials VI are defined by formula (A.6). Introduce the coordinates of solu-
tions Ψ◦

YI
:

Ψ
◦

YI
(z ;p; κ) =

∑

J∈Iλ

Ψ̄
◦

I,J(z ;p; κ) vJ .

Theorem 5.18. Let n > 2 . Then

det
(
Ψ̄

◦

I,J(z ;p; κ)
)
I,J∈Iλ

=(5.31)

=
(
2π

√
−1 κ

)n(n−1)d
(2)
λ

/2
κλ{1}dλ

(
e−π

√
−1 (n−1)d

(2)
λ

N∏

i=1

p
d
(1)
λ,i

i

)∑n
a=1 za/κ

n−1∏

j=2

j (n−j)d
(2)
λ ,

where dλ , d
(1)
λ,i , d

(2)
λ are given by formulae (4.27).

Proof. The statement follows from Theorem 5.14 and formula (A.7). Alternatively, the
statement follows from Theorem 4.17 and Lemma 5.16. �

Corollary 5.19. The map µK◦

λ : K◦

λ → S
◦

λ is an isomorphism of C[ź±1]-modules.

Remark 5.20. The algebra K◦

λ is the equivariant K-theory algebra KT (Fλ ;C) of the
partial flag variety Fλ , see Section 6.5.
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5.5. Levelt fundamental solution. Recall Definition 5.12 of a function f(p) entire in p÷.
The dynamical Hamiltonians X◦

1(z ;p), . . . , X
◦

n(z ;p) given by (3.8) are entire in p÷ and

(5.32) X
◦

i (z ; ≀0) =
n∑

a=1

za e
(a)
i,i −

∑

16a<b6n

( i−1∑

j=1

Qa,b
i,j −

N∑

j=i+1

Qb,a
i,j

)
.

Notice that for I ∈ Iλ ,

X
◦

i (z ; ≀0) vI =
∑

a∈Ii

zavI +
∑

J∈Iλ
|σJ|<|σI|

ξi,I,J vJ ,

where the coefficients ξi,I,J take values 0,±1 . Therefore, the eigenvalues of the restriction

of the operator X◦

i (z ; ≀0) on (CN)⊗n
λ are

∑
a∈Ii za , I ∈ Iλ . A more detailed statement is

given by Proposition 5.21 below.

Recall the function Ψ△

I,0(z) , I ∈ Iλ , given by (5.22).

Proposition 5.21. Given I ∈ Iλ , we have X◦

i (z ; ≀0)Ψ△

I,0(z) =
∑

a∈Ii za Ψ
△

I,0(z) , and

Ψ△

I,0(z) 6= 0 provided za 6= zb for all pairs a, b such that a < b and σ−1
I (a) > σ−1

I (b) .

Proof. The first part of the statement follows from Theorem 5.13. The nonvanishing of
Ψ△

I,0(z) is implied by formula (5.22) and Lemma 5.6. �

For I ∈ Iλ , set EI(z) =
(
E

(1)
I (z), . . . , E

(N−1)
I (z)

)
, where E

(i)
I (z) =

∑i
j=1

∑
a∈Ij za is the

eigenvalue of X◦

1(z ; ≀0)+ . . .+X◦

i (z ; ≀0) on Ψ△

I,0(z) . For I, J ∈ Iλ , denote by DI,J the set of

points z such that EI(z)−EJ(z) ∈ Z
N−1
>0 and EI(z) 6= EJ(z) . Set Dλ =

⋃
I,J∈Iλ DI,J .

Theorem 5.22. (i) For any z such that za − zb 6∈ κZ 6=0 for all 1 6 a < b 6 n , there

exists an End
(
(CN)⊗n

λ

)
-valued function Ψ•(z ;p; κ) , entire in p÷ such that Ψ•(z ; ≀0; κ) is

the identity operator and the function

(5.33) Ψ̂◦(z ;p; κ) = Ψ•(z ;p; κ)
N∏

i=1

p
X◦

i (z ; ≀0)/κ
i ,

solves dynamical differential equations (3.13). For given z , the function Ψ•(z ;p; κ) with

the specified properties is unique if and only if z 6∈ κDλ . Furthermore, det Ψ#(z ;p; κ) = 1
and

(5.34) det Ψ̂◦(z ;p; κ) =
N∏

i=1

p
d
(1)
λ,i

∑n
a=1 za/κ

i ,

where d
(1)
λ,1 , . . . , d

(1)
λ,N are given by formula (4.27).

(ii) Define the function Ψ•(z ;p; κ) for generic z as in item (i). Then Ψ•(z ;p; κ) is holo-

morphic in z if za− zb 6∈ κZ 6=0 for all 1 6 a < b 6 n . The singularities of Ψ•(z ;p; κ) at

the hyperplanes za − zb ∈ κZ 6=0 are simple poles.

Proof. The proof of the uniqueness statement is similar to that in Theorem 4.21. To prove
the existence part, we give an explicit expression for the function Ψ•(z ;p; κ) , see formulae
(5.37), (5.38).
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Recall the function A◦(t; z ; κ) at κ = 1 , see (5.13),

(5.35) A◦(t; z) =
N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ(1 + t
(i)
b − t(i)a )

λ(i+1)∏

c=1

1

Γ(1 + t
(i+1)
c − t

(i)
a )

)
,

where λ(N) = n and t
(N)
a = za , a = 1, . . . , n . Notice that

A◦(ΣI ; z) =
N−1∏

i=1

N∏

j=i+1

∏

a∈Ii

∏

b∈Ij

1

Γ(zb − za+ 1)
.

For l ∈ Zλ{1}
, set

(5.36) J ◦

I,J, l(z) =
∑

K∈Iλ

A◦(ΣK− l; z)W ◦

I (ΣK− l; z) W̌ ◦

J (ΣK ; z)

A◦(ΣK ; z)Rλ(zσK
)

.

Recall the function Ω◦

λ(p; κ) = e
∑◦

i<j pj/(κpi), where the sum is taken over all pairs 1 6

i < j 6 N such that λi = 1 and λs = 0 for all s = i+ 1, . . . , j , see (5.18). Set

(5.37) Ψ
•

I,J(z ;p; κ) = Ω
◦

λ(p; κ)
∑

l∈Zλ{1}

>0

κ |σI |−|σJ | J ◦

I,J, l(z/κ)

N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)∑λ(i)

a=1 l
(i)
a .

Let Ψ•(z ;p; κ) be the linear operator with the entries Ψ•

I,J(z ;p; κ) in the standard basis

{vI , I ∈ Iλ} of (CN )⊗n
λ ,

(5.38) Ψ•(z ;p; κ) : vJ 7→
∑

I∈Iλ

Ψ
•

I,J(z ;p; κ) vI .

To verify that the function Ψ•(z ;p; κ) is as required in Theorem 5.22, recall the function
Ψ#(z ; h; q) , introduced in Theorem 4.21 and its entries Ψ#

I,J(z ; h; q) . Let the functions

Ψ̃#

I,J(z ; h;p; κ) be obtained from Ψ#

I,J(z/κ; h/κ; q) by substitution (5.9). Formulae (4.59),

(4.60), (5.36), (5.37), and Lemma D.2 imply that

(5.39) Ψ
•

I,J(z ;p; κ) = lim
h→∞

Ψ̃
#

I,J(z ; h;p; κ)

locally uniformly in z,p . Therefore, the properties of Ψ#(z ; h; q) established in Theorem
4.21 yield the properties of Ψ•(z ;p; κ) required in Theorem 5.22. �

Following [AB, Chapter 2], we will call Ψ̂◦(z ;p; κ) the Levelt fundamental solution of

dynamical differential equations (3.13) on (CN)⊗n
λ , see also [CV, Section 6.2].

For a solution Ψ◦(z ;p; κ) of dynamical differential equations (3.13), define its principal

term

(5.40) Ψ∅(z ; κ) = Ψ̂
◦
(z ;p; κ)−1Ψ

◦
(z ;p; κ) .

By Theorem 5.22, the principal term does not depend on p .
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Set

(5.41) C
◦

λ(z ; κ) =
N∏

i=1

κ(
∑N

j=i+1 λj −
∑i−1

j=1 λj)
∑λ(i)

a=λ(i−1)+1 za/κ

and

(5.42) G
◦

λ(z ; κ) =
N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

Γ
(
(za− zb)/κ

)
.

Proposition 5.23. For a Laurent polynomial P (Γ́; ź) , the principal term of the solution

Ψ◦

P (z ;p; κ) , given by (5.26), equals

(5.43) Ψ∅

P (z ; κ) =
∑

I,J∈Iλ

Ṕ (zσJ
; z ; κ)C

◦

λ(zσJ
; κ)G

◦

λ(zσJ
; κ)W

◦

I (ΣJ ; z) vI .

Proof. Denote by Ψ̄◦

P (z ; κ) the right-hand side of formula (5.43). Then formula (5.26),

Proposition 5.21, and Theorem 5.13 yield Ψ̂◦(z ;p; κ) Ψ̄◦

P (z ; κ) = Ψ◦

P (z ;p; κ) . Hence by

definition (5.40) of the principal term, Ψ∅

P (z ; κ) = Ψ̄◦

P (z ; κ) . �

5.6. The map B
◦

λ . In Section 5.4, we introduced the space S
◦

λ of (CN)⊗n
λ -valued solutions

of the joint system of dynamical differential equations (3.13) and qKZ difference equations

(3.12) spanned over C by the functions Ψ◦

P (z ;p; κ) labeled by Laurent polynomials in Γ́, ź ;
we also defined a map

(5.44) µK◦

λ : K◦

λ → S
◦

λ , Y 7→ Ψ
◦

Y ,

see (5.29). In Section 5.5 we introduced the Levelt fundamental solution Ψ̂◦(z ;p; κ) of
dynamical differential equations (3.13), see (5.33), (5.38). Denote by S ◦̂

λ the space of
(CN)⊗n

λ -valued solutions of dynamical differential equations (3.13) spanned over C by the

functions Ψ̂◦(z ;p; κ)v , v ∈ (CN)⊗n
λ . Since det Ψ̂◦(z ;p; κ) 6= 0 , see (5.34), there is an

isomorphism

(5.45) µ◦̂

λ : (CN)⊗n
λ → S

◦̂

λ , v 7→ Ψ̂
◦
(z ;p; κ)v .

Let L◦⊂ Cn be the complement of the union of the hyperplanes

(5.46) za− zb ∈ κZ6=0 , a, b = 1, . . . , n , a 6= b .

Denote by O the ring of functions of z holomorphic in L◦ . Let S
O

λ be the space of
(CN)⊗n

λ -valued solutions of dynamical differential equations (3.13) holomorphic in z in L◦ .
Both spaces S

◦

λ and S ◦̂
λ are subspaces of S

O

λ , see Proposition 5.17 and Theorem 5.22. Let

(5.47) µO

λ : (CN)⊗n
λ ⊗C O → S

O

λ , v 7→ Ψ̂
◦
(z ;p; κ)v ,

be the O-linear extension of the map µ◦̂

λ .
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Define a map

B
◦

λ : K◦

λ → (CN)⊗n
λ ⊗C O ,(5.48)

[P ] 7→
∑

I,J∈Iλ

Ṕ (zσJ
; z ; κ)C

◦

λ(zσJ
; κ)G

◦

λ(zσJ
; κ)WI(ΣJ ; z) vI ,(5.49)

where [P ] ∈ K◦

λ stands for the class of the Laurent polynomial P (Γ́; ź) and the functions
C ◦

λ(zσJ
; κ) , G◦

λ(zσJ
; κ) are given by (5.41), (5.42), respectively. By Proposition 5.23, the

map B
◦

λ sends the class Y ∈ K◦

λ to the principal term of the solution Ψ◦

Y of the joint system
of dynamical differential equations (3.13) and qKZ difference equations (3.12).

Proposition 5.24. The map B
◦

λ : K◦

λ → (CN)⊗n
λ ⊗C O is well-defined and the following

diagram is commutative,

(5.50) K◦

λ

B
◦
λ

//

µK
H

λ
!!
❇❇

❇❇
❇❇

❇❇
(CN )⊗n

λ ⊗C O

µO
H

λ
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤

S
O

Hλ

Proof. Poles of the sum in the right-hand side of (5.49) are at most those of the function
G◦

λ(z ; h; κ) and, therefore, in addition to hyperplanes (5.46) can occur only at the hyper-
planes za = zb , a 6= b. However, the sums

∑

I,J∈Iλ

Ṕ (zσJ
; z ; κ)C

◦

λ(zσJ
; κ)G

◦

λ(zσJ
; κ)WI(ΣJ ; z)

are regular at the hyperplanes za = zb for all a 6= b by the standard reasoning. Hence, the

map B
◦

λ is well-defined.

The commutativity of diagram (5.50) follows from Proposition 5.23. �

Remark 5.25. Since Ψ̂◦(z ;p; κ) is holomorphic in z in L◦ , and
(
det Ψ̂◦(z ;p; κ)

)−1
is

entire in z , see (5.34), the inverse matrix Ψ̂◦(z ;p; κ)−1 is holomorphic in z in L◦ . There-

fore, for every Ψ ∈ S
O

λ , its principal term Ψ∅ = Ψ̂◦−1
Ψ , defined by (5.40), belongs to

(CN)⊗n
λ ⊗C O , and we have an isomorphism S

O

λ → (CN)⊗n
λ ⊗C O , Ψ 7→ Ψ∅. The inverse

map, equals µO
λ , see (5.47), so that S

O

λ = S ◦̂
λ ⊗C O .

5.7. Example λ = (1, n− 1) . Throughout this section, let N = 2 , n > 2 , λ = (1, n− 1) .
Like in Section 4.10, denote by [a] the element

(
{a}, {1, . . . , a − 1, a + 1, . . . , n}

)
∈ Iλ ,

The space (C2)⊗n
λ has a basis v[1], . . . , v[n] , where v[a] = v

⊗(a−1)
2 ⊗ v1 ⊗ v

⊗(n−a)
2 . Clearly

e
(a)
1,1v[b] = δa,b v[b] and e

(a)
2,2v[b] = (1− δa,b) v[b] .

The qKZ operators K◦

1, . . . , K
◦

n , see (3.4), are

K
◦

a(z ;p; κ) =
(
R

◦
(za − za−1 + κ)

)(a,a−1)
. . .

(
R

◦
(za − z1 + κ)

)(a,1) ×(5.51)

× p
e
(a)
1,1

1 p
e
(a)
2,2

2

(
R

◦
(zi − zn)

)(a,n)
. . .

(
R

◦
(za− za+1)

)(a,a+1)
.
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The R-matrices in the right-hand side preserve the subspace (C2)⊗n
λ ⊂ (C2)⊗n, acting there

as follows,
(
R◦(z)

)(a,b)
v[a] = v[b] − zv[a] ,

(
R◦(z)

)(a,b)
v[b] = v[a] ,

(
R

◦
(z)

)(a,b)
v[c] = v[c] , c 6= a, b .

The qKZ difference equations (3.12) are

(5.52) f(z1, . . . , za + κ, . . . , zn;p; κ) = K
◦

a(z ;p; κ) f(z ;p; κ) , a = 1, . . . , n .

The dynamical Hamiltonians X◦

1 , X
◦

2 , see (3.8), act on (C2)⊗n
λ as follows

X
◦

1(z ;p)v[1] = z1 v[1] +
p2
p1

v[n] ,(5.53)

X
◦

1(z ;p)v[a] = za v[a] + v[a−1] , a = 2, . . . , n ,

X
◦

2(z ;p)v[b] =
(
−X

◦

1(z ;p) +
n∑

c=1

zc

)
v[b] , b = 1, . . . , n ,

and the dynamical differential equations (2.7) are

κp1
∂

∂p1
Ψ(z ;p; κ) = X

◦

1(z ;p)Ψ(z ;p; κ) ,(5.54)

κp2
∂

∂p2
Ψ(z ;p; κ) = X

◦

2(z ;p)Ψ(z ;p; κ) .

In this section, we use the variable t = t
(1)
1 . The substitution t = Σ[a] reads as t = za .

The weight functions are

(5.55) W
◦

[a](t; z) =
a−1∏

b=1

(t− zb) , a = 1, . . . , n .

The permutations σ[1], . . . , σ[n] are

σ[a](1) = a , σ[a](b) = b− 1 , b = 1, . . . , a− 1 , σ[a](b) = b , b = a + 1, . . . , n ,

and |σ[a] | = a− 1 . We have

W
◦

[a](za; z) =

a−1∏

b=1

(za− zb) ,(5.56)

W
◦

[a](zb; z) = 0 , b = 1, . . . , a− 1 ,

cf. Lemma 5.6.

The functions W̌ ◦

[a](t; z) , see (5.5), are

(5.57) W̌
◦

[a](t; z) =
n∏

c=a+1

(t− zb) , a = 1, . . . , n .
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Set
R̄a(z) =

n∏

b=1
b6=a

(za − zb) , a = 1, . . . , n .

Then R̄a(z) = Rλ(zσ[a]
) ,, where the function Rλ(z) is given by (4.8). Biorthogonality

relations (5.7) become

n∑

c=1

W ◦

[a](zc; z) W̌
◦

[b](zc; z)

R̄c(z)
= δa,b ,

n∑

c=1

W
◦

[c](za; z) W̌
◦

[c](zb; z) = δa,b R̄a(z) .

The master function, see (5.8), is

(5.58) Φ
◦

λ(t; z ;p; κ) = (p2/κ)
∑n

a=1 za/κ (κnp1/p2)
t/κ

n∏

a=1

Γ
(
(t− za)/κ

)
.

The hypergeometric solutions (4.20) of the joint system of differential equations (4.68) and
difference equations (4.66) have the form

Ψ
◦

[a](z ;p; κ) =
1

κ

n∑

b=1

∞∑

l=0

Rest= za−lκΦ
◦

λ(t; z ;p; κ) W
◦

[b](za − lκ)v[b] ,

where the residues of the master function are

Rest= za−lκΦ
◦

λ(t; z ;p; κ) =

= κ(κn−1p1)
za/κ(p2/κ)

∑n
c=1, c 6=a zc/κ

(−κ−np2/p1)
l

l!

n∏

c=1
c 6=a

Γ
(
−l + (za − zc)/κ

)
.

Determinant formula for coordinates of the hypergeometric solutions, see (5.24), is

det

( ∞∑

l=0

Res t= za−lκΦ
◦

λ(t; z ;p; κ)W
◦

[b](za− lκ)

)n

a,b=1

=(5.59)

= πn(n−1)/2κn(n+1)/2
(
p1 p

n−1
2

)∑n
a=1 za/κ

n−1∏

a=1

n∏

b=a+1

1

sin
(
π (za− zb)/κ

) .

By formula (5.55) and the Vandermonde determinant formula, equality (4.72) transforms to

det

( ∞∑

l=0

n∑

c=1

Res t= zc−lκ

(
ta−1e−2π

√
−1 (b−1)t/κ Φ

◦

λ(t; z ;p; κ)
))n

a,b=1

=(5.60)

=
(
2π

√
−1

)n(n−1)/2
κn(n+1)/2

(
e−π

√
−1 (n−1)p1 p

n−1
2

)∑n
a=1 za/κ .

Let γ́ = γ́1,1 . For a Laurent polynomial P (γ́ ; ź) , we have

Ṕ (γ ; z ; κ) = P (e2π
√
−1 γ/κ ; e2π

√
−1 z1/κ, . . . , e2π

√
−1 zn/κ) .
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The solution Ψ◦

P of differential equations (5.54) and difference equations (5.52) corresponding
to P (γ́ ; ź) is

(5.61) Ψ
◦

P (z ;p; κ) =
n∑

a=1

Ṕ (za; z ; κ) Ψ
◦

[a](z ;p; κ) .

By Proposition 5.17, it is entire in z and is holomorphic in p1 , p2 provided branches of
log p1 and log p2 are fixed.

The solution Ψ◦

P (z ;p; κ) can be written as an integral over a suitable contour C encircling

the poles of the product
∏n

a=1Γ
(
(t− za)/κ

)
counterclockwise,

(5.62) Ψ
◦

P (z ;p; κ) =
1

2π
√
−1 κ

∫

C

Ṕ (t; z ; κ) Φ
◦

λ(t; z ;p; κ)

n∑

a=1

W
◦

[a](t; z) v[a] dt .

For instance, the integral can be taken over the parabola

C = { κ
(
A− s2+ s

√
−1

)
| s ∈ R } ,

where A is a sufficiently large positive real number. Formula (4.75) can be used to give an
alternative proof of analytic properties of the function Ψ◦

P (z ;p; κ) .

Let S
◦

λ be the space of solutions of the joint system of dynamical differential equations

(5.54) and qKZ difference equations (5.52) spanned over C by the functions Ψ◦

P (z ;p; κ)
corresponding to Laurent polynomials P (γ́ ; ź) . The space S

◦

λ is a C[ź±1]-module with

f(ź) acting as multiplication by f(e2π
√
−1 z1/κ, . . . , e2π

√
−1 zn/κ) .

For λ = (1, n− 1) , the algebra K◦

λ , see (5.28), can be presented as follows

(5.63) K◦

λ = C[γ́±1, ź±1]
/〈 n∏

a=1

(γ́ − źa) = 0
〉
.

The function Ψ◦

P (z ;p; κ) depends only on the class of the Laurent polynomial P in K◦

λ .

The assignment P 7→ Ψ◦

P defines the homomorphism

µK◦

λ : K◦

λ → S
◦

λ , Y 7→ Ψ
◦

Y ,

of C[ź±1]-modules. Formula (5.60) implies that the homomorphism µK◦

λ is an isomorphism.

The algebra K◦

λ is the equivariant K-theory algebra KT (CPn−1;C) of the projective space

CPn−1, see the notation in Section 6.

Recall Definition 5.12 of a function f(p) entire in p÷. For example, the dynamical Hamil-

tonians X◦

1 , X
◦

2 , see (5.53), are entire in p÷ and X◦

1(z ; ≀0) , X◦

2(z ; ≀0) act on (C2)⊗n
λ as follows

X
◦

1(z ; ≀0)v[a] = za v[a] + v[a−1] , X
◦

2(z ; ≀0)v[a] =
(
−X

◦

1(z ; ≀0) +
n∑

b=1

zb

)
v[a] ,

where v[0] = 0 .
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The Levelt fundamental solution Ψ̂◦(z ;p; κ) , see (5.33), of differential equations (5.54) is

Ψ̂
◦
(z ;p; κ) = Ψ

•
(z;p; κ) p

X◦
1 (z ; ≀0)/κ

1 p
X◦

2 (z ; ≀0)/κ
2 ,

where the End
(
(CN)⊗n

λ

)
-valued function Ψ•(z ;p; κ) is as follows,

Ψ
•
(z ;p; κ) : v[b] 7→

n∑

a=1

Ψ
•

a,b(z ;p; κ) v[a] ,(5.64)

Ψ
•

a,b(z ;p; κ) =

∞∑

l=0

κa−bJ ◦

a,b, l(z/κ)
(
(−κ)−np2/p1

)l
,

J ◦

a,b, l(z) =

n∑

c=1

W
◦

[a](zc − l; z) W̌
◦

[b](zc; z)
(−1)n−1

l!

n∏

d=1
d6=c

l∏

m=0

1

zd− zc +m
.

Furthermore, one has det Ψ•(z ;p; κ) = 1 and det Ψ̂◦(z ;p; κ) =
(
p1 p

n−1
2

)∑n
a=1 za/κ .

For a solution Ψ◦(z ;p; κ) of dynamical differential equations (5.54), its principal term is

Ψ∅(z ; κ) = Ψ̂
◦
(z ;p; κ)−1Ψ

◦
(z ;p; κ) ,

see (5.40). The principal term of the solution Ψ◦

P (z ;p; κ) , corresponding to a Laurent

polynomial P (γ́ ; ź) , see (5.43), equals

(5.65) Ψ∅

P (z ; κ) =
n∑

a=1

v[a]

n∑

b=1

W
◦

[a](zb; z) Ṕ (zb; z ; κ) κ
(nzb−

∑n
c=1 zc)/κ

n∏

c=1
c 6=b

Γ
(
(zb − zc)/κ

)
.

Let L◦ be the complement of the union of the hyperplanes za− zb ∈ κZ6=0 , a, b = 1, . . . ,
n , a 6= b , cf. (5.46). Denote by O the ring of functions of z holomorphic in L◦ . The map

B
◦

λ : K◦

λ → (CN)⊗n
λ ⊗C O ,(5.66)

[P ] 7→
n∑

a=1

v[a]

n∑

b=1

W
◦

[a](zb; z) Ṕ (zb; z ; κ) κ
(nzb−

∑n
c=1 zc)/κ

n∏

c=1
c 6=b

Γ
(
(zb − zc)/κ

)

sends the class [P ] ∈ K◦

λ of the Laurent polynomial P (γ́ ; ź) to the principal term of the
solution Ψ◦

P of the joint system of differential equations (5.54) and difference equations
(5.52).

Let S
O

λ be the space of (CN)⊗n
λ -valued solutions of dynamical differential equations (5.54)

holomorphic in z in L◦ . The space S
◦

λ is a subspace of S
O

λ .

Since the matrix Ψ̂◦(z ;p; κ) is holomorphic in z in L◦ , and
(
det Ψ̂◦(z ;p; κ)

)−1
is entire

in z , the inverse matrix Ψ̂◦(z ;p; κ)−1 is also holomorphic in z in L◦ . Thus the map

µO

λ : (CN)⊗n
λ ⊗C O → S

O

λ , v 7→ Ψ̂◦(z ;p; κ)v ,
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gives an isomorphism of O -modules. Furthermore, the following diagram is commutative,

K◦

λ

B
◦
λ

//

µK◦

λ
  
❇❇

❇❇
❇❇

❇❇
(CN)⊗n

λ ⊗C O

µO
λ

~~⑤⑤
⑤⑤
⑤⑤
⑤⑤

S
O

λ

see Proposition 5.24.

6. Equations for partial flag varieties

6.1. Equivariant cohomology of partial flag varieties. Consider the partial flag variety
Fλ parametrizing chains of subspaces

0 = F0 ⊂ F1 ⊂ . . . ⊂ FN = C
n

with dimFi/Fi−1 = λi , i = 1, . . . , N .

Given a basis of Cn, the group GLn(C) acts on Cn. Let T ⊂ GLn(C) be the torus of
diagonal matrices. Let z1, . . . , zn the Chern roots corresponding to the factors of T , and
for i = 1, . . . , N , let γi,1, . . . , γi,λi

be the Chern roots of the bundle over Fλ with fiber
Fi/Fi−1 . Denote Γ = (γ1,1, . . . , γ1,λ1 , . . . , γN,1, . . . , γN,λN

) and z = (z1, . . . , zn), cf. (4.40).
Let C[Γ]Sλ be the space of polynomials in Γ symmetric in γi,1, . . . , γi,λi

for each i = 1, . . . ,
N .

Consider the equivariant cohomology algebra H∗
T (Fλ ;C) . Then

(6.1) H∗
T (Fλ ;C) = C[Γ]Sλ ⊗ C[z]

/〈 N∏

i=1

λi∏

j=1

(u− γi,j) =

n∏

a=1

(u− za)
〉
,

where u is a formal variable. For a polynomial f(Γ; z) ∈ C[Γ]Sλ⊗C[z] , denote by [f ] its
class in H∗

T (Fλ ;C) . Notice that for each i = 1, . . . , N ,

(6.2) c1(Ei) = [γi,1+ . . .+ γi,λi
]

is the equivariant first Chern class of the vector bundle Ei over Fλ with fiber Fi/Fi−1 .

Given a point z0 ∈ Cn , consider the algebra

(6.3) H∗
T (Fλ ;C)z0 = C[Γ]Sλ

/〈 N∏

i=1

λi∏

j=1

(u− γi,j) =
n∏

a=1

(u− z0a)
〉
.

The evaluation map C[Γ]Sλ⊗C[z] → C[Γ]Sλ , f(Γ; z) 7→ f(Γ; z0) , identifies H∗
T (Fλ ;C)z0

with the quotient H∗
T (Fλ ;C)/〈z = z0〉 . Denote by [f ]z0 the class of f(Γ) ∈ C[Γ]Sλ in

H∗
T (Fλ ;C)z0 .

Recall the polynomials VI(Γ) , I ∈ Iλ , given by formula (A.6).

Lemma 6.1. The algebra H∗
T (Fλ ;C) is a free module over H∗

T (pt;C) = C[z ] generated by

the classes [VI ] , I ∈ Iλ . For every z0 ∈ Cn, the classes [VI ]z0 , I ∈ Iλ , give a basis of

H∗
T (Fλ ;C)z0 . In particular, dimH∗

T (Fλ ;C)z0 = n!/(λ1! . . . λN !) for every z0.
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Proof. The statement follows from Propositions A.2 and A.3. �

Recall the polynomial Rλ(z) , see (4.8). Let

(6.4) Vλ(Γ; z) =

N−1∏

i=1

λi∏

j=1

n∏

a=λ(i)+1

(γi,j − za) ,

cf. (A.1). Then Vλ(z ; z) = Rλ(z) and Vλ(zσI
; z) = 0 for I 6= Imin

λ .

For a polynomial f(Γ; z) , consider the restrictions f(zσI
; z) , I ∈ Iλ .

Lemma 6.2. The map H∗
T (Fλ ;C) →

⊕

I∈Iλ

C[z ] , [f ] 7→
(
f(zσI

; z) , I ∈ Iλ

)
is well-defined

and injective. A collection
(
FI(z) , I ∈ Iλ

)
belongs to the image of this map if and only if

for any I ∈ Iλ and any transposition sa,b ,

(6.5) FI(z)
∣∣
za=zb

= Fsa,b(I)(z)
∣∣
za=zb

.

For a collection
(
FI(z) , I ∈ Iλ

)
obeying (6.5), the function

(6.6) f(Γ; z) =
∑

I∈Iλ

FI(z) Vλ(Γ; zσI
)

Rλ(zσI
)

.

is a polynomial and f(zσI
; z) = FI(z) for every I ∈ Iλ .

Proof. Straightforward. �

Lemma 6.3. For any f(Γ; z) ∈ C[Γ]Sλ ⊗ C[z] , the function

(6.7) E〈f〉(z) =
∑

I∈Iλ

f(zσI
, z)

Rλ(zσI
)

is a polynomial depending only on the class of f in H∗
T (Fλ ;C) .

Proof. Straightforward. �

The induced map

(6.8) E : H∗
T (Fλ ;C) → C[z ] , [f ] 7→ E〈f〉 ,

is the equivariant integration map on H∗
T (Fλ ;C) .

Identify C[Γ]Sλ with the subspace of C[Γ]Sλ⊗C[z] of polynomials not depending on z .

For f(Γ) ∈ C[Γ]Sλ , denote Ez0〈f〉 = E〈f〉(z0) .

Lemma 6.4. For any f(Γ; z) ∈ C[Γ]Sλ ⊗ C[z] and z0 ∈ Cn, we have

E〈f(Γ; z)〉(z0) = Ez0〈f(Γ; z0)〉 .
Proof. Straightforward. �
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By Lemmas 6.3, 6.4, for every z0 ∈ Cn, there is a well-defined map

(6.9) Ez0 : H∗
T (Fλ ;C)z0 → C , Ez0 : [f ]z0 7→ Ez0〈f〉 ,

called the integration map on H∗
T (Fλ ;C)z0 .

6.2. Stable envelope map. Recall the functions W ◦

I (t; z) , W̌
◦

I (t; z) , see (5.1), (5.5). Let

StabI(Γ; z) , Stab
op

I (Γ; z) be the polynomials respectively obtained from W̌ ◦

I (t; z) ,W
◦

I (t; z)
by the substitution

(6.10) (t
(i)
1 , . . . , t

(i)

λ(i) ) = (γ1,1, . . . , γ1,λ1 , . . . , γi,1, . . . , γi,λi
) , i = 1, . . . , N − 1 .

Notice that

(6.11) StabI(zσJ
; z) = W̌

◦

I (ΣJ ; z) , Stabop

I (zσJ
; z) = W

◦

I (ΣJ ; z) .

By Lemma 5.2 and formula (6.4), we have

StabImin
λ

(Γ; z) = Vλ(Γ; z) , Stabσ0(Imin
λ

)(Γ; z) = 1 ,(6.12)

Stabop

Imin
λ

(Γ; z) = 1 , Stabop

σ0(Imin
λ

)
(Γ; z) = Vλ(Γ; zσ0) ,

where σ0 is the longest permutation, σ0(a) = n + 1 − a , a = 1, . . . , n . By Proposition

B.5, the polynomials StabI(Γ; z) , Stab
op

I (Γ; z) coincide with the A-type double Schubert
polynomials Sσ(Γ; z) ,

(6.13) StabI(Γ; z) = Sσσ0(I)
(Γ; zσ0) , Stabop

I (Γ; z) = SσI
(Γ; z) .

Lemma 6.5. For any I ∈ Iλ ,

StabI(Γ; z) =
∑

J∈Iλ

W̌ ◦

I (ΣJ ; z) Vλ(Γ; zσJ
)

Rλ(zσJ
)

,

and

(6.14) Stabop

I (Γ; z) =
∑

J∈Iλ

W ◦

I (ΣJ ; z) Vλ(Γ; zσJ
)

Rλ(zσJ
)

.

Proof. Fix a generic z and consider both sides of each formula as functions of Γ. Formulae
(6.12) and Lemma 5.4 imply that StabI(Γ; z) , Stabop

I (Γ; z) are in the span of the polyno-
mials Vλ(Γ; zσJ

) , J ∈ Iλ . Then the statement follows from formulae (6.6), (6.13). �

Lemma 6.6. The polynomials StabI(Γ; z) and Stabop

I (Γ; z) are biorthogonal,

(6.15) E〈StabI(Γ; z) Stab
op

J (Γ; z)〉 = δI,J .

Proof. The statement follows from formulae (6.7), (6.13), and Lemma 5.7. �

Lemma 6.15 is equivalent to the orthogonality relation for the Schubert polynomials.

Let StabI , Stab
op

I be the classes of StabI(Γ; z) , Stab
op

I (Γ; z) in H∗
T (Fλ ;C) . Define the

stable envelope map by the rule

(6.16) Stabλ : (CN)⊗n
λ ⊗ C[z] → H∗

T (Fλ ;C) , vI 7→ StabI , I ∈ Iλ .
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Lemma 6.7. The map Stabλ is an isomorphism of free C[z ]-modules.

Proof. The statement follows from Lemma 6.6. For any f ∈ C[Γ]Sλ ⊗ C[z] , one has

(
Stabλ

)−1
: [f ] 7→

∑

J∈Iλ

E〈f(Γ; z) Stabop

J (Γ; z)〉 vJ .
�

Let StabI,z0 , Stabop

I,z0 be the classes of StabI(Γ; z
0) , Stabop

I (Γ; z
0) in H∗

T (Fλ ;C)z0 .
Consider the map

(6.17) Stabλ,z0 : (CN)⊗n
λ → H∗

T (Fλ ;C)z0 , vI 7→ StabI,z0 , I ∈ Iλ .

Lemma 6.8. For every z0 ∈ Cn, the classes StabI,z0 , I ∈ Iλ , give a basis of H∗
T (Fλ ;C)z0 .

That is, the map Stabλ,z0 is an isomorphism.

Proof. The statement follows from Lemmas 6.6, 6.4. For any f ∈ C[Γ]Sλ , one has

(
Stabλ,z0

)−1
: [f ]z0 7→

∑

J∈Iλ

Ez0〈f(Γ)Stabop

J (Γ; z
0)〉 vJ .

�

Consider a polynomial

(6.18) Ŵ
◦

λ(t;Γ) =
N−1∏

i=1

λ(i)∏

j=1

λi+1∏

k=1

(t
(i)
j − γi+1,k) .

and its image
[
Ŵ

◦

λ(t;Γ)
]
in C[t]⊗H∗

T (Fλ ;C) . Clearly, for any I,J ∈ Iλ ,

(6.19) Ŵ
◦

λ(ΣI ; zJ) = δI,J Rλ(zσI
) .

Theorem 6.9. We have
[
Ŵ

◦

λ(t;Γ)
]
=

∑

I∈Iλ

W
◦

I (t; z) StabI .

Proof. The statement follows from [TV6, Proposition 9.2] and Lemmas 5.1, 5.2. �

Remark 6.10. According to formulae (6.13), the classes StabI , Stabop

I , I ∈ Iλ , are the
equivariant fundamental classes of the Schubert subvarieties in Fλ defined for the opposite
orderings of the chosen basis of Cn in the standard way, see [O, Section 4.1], cf. [RV, Section
6]. On the equivariant fundamental classes of Schubert varieties see, in particular, [R, FRW].

Remark 6.11. Stable envelope maps for Nakajima quiver varieties were introduced in [MO].
They were defined in [MO] geometrically in terms of the associated torus action. The map
Stabλ given by formula (6.16) is the limit as h → ∞ of the stable envelope map of [MO]
associated with the cotangent bundle T ∗Fλ of the partial flag variety. In [RTV1], the stable
envelope map for T ∗Fλ is described in terms of the Chern roots of the bundles F 1, . . . ,
FN−1 over Fλ with fibers F1, . . . , FN−1 , respectively.

Remark 6.12. Unlike the stable envelope map Stabλ defined by (6.16), the stable envelope
map for the cotangent bundle T ∗Fλ is not an isomorphism of free C[z ]-modules (CN )⊗n

λ ⊗
C[z] and H∗

T×C×(T ∗Fλ ;C) , but only an embedding.
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6.3. Quantum multiplication. The quantum multiplication in H∗
T (Fλ ;C) , see for exam-

ple [M, BM], is a deformation of the multiplication in H∗
T (Fλ ;C) depending on quantum

parameters. In the notation of [M], the quantum parameters are qαi, i =, . . . , N − 1 . In
the notation of this paper, we have qαi = pi+1/pi .

For Y ∈ H∗
T (Fλ ;C) , denote by Y ∗p the operator of quantum multiplication by Y . Recall

that the operators Y ∗p are C[z ]-module endomorphisms of H∗
T (Fλ ;C) .

The dynamical operators X◦

1(z ;p), . . . , X
◦

N(z ;p) , see (3.8), are linear functions of z .

Thus their action on (CN)⊗n
λ extends to the C[z ]-linear action on (CN )⊗n

λ ⊗ C[z] .

For i = 1, . . . , N , denote Di = γi,1+ . . .+ γi,λi
, cf. (6.2).

Theorem 6.13. The isomorphism Stabλ intertwines the dynamical operators X◦

1(z ;p),
. . . , X◦

N(z ;p) acting on (CN )⊗n
λ ⊗C[z] and the operators of quantum multiplication [D1]∗p ,

. . . , [DN ]∗p acting on H∗
T (Fλ ;C) ,

(6.20) Stabλ ◦X◦

i (z ;p) = [Di]∗p ◦ Stabλ .

Proof. Theorem 6.4 in [M] describes the quantum multiplication in H∗
T (Fλ ;C) by the equi-

variant divisor classes. In the notation of this paper those classes equal Stabσ0 s
λ(i),λ(i)+1

(Imin
λ

) ,

i = 1, . . . , N − 1 , where σ0 is the longest permutation. By formulae (6.16), (5.5), (5.3),

(6.21) Stabσ0 s
λ(i),λ(i)+1

(Imin
λ

)(Γ; z) = D1+ . . .+Di − zn−λ(i)+1− . . .− zn .

Comparing formula (3.8) term by term with formula (6.1) in [M] yields formula (6.20) for

i = 1, . . . , N − 1 . Formula (6.20) for i = N holds since [D1+ . . .+DN ] = z1+ . . .+ zn in
H∗

T (Fλ ;C) and X1(z ;p) + . . .+XN (z ;p) = z1+ . . .+ zn . Recall that for each i = 1, . . . ,
N , the operator zi ∗p is the ordinary multiplication by zi , �

Since the operators of quantum multiplication act C[z]-linearly on H∗
T (Fλ ;C) , the quan-

tum multiplication in H∗
T (Fλ ;C) can be restricted to H∗

T (Fλ ;C)z0 . Denote by Y ∗p,z0 the
operator of quantum multiplication by Y ∈ H∗

T (Fλ ;C)z0 .

Corollary 6.14. For every z0 ∈ Cn, the isomorphism Stabλ,z0 intertwines the dynamical

operators X◦

1(z
0;p), . . . , X◦

N(z
0;p) acting on (CN)⊗n

λ and the operators of quantum multi-

plication [D1]z0 ∗p,z0 , . . . , [DN ]z0 ∗p,z0 acting on H∗
T (Fλ ;C)z0 ,

(6.22) Stabλ,z0 ◦X◦

i (z
0;p) = [Di]z0 ∗p,z0 ◦ Stabλ,z0 .

6.4. Differential and difference equations. Consider the space Cn× CN with coordi-
nates z ,p . By Lemma 6.1, we have a trivial vector bundle Hλ→ Cn×CN with fiber over a
point (z0,p0) given by H∗

T (Fλ ;C)z0 . Let Uλ → Cn×CN be the trivial vector bundle with

fiber (CN)⊗n
λ .

Lemma 6.15. The map Stab♦

λ : Uλ → Hλ , (z0,p0, v) 7→ (z0,p0, Stabλ,z0 v) , is an iso-

morphism of vector bundles.

Proof. The statement follows from Lemma 6.8. �
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The equivariant quantum differential equations for sections of Hλ is a system of differential
equations

(6.23) κpi
∂f

∂pi
= [Di]z ∗p,z f , i = 1, . . . , N ,

where κ is the parameter of the equations. By Corollary 6.14, the isomorphism Stab♦

λ

identifies equations (6.23) with the limiting dynamical differential equation (3.13) for sections
of Uλ ,

(6.24) κpi
∂f

∂pi
= X

◦

i (z ;p)f , i = 1, . . . , N .

Furthermore, the isomorphism Stab♦

λ and the limiting qKZ equations (3.12) for sections of
Uλ define the qKZ difference equations in cohomology

(6.25) f(z1, . . . , za+ κ, . . . , zn;p; κ) = KH

a (z ;p; κ) f(z ;p; κ) , a = 1, . . . , n ,

where for each a = 1, . . . , n , and fixed z,p , the operator KH

a (z ;p; κ) is a map of fibers,

KH

a (z ;p; κ) : H∗
T (Fλ ;C)z → H∗

T (Fλ ;C)(z1,..., za+κ,..., zn) ,

KH

a (z ;p; κ) = Stabλ,(z1,..., za+κ,..., zn) ◦ K
◦

a(z ;p; κ) ◦ (Stabλ,z)
−1 ,

and the operator K◦

a(z ;p; κ) is given by (3.4).

Theorem 6.16. Quantum differential equations (6.23) and qKZ difference equations (6.25)
define a compatible system of differential and difference equations for sections of Hλ .

Proof. The statement follows from Theorem 3.12. �

6.5. Solutions with values in cohomology. Recall the isomorphism Stab♦

λ : Uλ → Hλ

of vector bundles, see Lemma 6.15. For any function f(z ;p; κ) with values in (CN)⊗n
λ , that

is, a section of Uλ , denote by Stabλ f the corresponding section of Hλ with values

Stabλ f(z ;p; κ) = Stabλ,z

(
f(z ;p; κ)

)
.

Recall the solutions Ψ◦

P (z ;p; κ) of the joint system of limiting dynamical differential equa-

tions (3.13) and qKZ difference equations (3.12) labeled by Laurent polynomials P (Γ́; ź) ,
see formula (5.26) and Proposition 5.17.

Theorem 6.17. The isomorphism Stab♦

λ transforms the solutions Ψ◦

P (z ;p; κ) of equations

(3.13), (3.12) to solutions of the joint system of quantum differential equations and qKZ

difference equations (6.23), (6.25). Namely, for each P ∈ C[Γ́±1]Sλ ⊗ C[ź±1] , the function

StabλΨ
◦

P (z ;p; κ) is a solution of equations (3.13), (3.12).

Proof. The theorem follows from Theorem 6.13 and the definition of the qKZ difference
equations in (6.25). �

In this section we work out the geometric interpretation of the obtained solutions. No-
tice that it would be interesting to relate our solutions with constructions in [C], where
Mellin-Barnes integral representations of solutions of the quantum differential equations
were constructed for a class of smooth projective varieties.
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For i = 1, . . . , N , let γ́1,1, . . . , γ́1,λi
be virtual line bundles such that

⊕λi

j=1 γ́i,j = Fi/Fi−1 ,

and ź1, . . . , źn correspond to the factors of the torus T . Denote Γ́±1 = (γ́±1
1,1 , . . . , γ́

±1
N,λN

)

and ź±1 = (ź±1
1 , . . . , ź±1

n ) , cf. (4.40). Let C[Γ́±1]Sλ be the space of Laurent polynomials in
Γ́ symmetric in γ́i,1, . . . , γ́i,λi

for each i = 1, . . . , N .

Consider the equivariant K-theory algebra KT (Fλ ;C) . Then

(6.26) KT (Fλ ;C) = C[Γ́±1]Sλ ⊗ C[ź±1]
/〈 N∏

i=1

λi∏

j=1

(u− γ́i,j) =

n∏

a=1

(u− źa)
〉
,

where u is a formal variable. That is, KT (Fλ ;C) coincides with the algebra K◦

λ , see

(5.28). For a Laurent polynomial P (Γ́±1; ź±1) ∈ C[Γ́±1]Sλ⊗C[z±1] , denote by [P ] its class

in KT (Fλ ;C) .

Lemma 6.18. The algebra KT (Fλ ;C) is a free module over C[ź±1] .

Proof. The statement follows from Propositions A.2 and A.3. �

Denote by S K

Hλ
the space spanned over C by the solutions StabλΨ

◦

P (z ;p; κ) of equations
(6.23), (6.25). By Proposition 5.17, each element of S K

Hλ
is a section of Hλ holomorphic in

p provided a branch of log pi is fixed for each i = 1, . . . , N , and entire in z .

Since the function Ψ◦

P (z ;p; κ) depends only on the class of P in KT (Fλ ;C) , then so
does the section StabλΨ

◦

P (z ;p; κ) of Hλ . Thus the map

(6.27) µK

Hλ
: KT (Fλ ;C) → S

K

Hλ
, [P ] 7→ StabλΨ

◦

P ,

is well-defined, cf. (5.29). By Corollary 5.19, the map µK

Hλ
is an isomorphism of C[ź±1]-

modules.

In Section 5.5 we introduced the Levelt fundamental solution Ψ̂◦(z ;p; κ) of dynamical

differential equations (3.13). Consider the vector bundle EHλ → Cn× CN with fiber over a

point (z0,p0) given by End
(
H∗

T (Fλ ;C)z0

)
, and its section StabλΨ̂

◦ with values

(6.28) StabλΨ̂
◦
(z ;p; κ) = Stabλ,z ◦ Ψ̂◦

(z ;p; κ) ◦
(
Stabλ,z

)−1
.

By Theorem 4.21 and Corollary 6.14, for any section f of Hλ not depending on p , the

section StabλΨ̂
◦f of Hλ with values StabλΨ̂

◦(z ;p; κ)f(z) is a solution of quantum differ-

ential equations (6.23). We will call the section StabλΨ̂
◦ of EHλ the Levelt fundamental

solution of quantum differential equations (6.23).

Recall the function Ψ•(z ;p; κ) with values in End
(
(CN)⊗n

λ

)
, see (5.33). Consider the

section and StabλΨ
• of EHλ with values

StabλΨ
•
(z ;p; κ) = Stabλ,z ◦Ψ•

(z ;p; κ) ◦
(
Stabλ,z

)−1
.

Then by formulae (5.33) and (6.22),

(6.29) StabλΨ̂
◦
(z ;p; κ) =

(
StabλΨ

•
(z ;p; κ)

) N∏

i=1

p
[Di]z/κ
i ,
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where
∏N

i=1 p
[Di]z/κ
i acts on the fiber H∗

T (Fλ ;C)z as multiplication by itself. The expression

for StabλΨ
•(z ;p; κ) is given by formula (6.33) below.

Recall the function A◦(t; z ; κ) , see (5.13), (5.35),

A
◦
(t; z ; κ) =

N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ
(
1 + (t

(i)
b − t(i)a )/κ

) λ(i+1)∏

c=1

1

Γ
(
1 + (t

(i+1)
c − t

(i)
a )/κ

)
)
,

where λ(N) = n and t
(N)
a = za , a = 1, . . . , n . For I ∈ Iλ and m = (m1, . . . , mN−1) ∈ Z

N−1
>0 ,

set

(6.30) ĴH

I,m(Γ; z ; κ) =
N−1∑

i=1

∑

l∈Zλ{1}

|l(i)|=mi

∑

J∈Iλ

A◦(ΣJ − lκ; z ; κ)W ◦

I (ΣJ − lκ; z) Vλ(Γ; zσJ
)

A◦(ΣJ ; z)Rλ(zσJ
)

,

where | l(i)| = l
(i)
j + . . .+ l

(i)

λ(i) , i = 1, . . . , N−1 . cf. (5.36), (6.6). The functions JH

I, l(Γ; z ; κ)

are polynomials in Γ and rational functions in z, κ .

Proposition 6.19. The functions ĴH

I,m(Γ; z ; κ) are regular if za− zb 6∈ κZ 6=0 for all a 6= b ,

and have at most simple poles at the hyperplanes za − zb ∈ κZ 6=0 .

Proof. Recall the functions Ψ•

I,J(z ;p; κ) and Ω◦

λ(p; κ) , see (5.37), (5.18), respectively. By

formulae (5.36), (5.37), (6.14), (5.7), (6.30), we have

∑

J∈Iλ

Ψ
•

I,J(z ;p; κ) Stab
op

J (Γ; z) =(6.31)

= Ω
◦

λ(p; κ)
∑

m∈Z
N−1
>0

ĴH

I,m(Γ; z ; κ)

N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)mi .

Formula (5.38) and Theorem 5.22 imply that the functions Ψ•

I,J(z ;p; κ) are regular if

za − zb 6∈ κZ 6=0 for all a 6= b , and have at most simple poles at the hyperplanes za − zb ∈
κZ 6=0 . Thus the statement of Proposition 6.19 follows from formula (6.31). �

Define the section ĴH

m of the bundle EHλ with values

ĴH

m(z ; κ) : H∗
T (Fλ ;C)z → H∗

T (Fλ ;C)z ,(6.32)

ĴH

m(z ; κ) : Y 7→
∑

I∈Iλ

Ez

〈
Y [ĴH

I,m(Γ; z ; κ)]z
〉
StabI,z ,

where Ez is the integration map on H∗
T (Fλ ;C)z , see (6.9).

Proposition 6.20. We have

(6.33) StabλΨ
•(z ;p; κ) = Ω

◦

λ(p; κ)
∑

m∈Z
N−1
>0

ĴH

m(z ; κ)
N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)mi .

Proof. The statement follows from formulae (5.38), (6.15), (6.31), (6.32). �
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Proposition 6.21. For any Y ∈ H∗
T (Fλ ;C)z ,

(6.34) Ez

〈
(ĴH

m(z ; κ)Y ) Stabop

I,z

〉
= Ez

〈
Y [ĴH

I,m(Γ; z ; κ)]z
〉
.

In particular,

(6.35) Ez

〈
ĴH

m(z ; κ)Y
〉
= Ez

〈
Y [Ĵ H

Imin
λ

,m(Γ; z ; κ)]z
〉
.

Proof. The statement follows from formulae (6.32), (6.15), (6.12). �

6.6. The map B
H

λ . Let L◦⊂ Cn be the complement of the union of the hyperplanes

(6.36) za− zb ∈ κZ6=0 , a, b = 1, . . . , n , a 6= b .

Denote by O the ring of functions of z holomorphic in L◦, and by OHλ
the space of sections

of the bundle Hλ holomorphic in z for z ∈ L◦ and not depending on p . The stable envelope
map Stabλ induces an isomorphism (CN)⊗n

λ ⊗C O → OHλ
, f 7→ Stabλ f .

Let S
O

Hλ
be the space of sections of Hλ that are solutions of quantum differential equations

(6.24) holomorphic in z for z ∈ L◦. The space S
O

Hλ
is a counterpart of the space S

O

λ of
solutions of limiting dynamical differential equations (3.13) introduced in Section 5.6. The
map Stabλ induces an isomorphism S

O

λ → S
O

Hλ
.

Recall the Levelt solution StabλΨ̂
◦ of quantum differential equations (6.23).

Proposition 6.22. For any f ∈ OHλ
, the section StabλΨ̂

◦f with values

(StabλΨ̂
◦f )(z ;p; κ) =

(
StabλΨ̂

◦(z ;p; κ)
)
f(z)

belongs to S
O

Hλ
. Moreover, the map

(6.37) µO

Hλ
: OHλ

→ S
O

Hλ
, f 7→ StabλΨ̂

◦
f ,

is an isomorphism.

Proof. For any f ∈ OHλ
, the section StabλΨ̂

◦f solves quantum differential equations (6.23).

Since by formula (6.28), Lemma 6.15, and Theorem 5.22, the section StabλΨ̂
◦(z ;p; κ) is

holomorphic in z for z ∈ L◦, the section StabλΨ̂
◦f belongs to S

O

Hλ
. Backwards, for any

f ∈ S
O

Hλ
, the section f∅ with values

(6.38) f∅(z) =
(
StabλΨ̂

◦
(z ;p; κ)

)−1
f(z ;p)

does not depend on p because f(z ;p) is a solution of quantum differential equations (6.24).

Moreover,
(
StabλΨ̂

◦(z ;p; κ)
)−1

is holomorphic in z for z ∈ L◦ since
(
det StabλΨ̂

◦(z ;p; κ)
)−1

is entire in z . Thus f∅∈OHλ
and f = µO

Hλ
f∅. Hence, the map µO

Hλ
is an isomorphism. �

For a solution f ∈ S
O

Hλ
of quantum differential equations (6.23), we call the section f∅

defined by (6.38) the principal term of f . For the solution StabλΨ
◦

P corresponding to a

Laurent polynomial P (Γ́; ź) , see (6.27), the principal term is described in Proposition 6.23
below.
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Recall the functions C ◦

λ(z ; κ) and G◦

λ(z ; κ) , see (5.41), (5.42),

C
◦

λ(z ; κ) =

N∏

i=1

κ(
∑N

j=i+1 λj −
∑i−1

j=1 λj)
∑λ(i)

a=λ(i−1)+1 za/κ ,

G
◦

λ(z ; κ) =
N−1∏

i=1

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

Γ
(
(za− zb)/κ

)
,

and the function Ṕ (Γ; z ; κ) obtained from a Laurent polynomial P (Γ́; ź) by substituting

the variables γ́i,j and źa with the exponentials e2π
√
−1 γi,j/κ and e2π

√
−1 za/κ, respectively. Set

CH

λ (Γ; z ; κ) =
∑

I∈Iλ

C ◦

λ(zσI
; κ) Vλ(Γ; zσI

)

Rλ(zσJ
)

, GH

λ(Γ; z ; κ) =
∑

I∈Iλ

G
◦

λ(zσI
; κ) Vλ(Γ; zσI

) ,

and
ṔH(Γ; z ; κ) =

∑

I∈Iλ

Ṕ (zσI
; z ; κ) Vλ(Γ; zσI

)

Rλ(zσJ
)

,

cf. (6.6).

Proposition 6.23. For a Laurent polynomial P (Γ́; ź) , the values of the principal term Ψ∅

P

of the solution StabλΨ
◦

P are

(6.39) Ψ∅

P (z ; κ) =
[
ṔH(Γ; z ; κ)CH

λ (Γ; z ; κ)G
H

λ(Γ; z ; κ)
]
z
.

Proof. By Proposition 5.23,

(6.40) Ψ∅

P (z ; κ) =
∑

I∈Iλ

Ez

〈
ṔH(Γ; z ; κ)CH

λ (Γ; z ; κ)G
H

λ(Γ; z ; κ) Stab
op

I (Γ; z)
〉
StabI,z .

By Lemmas 6.6, 6.8, for any section f of Hλ ,

[f(Γ; z)]z =
∑

I∈Iλ

Ez

〈
f(Γ; z) Stabop

I (Γ; z)
〉
StabI,z ,

Hence, the right-hand sides of formulae (6.39) and (6.40) coincide. �

The functions CH

λ (Γ; z ; κ) , GH

λ(Γ; z ; κ) , and ṔH(Γ; z ; κ) are polynomials in Γ analyt-
ically depending on z . The sections of Hλ defined by their cohomology classes can be
thought of as the cohomology classes of the respective analytic functions of Γ,

C
◦

λ(Γ; κ) =
N∏

i=1

κ(
∑N

j=i+1 λj −
∑i−1

j=1 λj)
∑λi

j=1γi,j/κ ,(6.41)

G
+

λ(Γ; κ) = κλ{2}

N−1∏

i=1

N∏

j=i+1

λi∏

k=1

λj∏

l=1

Γ
(
1 + (γi,k − γj, l)/κ

)
,

and Ṕ (Γ; z ; κ) . The class of C ◦

λ(Γ; κ) is a product of exponentials of the equivariant

first Chern classes c1(Ei) = [γi,1 + . . . + γi,λi
] of the vector bundles Ei over Fλ with
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fibers Fi/Fi−1 , the class of G+

λ(Γ; κ) is the equivariant Gamma-class of Fλ , and the

class of Ṕ(Γ; z ; κ) is the equivariant Chern character of the class of the Laurent polynomial

P (Γ́; ź) in KT (Fλ ;C) .

Define a map

(6.42) B
H

λ : KT (Fλ ;C) → OHλ

that sends the class [P ] of the Laurent polynomial P (Γ́; ź) in KT (Fλ ;C) to the section of

Hλ with values [ ṔH(Γ; z ; κ)CH

λ (Γ; z ; κ)G
H

λ(Γ; z ; κ)]z . By Proposition 6.23, the map B
H

λ

sends the class [P ] to the principal term of the solution StabλΨ
◦

P of the joint system of
quantum differential equations (6.23) and qKZ difference equations in cohomology (6.25).

Theorem 6.24. Recall the space OHλ
of sections of Hλ holomorphic in z for z ∈ L◦ and

not depending on p , and the space S
O

Hλ
of solutions of quantum differential equations (6.23)

holomorphic in z for z ∈ L◦. Then the map B
H

λ : KT (Fλ ;C) → OHλ
is well-defined and

the following diagram is commutative,

(6.43) KT (Fλ ;C)
B

H
λ

//

µK
Hλ

""
❉❉

❉❉
❉❉

❉❉
OHλ

µO
Hλ

||②②
②②
②②
②②

S
O

Hλ

Proof. The statement follows from Proposition 5.24 by applying the stable envelope map
Stabλ . In more detail, by the standard reasoning the functions CH

λ (Γ; z ; κ) , GH

λ(Γ; z ; κ) ,

Ṕ(Γ; z ; κ) , and Ez

〈
ṔH(Γ; z ; κ)CH

λ (Γ; z ; κ)G
H

λ(Γ; z ; κ) Stab
op

I (Γ; z)
〉
are holomorphic in z

for z ∈ L◦. Hence, the map B
H

λ is well-defined. The commutativity of diagram (5.50)
follows from Proposition 6.23. �

6.7. The nonequivariant case z = 0 . In this section, we will discuss solutions of the
quantum differential equations for the cohomology algebra H∗(Fλ ;C) of the partial flag
variety Fλ by specializing the results obtained for the equivariant case at z = 0 .

The cohomology algebra H∗(Fλ ;C) of the partial flag variety Fλ has the form

(6.44) H∗(Fλ ;C) = C[Γ]Sλ

/〈 N∏

i=1

λi∏

j=1

(u− γi,j) = un
〉
,

where u is a formal variable. It is isomorphic to the algebra H∗(Fλ ;C)z0 at z0 = 0 , see

(6.3). We denote the class of a polynomial f(Γ) ∈ C[Γ]Sλ in H∗(Fλ ;C) by [f ]0 .

The integration map on H∗(Fλ ;C) coincides with the map Ez0 at z0= 0 , see (6.9),

(6.45) E0 : H
∗(Fλ ;C) → C , [f ]0 7→ E0〈f〉 ,

where

E0〈f〉 =

( ∑

I∈Iλ

f(zσI
)

Rλ(zσI
)

)∣∣∣∣
z=0

,

see Lemmas 6.3, 6.4.
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Consider the polynomials StabI,0(Γ) = StabI(Γ; 0) and Stabop

I,0(Γ) = Stabop

I (Γ; 0) . By
formulae (6.12),

Stabσ0(Imin
λ

),0(Γ) = Stabop

Imin
λ

,0
(Γ) = 1 ,

StabImin
λ

,0(Γ) = Stabop

σ0(Imin
λ

),0
(Γ) =

N−1∏

i=1

λi∏

j=1

γn−λ(i)

i,j .

In general, the polynomials StabI,0(Γ) , Stab
op

I,0(Γ) coincide with the A-type Schubert poly-
nomials, see (6.13),

(6.46) StabI,0(Γ) = Sσσ0(I)
(Γ; 0) , Stabop

I,0(Γ) = SσI
(Γ; 0) .

By Lemma 6.6, the polynomials StabI,0(Γ) and Stabop

I,0(Γ) are biorthogonal,

(6.47) E0〈StabI,0(Γ) Stab
op

J,0(Γ)〉 = δI,J .

Denote by StabI,0, Stab
op

I,0 the classes of StabI,0(Γ) , Stab
op

I,0(Γ) in H∗(Fλ ;C) . They are
the fundamental classes of the Schubert subvarieties in Fλ defined for the opposite orderings
of the chosen basis of Cn in the standard way,

The quantum multiplication in H∗(Fλ ;C) , is a deformation of the multiplication in
H∗(Fλ ;C) depending on quantum parameters p . For Y ∈ H∗(Fλ ;C) , let Y ∗p be the
operator of quantum multiplication by Y depending on p .

For i = 1, . . . , N , denote Di = γi,1+ . . .+ γi,λi
, cf. (6.2). The quantum differential equa-

tions for H∗(Fλ ;C)-valued functions of p is the following system of compatible differential
equations,

(6.48) κpi
∂f

∂pi
= [Di]0∗p f , i = 1, . . . , N ,

where κ is a parameter of the equations. Equations (6.48) coincide with the restriction of

equivariant quantum differential equations (6.23) to the subbundle H∗(Fλ ;C)× C
N → C

N

of the bundle Hλ→ Cn× CN located over the points (0,p) ∈ Cn× CN of the base.

Consider the K-theory algebra K(Fλ ;C) . Then

(6.49) K(Fλ ;C) = C[Γ́±1]Sλ ⊗ C[ź±1]
/〈 N∏

i=1

λi∏

j=1

(u− γ́i,j) =

n∏

a=1

(u− 1)
〉
,

where u is a formal variable. The evaluation map

C[Γ́±1]Sλ ⊗ C[ź±1] → C[Γ́±1]Sλ , P (Γ́; ź) 7→ P
(
Γ́; (1, . . . , 1)

)
,

induces the isomorphism of K(Fλ ;C) → KT (Fλ ;C)/〈z = (1, . . . , 1)〉 . Denote by [P ]1 the

class of P (Γ́) ∈ C[Γ́±1]Sλ in K(Fλ ;C) .

Identify C[Γ́±1]Sλ with the subspace of C[Γ́±1]Sλ ⊗ C[ź±1] of Laurent polynomials not

depending on z . For each P ∈ C[Γ́±1]Sλ , the solution StabλΨ
◦

P (z ;p; κ) of equivariant
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quantum differential equations (6.23), see Section 6.5, is regular at z = 0 , and the solution
StabλΨ

◦

P (0;p; κ) of equations (6.48) depends only on the class of P in K(Fλ ;C) . That is,
there is a well-defined map

(6.50) µK

H
λ

: K(Fλ ;C) → Hλ , [P ]1 7→ StabλΨ
◦

P (0;p; κ) ,

where Hλ is the space of solutions of equations (6.48).

Proposition 6.25. The map µK

H
λ

is an isomorphism.

Proof. The statement follows from Theorem 5.18 at z = 0 . �

The Levelt fundamental solution StabλΨ̂
◦(z ;p; κ) of equivariant quantum differential

equations (6.23), see Section 6.5, is regular at z = 0 and the function StabλΨ̂
◦(0;p; κ)

is an End
(
H∗(Fλ ;C)

)
-valued solution of quantum differential equations (6.48). We call

StabλΨ̂
◦(0;p; κ) the Levelt fundamental solution of quantum differential equations (6.48).

It induces the map

(6.51) µH

H
λ

: H∗(Fλ ;C) → Hλ , f 7→ StabλΨ̂
◦
(0;p; κ) f ,

to the space Hλ of solutions of equations (6.48).

Proposition 6.26. The map µH

H
λ

is an isomorphism.

Proof. The statement follows from Proposition 6.22 at z = 0 . �

For a solution f(p) ∈ Hλ of quantum differential equations (6.48), we call the element

(6.52) f∅,0 =
(
StabλΨ̂

◦(0;p; κ)
)−1

f(p)

the principal term of f(p) . The principal term of the solution StabλΨ
◦

P (0;p; κ) corre-

sponding to a Laurent polynomial P (Γ́) is given by Proposition 6.28 below.

For a function F (Γ) holomorphic in a neighborhood of Γ = 0 and symmetric in γi,1,
. . . , γi,λi

for each i = 1, . . . , N , define its class [F ]0 in H∗(Fλ ;C) by expanding F (Γ)
in the power series about Γ = 0 and replacing each term by the corresponding class in
H∗(Fλ ;C) . The resulting sum contains only finitely many nonzero terms and, hence, is
well-defined. Alternatively, the class [F ]0 can be evaluated as follows. Set

(6.53) FH(Γ; z) =
∑

I∈Iλ

F (zσI
) Vλ(Γ; zσI

)

Rλ(zσJ
)

.

Lemma 6.27. The function FH(Γ; z) is regular at z = 0 and [F ]0 = [FH(Γ; 0)]0 .

Proof. By the standard facts on power series, it suffices to prove the statement for a polyno-
mial F (Γ) . In the polynomial case, formulae (6.53), (6.4) yield F (Γ) = FH(Γ;Γ) . Then

[F (Γ)]0 = [FH(Γ;Γ)]0 = [FH(Γ; 0)]0 , because FH(Γ; z) is symmetric in z . �
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Recall the functions C ◦

λ(Γ; κ) , G+

λ(Γ; κ) , see (6.41), and the function Ṕ (Γ; κ) obtained

from a Laurent polynomial P (Γ́) by substituting the variables γ́i,j with the exponentials

e2π
√
−1 γi,j/κ. The class of C ◦

λ(Γ; κ) is a product of exponentials of the first Chern classes

c1(Ei) = [γi,1+ . . .+ γi,λi
] of the vector bundles Ei over Fλ with fibers Fi/Fi−1 , the class

of G+

λ(Γ; κ) is the Gamma-class of Fλ , and the class of Ṕ(Γ; κ) is the Chern character of

the class of the Laurent polynomial P (Γ́) in K(Fλ ;C) .

Proposition 6.28. For a Laurent polynomial P (Γ́) , the principal term Ψ∅,0

P of the solution

StabλΨ
◦

P (0;p; κ) equals

(6.54) Ψ∅,0

P (κ) =
[
Ṕ(Γ; κ)C

◦

λ(Γ; κ)G
+

λ(Γ; κ)
]
0
.

Proof. The statement follows from Proposition 6.28 at z = 0 and Lemma 6.27. �

Define a map

(6.55) B
H,0

λ : K(Fλ ;C) → H∗(Fλ ;C) , [P ]1 →
[
Ṕ(Γ; κ)C

◦

λ(Γ; κ)G
+

λ(Γ; κ)
]
0
,

By Proposition 6.28, the map B
H,0

λ sends the class [P ]1 to the principal term of the solution

StabλΨ
◦

P (0;p; κ) of quantum differential equations (6.48).

Theorem 6.29. Recall the space Hλ of solutions of quantum differential equations (6.48).
The following diagram is commutative,

(6.56) K(Fλ ;C)
B

H,0
λ

//

µK
H

λ
%%❑

❑❑
❑❑

❑❑
❑❑

❑
H∗(Fλ ;C)

µH
H

λ
yyss
ss
ss
ss
ss

Hλ

Proof. The statement is equivalent to Proposition 6.28. �

6.8. Topological-enumerative morphism and J-function. Recall the Levelt funda-

mental solution StabλΨ̂
◦(0;p; κ) of quantum differential equations (6.48). By Lemma 6.8

and biorthogonality relation (6.6), for any I ∈ Iλ , there exists a unique H∗(Fλ ;C)-valued

function ĴH

I (p; κ) such that for any f ∈ H∗(Fλ ;C) ,

(6.57) E0

〈(
StabλΨ̂

◦(0;p; κ)f
)
Stabop

I,0

〉
= E0

〈
ĴH

I (p; κ)f
〉
.

Since Stabop

Imin
λ

,0
= 1 , see (6.12), formula (6.57) for I = Imin

λ takes the form

(6.58) E0

〈
StabλΨ̂

◦
(0;p; κ)f

〉
= E0

〈
ĴH

Imin
λ

(p; κ)f
〉
.

Proposition 6.30. For any I ∈ Iλ ,

(6.59) ĴH

I (p; κ) = Ω
◦

λ(p; κ)
∑

m∈Z
N−1
>0

[ĴH

I,m(Γ; 0; κ)]0

N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)mi

N∏

i=1

p
[Di]0/κ
i ,
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where the functions ĴH

I,m are given by (6.30), Ω◦

λ = e
∑◦

i<j pj/(κpi) in which the sum is taken

over all pairs i < j such that λi = 1 and λi+1 = . . . = λj = 0 , see (5.18), and Di = γi,1+
. . .+ γi,λi

.

Proof. By Proposition 6.19, the functions ĴH

I,m(Γ; z ; κ) are regular at z = 0 . Thus the

classes [ĴH

I,m(Γ; 0; κ)]0 in formula (6.59) are well defined. Then the statement follows from

Proposition 6.21 and formulae (6.57), (6.33), (6.29) . �

By inspection, the function ĴH

Imin
λ

(p; κ) in this paper coincides with the nonequivariant

J-function of Fλ obtained in [BCK] up to a change of notation.

In more detail, formula (6.30) for the function ĴH

Imin
λ

,m
(Γ; z ; κ) takes the form

(6.60) ĴH

Imin
λ

,m(Γ; z ; κ) =

N−1∑

i=1

∑

l∈Zλ{1}

|l(i)|=mi

∑

J∈Iλ

A◦(ΣJ − l; z ; κ) Vλ(Γ; zσJ
)

A◦(ΣJ ; z)Rλ(zσJ
)

,

because W ◦

Imin
λ

(ΣJ − lκ; z) = 1 , see Lemma 5.2. In (6.60), m = (m1, . . . , mN−1) ∈ Z
N−1
>0 ,

l =
(
l
(1)
1 , . . . , l

(1)

λ(1) , . . . , l
(N−1)
1 , . . . , l

(N−1)

λ(N−1)

)
∈ Zλ{1}

, | l(i)| = l
(i)
j + . . .+ l

(i)

λ(i) ,

A◦(t; z ; κ) =
N−1∏

i=1

λ(i)∏

a=1

( λ(i)∏

b=1
b6=a

Γ
(
1 + (t

(i)
b − t(i)a )/κ

) λ(i+1)∏

c=1

1

Γ
(
1 + (t

(i+1)
c − t

(i)
a )/κ

)
)
,

where λ(N) = n , t
(N)
a = za , and l

(i)
a = 0 for a > λ(i) or i = N , and ΣJ is given by (4.1).

Then the expression in [BCK, Theorem 1.3] for JF
d (~) with l = N−1 , di = mi , di,j = l

(i)
j ,

~ = κ , and Hi,j = γa,j−λ(a−1) for λ(a−1)< j 6 λ(a), agrees term by term with the expression

for the class [ĴH

I,m(Γ; 0; κ)]0 obtained from (6.60). Also, formula (6.59) for ĴH

Imin
λ

(p; κ) is

the same as the series expansion of the nonequivariant J-function of Fλ in [BCK].

Observe that relation (6.58) between the J-function ĴH

Imin
λ

(p; κ) and the Levelt funda-

mental solution StabλΨ̂
◦(0;p; κ) matches the general relation between the J-function and

the topological-enumerative morphism, see Definition 5.3 and formula (5.8) in [CV], where
the J-function is defined in terms of the topological-enumerative morphism. This naturally
suggests the following conjecture.

Conjecture 6.31. The Levelt fundamental solution StabλΨ̂
◦(0;p; κ) of quantum differen-

tial equations (6.48) is the topological-enumerative morphism of Fλ .

Observe that formulae (6.57) – (6.59) are specializations of respective formulae for the

Levelt fundamental solution StabλΨ̂
◦(z ;p; κ) of equivariant quantum differential equations

(6.23). By Lemma 6.8 and biorthogonality relation (6.6), for any I ∈ Iλ , there exists a

unique section ĴH

I (z ;p; κ) of the bundle Hλ such that for any f ∈ H∗(Fλ ;C) considered
as a section of Hλ not depending on p ,

(6.61) Ez

〈(
StabλΨ̂

◦
(z ;p; κ) [f ]z

)
Stabop

I,z

〉
= Ez

〈
ĴH

I (z ;p; κ) [f ]z
〉
.
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Since Stabop

Imin
λ

,z
= 1 , see (6.12), formula (6.57) for I = Imin

λ takes the form

(6.62) Ez

〈
StabλΨ̂

◦
(z ;p; κ) [f ]z

〉
= Ez

〈
ĴH

Imin
λ

(z ;p; κ) [f ]z
〉
.

Furthermore, by Proposition 6.21 and formulae (6.61), (6.33), (6.29),

ĴH

I (z ;p; κ) =(6.63)

= Ω
◦

λ(p; κ)
∑

m∈Z
N−1
>0

[ĴH

I,m(Γ; z ; κ)]z

N−1∏

i=1

(
(−κ)−λi−λi+1 pi+1/pi

)mi

N∏

i=1

p
[Di]z/κ
i ,

where the notation is the same as in formula (6.59). This suggests the equivariant version
of Conjecture 6.31.

Conjecture 6.32. The Levelt fundamental solution StabλΨ̂
◦(z ;p; κ) of equivariant quan-

tum differential equations (6.23) is the equivariant topological-enumerative morphism of Fλ .

6.9. Example λ = (1, n− 1) , Fλ = CPn−1. Throughout this section, let N = 2 , n > 2 ,
λ = (1, n− 1) , Fλ = CPn−1.

Denote γ = γ1,1 . Identify C[γ ] with the subspace of C[Γ]Sλ consisting of polynomials not

depending on γ2,1, . . . ,γ2,n−1 , and C[Γ]Sλ with the subspace of C[Γ]Sλ ⊗ C[z] consisting of

polynomials not depending on z . Then the equivariant cohomology algebra H∗
T (CP

n−1;C) ,
see (6.1), can be presented as follows

(6.64) H∗
T (CP

n−1;C) = C[γ ]⊗ C[z]
/〈 n∏

a=1

(γ − za) = 0
〉
.

Similarly, for any z0 ∈ Cn , the algebra H∗
T (CP

n−1;C)z0 can be presented as follows

(6.65) H∗
T (CP

n−1;C)z0 = C[γ ]
/〈 n∏

a=1

(γ − z0a) = 0
〉
.

For any polynomial f(γ ; z) , the polynomial E〈f〉(z) , see (6.7), can be evaluated as an
integral

(6.66) E〈f〉(z) =
1

2π
√
−1

∫

C

f(γ ; z)

(γ − z1) . . . (γ − zn)
dγ

over a contour C encircling z1, . . . , zn counterclockwise. Similarly, for any polynomial f(γ)
and z0 ∈ Cn ,

(6.67) Ez0〈f〉 =
1

2π
√
−1

∫

C

f(γ)

(γ − z01) . . . (γ − z0n)
dγ

for a contour C encircling z01 , . . . , z
0
n counterclockwise.

Following Section 5.7, denote by [a] the element
(
{a}, {1, . . . , a− 1, a+ 1, . . . , n}

)
∈ Iλ .
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The polynomials Stab[a](γ ; z) , Stab
op

[a](γ ; z) are respectively obtained from the functions

W̌ ◦

[a](t; z) , W ◦

[a](t; z) , see (5.57), (5.55), by the substitution t = γ ,

(6.68) Stab[a](γ ; z) =
n∏

c=a+1

(γ − zb) , Stabop

[a](γ ; z) =
a−1∏

c=1

(γ − zb) , a = 1, . . . , n .

The biorthogonality relation, see Lemma 6.6,

(6.69) E〈Stab[a](γ ; z) Stab
op

[b](γ ; z)〉 = δa,b

is clear from formula (6.66).

Consider a polynomial

(6.70) Wλ(t; γ ; z) =
1

t− γ

( n∏

a=1

(t− za) −
n∏

a=1

(γ − za)

)
,

and its image
[
Wλ(t; γ ; z)

]
in C[t]⊗H∗

T (CP
n−1;C) . Recall the polynomial Ŵ

◦

λ(t;Γ) , see

(6.18), and its image
[
Ŵ

◦

λ(t;Γ)
]
in C[t]⊗H∗

T (CP
n−1;C) . By relations (6.1), (6.64),

[
Ŵ

◦

λ(t;Γ)
]
=

[
Wλ(t; γ ; z)

]
.

Thus Theorem 6.9 for CPn−1 reads as follows.

(6.71)
[
Wλ(t; γ ; z)

]
=

n∑

a=1

W
◦

[a](t; z)
[
Stab[a](γ ; z)

]
.

In fact, formula (6.71) is the image C[t]⊗H∗
T (CP

n−1;C) of the equality of polynomials

(6.72) Wλ(t; γ ; z) =
n∑

a=1

W
◦

[a](t; z) Stab[a](γ ; z) .

Recall that for z ∈ Cn and a = 1, . . . , n, the classes of the polynomials Stab[a](γ ; z) ,

Stabop

[a](γ ; z) in H∗
T (CP

n−1;C)z are denoted by Stab[a],z , Stabop

[a],z. Consider a basis v[1],

. . . , v[n] of (C2)⊗n
λ , where v[a] = v

⊗(a−1)
2 ⊗ v1 ⊗ v

⊗(n−a)
2 . For every z ∈ Cn , the map

(6.73) Stabλ,z : (CN)⊗n
λ → H∗

T (Fλ ;C)z , v[a] 7→ Stab[a],z , a = 1, . . . , n ,

gives an isomorphism of (CN)⊗n
λ and H∗

T (CP
n−1;C)z .

Set D1 = γ , D2 = z1+ . . .+ zn− γ . The operators of quantum multiplication [D1]z ∗p,z ,
[D2]z ∗p,z act on H∗

T (CP
n−1;C)z as follows

[D1]z ∗p,z Stab[1],z = z1Stab[1],z +
p2
p1

Stab[n],z ,(6.74)

[D1]z ∗p,z Stab[a],z = zaStab[a],z + Stab[a−1],z , a = 2, . . . , n ,

[D2]z ∗p,z Stab[b],z =
(
− [D1]z ∗p,z +

n∑

c=1

zc

)
Stab[b],z , b = 1, . . . , n ,
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see for instance [TV7]. As Corollary 6.14 states, the map Stabλ,z intertwines the dynamical

operators X◦

1(z ;p) , X
◦

2(z ;p) , see (5.53), acting on (CN)⊗n
λ and the operators of quantum

multiplication, [D1]z ∗p,z , [D2]z ∗p,z ,

(6.75) Stabλ,z ◦X◦

i (z;p) = [Di]z ∗p,z ◦ Stabλ,z , i = 1, 2 .

Consider the trivial vector bundle Hλ → Cn× C2 with fiber over a point (z0,p0) given

by H∗
T (CP

n−1;C)z0 . The equivariant quantum differential equations for sections of Hλ is
the system of differential equations

(6.76) κpi
∂f

∂pi
= [Di]z ∗p,z f , i = 1, 2 ,

where κ is the parameter of the equations. The isomorphisms Stabλ,z identify equations
(6.76) with the limiting dynamical differential equation (5.54). Furthermore, the isomor-
phisms Stabλ,z and the limiting qKZ equations (5.52) define the qKZ difference equations
in cohomology

(6.77) f(z1, . . . , za+ κ, . . . , zn;p; κ) = KH

a (z ;p; κ) f(z ;p; κ) , a = 1, . . . , n ,

where for each a = 1, . . . , n , and fixed z,p , the operator KH

a (z ;p; κ) is a map of fibers,

KH

a (z ;p; κ) : H∗
T (Fλ ;C)z → H∗

T (Fλ ;C)(z1,..., za+κ,..., zn) ,

KH

a (z ;p; κ) = Stabλ,(z1,..., za+κ,..., zn) ◦ K
◦

a(z ;p; κ) ◦ (Stabλ,z)
−1 ,

and the operator K◦

a(z ;p; κ) is given by (5.51). By Theorem 6.16, quantum differential
equations (6.76) and qKZ difference equations (6.77) is a compatible system of differential
and difference equations for sections of Hλ .

Denote γ́ = γ́1,1 . Identify C[γ́±1 ] with the subspace of C[Γ́±1]Sλ consisting of Lau-

rent polynomials not depending on γ́2,1, . . . , γ́2,n−1 , and C[Γ́±1]Sλ with the subspace of

C[Γ́±1]Sλ ⊗ C[ź±1] consisting of polynomials not depending on ź . Then the equivariant

K-theory algebra KT (CPn−1;C) , see (6.26), can be presented as in (5.63),

(6.78) KT (CP
n−1;C) = C[γ́±1, ź±1]

/〈 n∏

a=1

(γ́ − źa) = 0
〉
.

Recall that for a Laurent polynomial P (γ́ ; ź) , we denote

Ṕ (γ ; z ; κ) = P (e2π
√
−1 γ/κ ; e2π

√
−1 z1/κ, . . . , e2π

√
−1 zn/κ) .

In Section 5.7, we described solutions Ψ◦

P (z ;p; κ) of equations (5.54), (5.52) labeled by
Laurent polynomials P (γ́ ; ź) , see (5.61). Denote by S K

Hλ
the space spanned over C by the

solutions StabλΨ
◦

P (z ;p; κ) of equations (5.54), (5.52). Each element of S K

Hλ
is a section of

Hλ holomorphic in p1 , p2 provided branches of log p1 and log p2 are fixed, and entire in z ,
see Proposition 5.17. The space S K

Hλ
is a C[ź±1]-module, with a Laurent polynomial P (ź)

acting as multiplication by Ṕ (z ; κ) .
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Since the function Ψ◦

P (z ;p; κ) depends only on the class of P in KT (Fλ ;C) , then so
does the section StabλΨ

◦

P (z ;p; κ) of Hλ . Thus the map

(6.79) µK

Hλ
: KT (Fλ ;C) → S

K

Hλ
, [P ] 7→ StabλΨ

◦

P ,

is well-defined, cf. (5.29). By Corollary 5.19, the map µK

Hλ
is an isomorphism of C[ź±1]-

modules.

There is an integral formula for the function Ψ◦

P (z ;p; κ) , see (5.62). Taking into account
formula (6.71), we get an integral presentation for the section StabλΨ

◦

P (z ;p; κ) ,

(6.80) StabλΨ
◦

P (z ;p; κ) =
1

2π
√
−1 κ

∫

C

Ṕ (t; z ; κ) Φ
◦

λ(t; z ;p; κ)
[
Wλ(t; γ ; z)

]
z
dt ,

where

(6.81) Φ
◦

λ(t; z ;p; κ) = (p2/κ)
∑n

a=1 za/κ (κnp1/p2)
t/κ

n∏

a=1

Γ
(
(t− za)/κ

)

is the master function, see (5.58), the polynomial Wλ(t; γ ; z) is given by (6.70), a contour

C encircles the poles of the product
∏n

a=1Γ
(
(t− za)/κ

)
counterclockwise. For instance, C

can be the parabola

C = { κ
(
A− s2+ s

√
−1

)
| s ∈ R } ,

where A is a sufficiently large positive real number.

In Section 6.5, we introduced the Levelt fundamental solution StabλΨ̂
◦ of quantum differ-

ential equations. For the example of equations (6.76), StabλΨ̂
◦ is the section of the vector

bundle EHλ → Cn× C2 with fiber over a point (z0,p0) given by End
(
H∗

T (CP
n−1;C)z0

)
.

By (6.29), the values of StabλΨ̂
◦ have the form

(6.82) StabλΨ̂
◦
(z ;p; κ) =

(
StabλΨ

•
(z ;p; κ)

)
(p1/p2)

[γ]z/κ p
∑n

c=1 zc/κ
2 ,

where (p1/p2)
[γ]z/κ p

∑n
c=1 zc/κ

2 acts on the fiber H∗
T (CP

n−1;C)z as multiplication by itself and

the section StabλΨ
•(z ;p; κ) of EHλ is an entire function of p2/p1 equal to the identity

map at p2 = 0 . Formulae (6.30)–(6.33), (6.67), (6.71) yield an integral expression for
StabλΨ

•(z ;p; κ) , see formulae (6.83), (6.84) below.

Recall the complement L◦⊂ Cn of the union of hyperplanes (6.36),

za− zb ∈ κZ6=0 , a, b = 1, . . . , n , a 6= b .

For l ∈ Z>0 , let J̃H

l be the section of the bundle EHλ with values

J̃H

l (z ; κ) : H
∗
T (CP

n−1;C)z → H∗
T (CP

n−1;C)z ,(6.83)

J̃H

l (z ; κ) : [f ]z 7→ 1

2π
√
−1

∫

Cz

f(t)
[
Wλ(t− lκ; γ ; z)

]
z

n∏

a=1

l∏

m=0

1

t− za −mκ
dt ,
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where the integral is over a contour Cz encircling the points z1, . . . , zn counterclockwise and
separating them from the sets za+ κZ>0 , a = 1, . . . , n . It is assumed in (6.83) that z ∈ L◦.
By Proposition 6.20,

(6.84) StabλΨ
•
(z ;p; κ) =

∞∑

l=0

J̃H

l (z ; κ) (p2/p1)
l .

Notice that J̃H

0 (z ; κ) is the identity map because the classes in H∗
T (CP

n−1;C)z of a poly-
nomial f and the polynomial

(6.85) f∗(γ) =
1

2π
√
−1

∫

Cz

f(t)Wλ(t; γ ; z)

(t− z1) . . . (t− zn)
dt

coincide, [f∗ ]z = [f ]z ∈ H∗
T (CP

n−1;C)z .

Formulae (6.83), (6.84) are counterparts of formulae (5.64) for dynamical differential equa-
tions (5.54).

Recall the space OHλ
of sections of Hλ holomorphic in z for z ∈ L◦ and not depending on

p , and the space S
O

Hλ
of sections of Hλ that are solutions of quantum differential equations

(6.76) holomorphic in z for z ∈ L◦. By Proposition 6.22, the Levelt solution StabλΨ̂
◦

defines an isomorphism

(6.86) µO

Hλ
: OHλ

→ S
O

Hλ
, f 7→ StabλΨ̂

◦
f .

of OHλ
and S

O

Hλ
. The section f is called the principal term of StabλΨ̂

◦f . The principal

term of the solution StabλΨ
◦

P (z ;p; κ) corresponding to a Laurent polynomial P (γ́ ; ź) is
described below, see (6.89).

For a function f(t) holomorphic in a neighbourhood of the points z1, . . . , zn , define the
polynomial f∗(γ) by the rule

(6.87) f∗(γ) =
1

2π
√
−1

∫

C

f(t)Wλ(t; γ ; z)

(t− z1) . . . (t− zn)
dt ,

where a contour C encircles the points z1, . . . , zn counterclockwise and f(t) is holomorphic
inside C , cf. (6.85). Define the class [f ]z ∈ H∗

T (CP
n−1;C)z by the rule [f ]z = [f∗]z .

Set

(6.88) C̃
◦

λ(γ ; z; κ) = κ(nγ−
∑n

c=1 zc)/κ, G̃
+

λ(γ ; z ; κ) = κn−1

n∏

a=1

Γ
(
1 + (γ − za)/κ

)
,

cf. (6.41). By Proposition 6.23, the principal term Ψ∅

P of the solution StabλΨ
◦

P correspond-
ing to a Laurent polynomial P (γ́ ; ź) is

(6.89) Ψ∅

P (z ; κ) =
[
Ṕ(γ ; z ; κ) C̃

◦

λ(γ ; z ; κ) G̃
+

λ(γ ; z; κ)
]
z
.

The right-hand side of the last formula equals the product of the equivariant Chern char-

acter
[
Ṕ(γ ; z ; κ)

]
z
of the class of the Laurent polynomial P (γ́ ; ź) in KT (CPn−1;C) , the

exponential
[
C̃ ◦

λ(γ ; z; κ)
]
z
of the equivariant first Chern class [γ ]z of the tangent bundle

of CPn−1, and is the equivariant Gamma-class
[
G̃+

λ(γ ; z ; κ)
]
z
of CPn−1.
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Recall the map (6.42),

B
H

λ : KT (CP
n−1;C) → OHλ

,

that sends the class [P ] of the Laurent polynomial P (γ́ ; ź) in KT (CPn−1;C) to the sec-

tion of Hλ with values
[
Ṕ(γ ; z; κ) C̃ ◦

λ(γ ; z ; κ) G̃
+

λ(γ ; z ; κ)
]
z
. By (6.89), the map B

H

λ sends

the class [P ] to the principal term of the solution StabλΨ
◦

P of the joint system of differ-
ential equations (6.76) and difference equations (6.77). Furthermore, by Theorem 6.24, the
following diagram is commutative,

(6.90) KT (CPn−1 ;C)
B

H
λ

//

µK
Hλ

!!
❉❉

❉❉
❉❉

❉❉
OHλ

µO
Hλ

||③③
③③
③③
③③

S
O

Hλ

where µK

Hλ
and µO

Hλ
are the maps (6.79) and (6.86), respectively.

The topological-enumerative morphism for CPn−1 was studied in [CV]. To refer to for-
mulae and statements in [CV], we will use the superscript CV. To compare formulae in this
paper with their counterparts in [CV], one should make the following substitution,

[γ ] = x , p1 = q−1 , p2 = 1 , κ = −1 .

Then the classes of polynomials Stab[1](γ ; z), . . . , Stab[n](γ ; z) in H∗
T (CP

n−1;C) coincide

with the classes g1, . . . , gn given by (4.4)CV, formulae (6.75) for quantum multiplication agree

with formulae (5.13)CV, (5.14)CV, and quantum differential equations (6.76) and (5.19)CV

match.

By the results of [CV], Conjecture 6.32 holds true for CPn−1.

Theorem 6.33. The Levelt fundamental solution StabλΨ̂
◦(z ;p; κ) of equivariant quantum

differential equations (6.76) is the equivariant topological-enumerative morphism of CPn−1

restricted to the small equivariant quantum locus.

Proof. The statement follows from formulae (6.82)–(6.84) and Theorem 6.4CV. �

According to Definition 5.3CV, the equivariant J-function for CPn−1 is a unique section
J(z ;p; κ) of Hλ such that for any f ∈ H∗(CP

n−1;C) considered as a section of Hλ not
depending on p ,

(6.91) Ez

〈(
StabλΨ̂

◦
(z ;p; κ)

)
[f ]z

〉
= Ez

〈
J(z ;p; κ) [f ]z

〉
.

Formulae (6.67), (6.82)–(6.84), and

1

2π
√
−1

∫

C

Wλ(t; γ ; z)

(γ − z1) . . . (γ − zn)
dγ = 1

for a contour C encircling z1, . . . , zn counterclockwise, yield the following expression for the
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equivariant J-function for CPn−1,

(6.92) J(z ;p; κ) = p
∑n

c=1 zc/κ
2 (p1/p2)

[γ]z/κ

[ ∞∑

l=0

(p2/p1)
l

n∏

a=1

l∏

m=1

1

γ − za−mκ

]

z

.

This expression matches the formula for the equivariant J-function for CP
n−1 obtained in

[Gi1], [LLY].

All the results of this section admit straightforward specialization to the nonequivariant
case by setting z = 0 .

Appendix A. Polynomial identities

Recall λ = (λ1, . . . , λN) , |λ| = n , the set Iλ , Imin
λ ∈ Iλ , and the permutation σI ∈ Sn ,

I ∈ Iλ , such that σI(I
min
λ ) = I . Let Sλ = Sλ1× . . .× SλN

⊂ Sn be the isotropy subgroup of

Imin
λ . Each coset in Sn/Sλ contains exactly one permutation of the form σI , I ∈ Iλ .

Consider the variables x = (x1, . . . , xn) , y = (y1, . . . , yn) . Define

(A.1) Vλ(x;y) =
λ(i)∏

a=1

n∏

b=λ(i)+1

(xa− yb) .

Clearly, Vλ(x;y) ∈ C[x]Sλ ⊗ C[y ]Sλ . For σ ∈ Sn , denote xσ = (xσ(1), . . . , xσ(n)) .

Lemma A.1. We have Vλ(x;xσ) = 0 unless σ ∈ Sλ , and Vλ(xσI
;xσI

) = (−1)|σI |Vλ(x;x) .

Proof. Straightforward. �

For any function f(x), define

Symλ
x f(x) =

∑

I∈Iλ

f(xσI
) .

Proposition A.2. We have

(A.2) Vλ(x; z) = Symλ
y

(
Vλ(x;y) Vλ(y ; z)

Vλ(y ;y)

)
.

Proof. By formula (A.1), the expression Vλ(x;y) Vλ(y ; z)/Vλ(y ;y) is invariant under per-
mutations of y1, . . . , yn by elements of the subgroup Sλ . Thus the right-hand side of formula
(A.2) is a symmetric polynomial in y1, . . . , yn of degree zero in each of the variables y1, . . . ,
yn , hence a constant. The constant can be found by evaluating this polynomial at y = x

or y = z . �

Proposition A.3. For any polynomial f ∈ C[x]Sλ , we have

(A.3) f(x) = Symλ
y

(
Vλ(x;y)

Vλ(y ;y)
Symλ

x

(
f(x) Vλ(y ;x)

Vλ(x;x)

))
.
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Proof. Changing the order of symmetrizations in the right-hand side of formula (A.3) and
applying formula (A.2) yields

Symλ
y

(
Vλ(x;y)

Vλ(y ;y)

(
Symλ

z

(
f(z) Vλ(y ; z)

Vλ(z ; z)

))∣∣∣∣
z=x

)
=

=

(
Symλ

z

(
f(z)

Vλ(z ; z)
Symλ

y

(
Vλ(x;y) Vλ(y ; z)

Vλ(y ;y)

)))∣∣∣∣
z=x

=

=

(
Symλ

z

(
f(z) Vλ(x; z)

Vλ(z ; z)

))∣∣∣∣
z=x

= f(x) .

�

The expression Symλ
x

(
f(x) Vλ(y ;x)/Vλ(x;x)

)
is a symmetric polynomial in x1, . . . , xn .

Thus Lemma A.1 and Proposition A.3 show that the polynomials Vλ(x;yσI
) , I ∈ Iλ , give

a basis of the space C[x]Sλ as a free module over the ring of symmetric polynomials C[x]Sn .

Proposition A.4. We have

(A.4) det
(
Vλ(xσI

;yσJ
)
)
I,J∈Iλ

=
n−1∏

a=1

n∏

b=a+1

(
(xa − xb)(yb − ya)

)d(2)
λ ,

where

d
(2)
λ =

(n− 2)!

λ1 ! . . . λN !

N−1∑

i=1

N∑

j=i+1

λiλj .

Proof. Consider the matrix M(x;y) =
(
Vλ(xσI

;yσJ
)
)
I,J∈Iλ

. Let F (x;y) = detM(x;y) .

Formula (A.2) reads M(x; z) = M(x;y)
(
M(y ;y)−1M(y ; z) , thus

(A.5) F (x; z) =
F (x;y)F (y ; z)

F (y ;y)
,

so that F (x;y) = G(x) G̃(y) for some functions G, G̃ . Also, F (x;y) = F (y ;x) , since the

matrix M(y ;x) is the transpose of M(x;y) . Hence the functions G and G̃ are proportional

and one can take G̃ = G . Finally, the matrix M(x;x) is diagonal and

(
G(x)

)2
= F (x;x) =

∏

I∈Iλ

Vλ(xσI
;xσI

) =

n∏

a=1

n∏

b=1
b6=a

(xa − xb)
d
(2)
λ ,

which implies formula (A.4). �

For I ∈ Iλ , set

(A.6) VI(x) = Vλ

(
x1, . . . , xn ; σI(n)− 1, . . . , σI(1)− 1

)
.



LANDAU–GINZBURG MIRROR FOR A PARTIAL FLAG VARIETY 71

We use the polynomials VI(x) in Section 4.6 to give a basis of the algebra Kλ . By formula
(A.4),

(A.7) det
(
VI(xσJ

)
)
I,J∈Iλ

=

n−1∏

k=2

j(n−j)d
(2)
λ

n−1∏

a=1

n∏

b=a+1

(xb − xa)
d
(2)
λ .

Appendix B. Schubert polynomials

Consider the operators ∆x
1, . . . ,∆

x
n−1 acting on functions of x1, . . . , xn :

∆x
af(x) =

f(x)− f(x1, . . . , xa+1, xa, . . . , xn)

xa − xa+1

.

They satisfy the nil-Coxeter relations,

(B.1) (∆x
a)

2 = 0 , ∆x
a∆

x
b = ∆x

b∆
x
a , |a− b| > 1 , ∆x

a∆
x
a+1∆

x
a = ∆x

a+1∆
x
a∆

x
a+1 ,

for any a, b .

Given a permutation σ ∈ Sn , define the operator ∆x
σ as follows. For a = 1, . . . , n − 1 ,

let sa be the transposition of a and a + 1 . If σ = sa1 . . . sak is the reduced presentation,

then ∆x
σ = ∆x

a1
. . . ∆x

ak
. In particular, ∆x

sa = ∆a . The operators ∆x
σ are well-defined due

to relations (B.1).

Lemma B.1. For σ, τ ∈ Sn , we have ∆x
σ∆

x
τ = ∆x

στ if |στ | = |σ |+ |τ | , and ∆x
σ∆

x
τ = 0 ,

otherwise.

Proof. The statement follows from relations (B.1). �

Define the operators ∆y
σ , σ ∈ Sn , acting on functions of y1, . . . , yn similarly.

The A-type double Schubert polynomials Sσ , σ ∈ Sn , see [L, Chapter 2], are defined as
follows. For the longest permutation σ0 , σ0(i) = n+ 1− i , i− 1, . . . , n , set

Sσ0(x;y) =

n−1∏

i=1

n−i∏

j=1

(xi − yj) ,

For any σ ∈ Sn , set Sσ(x;y) = ∆x
σ−1σ0

Sσ0(x;y) .

Lemma B.2. For any σ ∈ Sn , we have ∆x
σSσ0(x;y) = (−1)|σ|∆y

σ0σ−1σ0
Sσ0(x;y) .

Proof. The statement follow by induction on the length of σ from the equalities

∆x
saSσ0(x;y) =

Sσ0(x;y)

xa − yn−a

= −∆y
sn−a−1

Sσ0(x;y)

and sn−a−1 = σ0 saσ0 for every a = 1, . . . , n− 1 . �

Proposition B.3. For any σ ∈ Sn , we have

Sσ(x;y) = (−1)|σ0|−|σ|∆y
σσ0

Sσ0(x;y) = (−1)|σ|Sσ−1(y ;x) .
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Proof. The statement follows from the equality Sσ0(y ;x) = (−1)|σ0|Sσ0(x;y) and Lemma
B.2. �

Denote by σλ the longest element of the subgroup Sλ = Sλ1× . . .× SλN
⊂ Sn ,

σλ(a) = λ(i−1)+ λ(i)+ 1− a , λ(i−1)+ 1 < a 6 λ(i) , i = 1, . . . , N .

Lemma B.4. We have

∆x
σλ
Sσ0(x;y) =

λ(i)∏

a=1

n∏

b=λ(i)+1

(xa− yn−b+1) .

Proof. Straightforward. �

Recall the polynomials StabI(Γ; z) , Stab
op

I (Γ; z) , see Section 6.2.

Proposition B.5. For any I ∈ Iλ ,

(B.2) StabI(Γ; z) = Sσσ0(I)
(Γ; zσ0) , Stabop

I (Γ; z) = SσI
(Γ; z) .

Proof. By formula (6.12) and Lemmas 5.4,

Stabop

I (Γ; z) = (−1)|σσ0(I)|−|σI |∆z
σI σ−1

σ0(I)
Vλ(Γ; zσ0) ,

where the operator ∆z
σ acts on functions of z . By formula (6.4) and Lemmas B.4, B.2,

Vλ(Γ; zσ0) = (−1)|σλ|∆z
σ0 σλσ0

Sσ0(x;y)

because σ−1
λ = σλ . Since σσ0(I) = σ0σλ and |σI σ

−1
σ0(I)

|+ |σσ0(I)σ0 | = |σI σ0 | ,

Stabop

I (Γ; z) = (−1)|σ0|−|σ|∆z
σσ0

Sσ0(Γ; z) = SσI
(Γ; z) .

by Lemma B.1 and Proposition B.3, that proves the second equality in (B.2). The first

equality in (B.2) follows from the relation StabI(Γ; z) = Stabop

σ0(I)
(Γ; zσ0) . �

Appendix C. Proofs of Lemmas 5.2 and 5.3

Proof of Lemma 5.2. The proof is by induction on N . To show that W ◦

Imin
λ

(t; z) = 1 , set

f1 = 1 , and for N > 2 , write

fN (t
(1), . . . , t(N−1); z) = W

◦

Imin
λ

(t; z) ,

indicating the dependence on N explicitly. By formula (5.1), the function fN is a polynomial

in t
(N−1)
1 , . . . , t

(N−1)

λ(N−1) of degree zero in each of these variables, hence a constant. Evaluating
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fN(t
(1), . . . , t(N−1); z) at t(N−1) = (z1, . . . , zλ(N−1)) yields

fN(t
(1), . . . , t(N−1); z) = fN−1(t

(1), . . . , t(N−2); z1, . . . , zλ(N−1)) .

Thus fN (t
(1), . . . , t(N−1); z) = 1 by the induction assumption.

The proof of formula (5.2) is similar. Set f1(z) = 1 , and for N > 2 , write

fN (t
(1), . . . , t(N−1); z) = W

◦

σ0(Imin
λ

)(t; z) ,

Define polynomials g1, . . . , gN−1 ,

gi(t
(i); z) =

λ(i)∏

a=1

λ(i+1)∏

b=λ(i)+1

(t(i)a − zn−b+1) .

By formula (5.1), the function fN is a polynomial in t
(N−1)
1 , . . . , t

(N−1)

λ(N−1) of degree λN in each

of these variables, and fN is divisible by gN−1(t
(N−1); z) . Hence,

fN (t
(1), . . . , t(N−1); z) = rN(t

(1), . . . , t(N−2); z) gN−1(t
(N−1); z)

for some polynomial rN . Evaluating both sides at t(N−1) = (zλN+1 , . . . , zn)

rN(t
(1), . . . , t(N−2); z) = fN−1(t

(1), . . . , t(N−2); zλN+1 , . . . , zn) .

Thus fN(t
(1), . . . , t(N−1); z) = g1(t

(1); z) . . . gN−1(t
(N−1); z) , which proves formula (5.2). �

Proof of Lemma 5.3. The proof is by induction on N , similarly to that of Lemma 5.2. Set
f1 = 1 , and for N > 2 , write

fN(t
(1), . . . , t(N−1); z) = W

◦

Imin
λ

(t; z) , f
(i)
N (t(1), . . . , t(N−1); z) = W

◦

s
λ(i),λ(i)+1

(Imin
λ

)(t; z) ,

indicating the dependence on N explicitly. By Lemma 5.2, fN(t
(1), . . . , t(N−1); z) = 1 .

By formula (5.1), the function f
(N−1)
N is a symmetric linear function in t

(N−1)
1 , . . . , t

(N−1)

λ(N−1)

vanishing at t(N−1)= (z1, . . . , zλ(N−1)) Hence,

f
(N−1)
N (t(1), . . . , t(N−1); z) = rN(t

(1), . . . , t(N−2); z)

( λ(N−1)∑

j=1

(t
(N−1)
j − zj)

)

for some polynomial rN . Evaluating both sides at t(N−1) = (z1, . . . , zλ(N−1)−1 , 0) yields

rN(t
(1), . . . , t(N−2); z) = fN−1(t

(1), . . . , t(N−2); z1, . . . , zλ(N−1)−1 , 0) = 1

by Lemma 5.2, which proves Lemma 5.3 for i = N − 1 .

For i 6= N − 1 , formula (5.1) implies that the function f
(i)
N is a polynomial in t

(N−1)
1 , . . . ,

t
(N−1)

λ(N−1) of degree zero in each of these variables, hence a constant. Evaluating f
(i)
N (t(1), . . . ,
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t(N−1); z) at t(N−1) = (z1, . . . , zλ(N−1)) yields

f
(i)
N (t(1), . . . , t(N−1); z) = f

(i)
N−1(t

(1), . . . , t(N−2); z1, . . . , zλ(N−1)) ,=
λ(i)∑

j=1

(t
(i)
j − zj) ,

where the second equality holds by the induction assumption. Lemma 5.3 is proved. �

Appendix D. Stirling’s formula

The next two lemmas are used in the proof of Lemma 5.10. The first lemma is well known.

Lemma D.1. For |arg(h/κ)| < π and any α ∈ C , we have

lim
h→∞

Γ(α + h/κ)

(h/κ)α Γ(h/κ)
= 1

locally uniformly in α.

Lemma D.2. For any α, r∈ C , l ∈ Z , we have

lim
h→∞

r l Γ(α+ l + h/κ)

(h/κ) l Γ(α + h/κ)Γ(l + 1)
=

r l

Γ(l + 1)

uniformly in l and locally uniformly in α, r.

Proof. Let y = h/κ and f(x, y, α) = (1− xy−1)−α−y . For r < |y | by Cauchy’s formula,

r l Γ(α+ l + y)

y l Γ(α + y)Γ(l + 1)
=

r l

2π
√
−1

∫

|x|=r

f(x, y, α)

xl+1
dx .

Since lim
y→∞

f(x, y, α) = ex locally uniformly in x, α , and

r l

Γ(l + 1)
=

r l

2π
√
−1

∫

|x|=r

ex

xl+1
dx ,

Lemma D.2 follows. �

Appendix E. Polynomiality of solutions

Consider dynamical differential equations (2.7) for nonpositive integer values of h/κ .

Recall the End
(
(CN)⊗n

λ

)
-valued Levelt fundamental solution Ψ̂(z ; h; q ; κ) , see Theorem

4.21, Proposition 4.24, and formula (4.47) for the dynamical Hamiltonians X1, . . . , Xn at
q = ≀0 .

Say that a rational function f(z) is over integers if f(z) is a ratio of polynomials in z

with integer coefficients.

Theorem E.1. Let m ∈ Z>0 and h =−mκ . Then the Levelt fundamental solution has the

form

(E.1) Ψ̂(z ;−mκ; q ; κ) = P (z/κ;m; q)

N−1∏

i=1

N∏

j=i+1

(1− qj/qi)
−mλi

N∏

i=1

qXi(z/κ;−m; ≀0)
i ,
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where P (z ;m; q) is a polynomial in the variables q2/q1, . . . , qn/qn−1 with coefficients being

rational functions of z over integers. The degree of P (z ;m; q) in the variable qi+1/qi is

at most m(n − i)λ(i). The funciton P (z ;m; q) is holomorphic in z if za− zb 6∈ Z 6=0 for

all 1 6 a < b 6 n . The singularities of P (z ;m; q) at the hyperplanes za − zb ∈ Z 6=0 are

simple poles. For any z such that za − zb 6∈ κZ 6=0 for all 1 6 a < b 6 n , the columns

of Ψ̂(z ;−mκ; q ; κ) form a basis of the space of (CN)⊗n
λ -valued solutions of dynamical

differential equations (2.7).

Proof. By formulae (4.48), (4.60), the function Ψ̂(z ;−mκ; q ; κ) has the form (E.1) with
P (z ;m; q) being a power series in q2/q1, . . . , qn/qn−1 . The first step of the proof is to show
that the power series terminate so that P (z ;m; q) is a polynomial in q2/q1, . . . , qn/qn−1 .

Denote by PI,J(z ;m; q) the entries of P (z ;m; q) in the standard basis {vI , I ∈ Iλ} of

(CN)⊗n
λ . By formula (4.60),

(E.2) PI,J(z ;m; q) =
∑

l∈Zλ{1}

>0

JI,J, l(z ;−m)
N−1∏

i=1

(qi+1/qi)
∑λ(i)

a=1 l
(i)
a ,

where the coefficients JI,J, l(z ;−m) are given by formula (E.4) below.

Denote [x,j ] = x(x− 1) . . . (x− j + 1) . Recall

Zλ = { l ∈ Z
λ{1}

>0 | l(i)a > l(i+1)
a , i = 1, . . . , N − 1 , a = 1, . . . , λ(i)} ,

see (4.31). For l ∈ Zλ{1}

>0 , set Fl(z ;m) = 0 if l 6∈ Zλ , and

Fl(z ;m) =
N−1∏

i=1

λ(i)∏

a=1

(
(−1)l

(i)
a − l

(i+1)
a [m, l

(i)
a − l

(i+1)
a ]

(l
(i)
a − l

(i+1)
a )!

×(E.3)

×
λ(i)∏

b=1
b6=a

[zb − za+ l
(i)
a − l

(i)
b , m+ 1]

[zb − za , m+ 1]

λ(i+1)∏

c=1
c 6=a

[zc− za , m+ 1]

[zc − za+ l
(i)
a − l

(i+1)
c , m+ 1]

)

if l ∈Zλ . Here λ(N) = n and l
(N)
a = 0 for all a = 1, . . . , n .

Notice that the factor [m, l
(i)
a − l

(i+1)
a ] in formula (E.3) equals zero if l

(i)
a − l

(i+1)
a > m .

Therefore, Fl(z ;m) = 0 unless l
(i)
a − l

(i+1)
a 6 m for all a, i , and in particular, Fl(z ;m) = 0

unless l
(i)
a 6 m(n− i) for all a, i .

Denote

Zλ,m = { l ∈ Z
λ{1}

>0 | 0 6 l(i)a − l(i+1)
a 6 m, i = 1, . . . , N − 1 , a = 1, . . . , λ(i)} ,

By formulae (4.59), (4.57), (E.3),

(E.4) JI,J, l(z ;−m) =
∑

K∈Iλ

Fl(zσK
;m)WI(ΣK− l; z ;−m) W̌J(ΣK ; z ;−m)

Rλ(zσK
)Qλ(zσK

;−m) cλ(ΣK− l;−m) cλ(ΣK ;−m)
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if l ∈Zλ,m , and JI,J, l(z ;−m) = 0 if l 6∈ Zλ,m . Therefore,

(E.5) PI,J(z ;m; q) =
∑

l∈Zλ,m

JI,J, l(z ;−m)
N−1∏

i=1

(qi+1/qi)
∑λ(i)

a=1 l
(i)
a ,

so that P (z ;m; q) is a polynomial in q2/q1, . . . , qn/qn−1 of degree at most m(n − i)λ(i)

in the variable qi+1/qi , i = 1, . . . , N . Moreover, by formulae (E.3), (4.2), (4.5), (4.8),
all the coefficients JI,J, l(z ;−m) are rational functions of z over integers. The regularity
properties of P (z ;m; q) follow from Theorem 4.21, item (ii).

The columns of Ψ̂(z ;−mκ; q ; κ) form a basis of the space of (CN)⊗n
λ -valued solutions of

dynamical differential equations (2.7) by Theorem 4.21, see formula (4.49). �

Theorem E.1 allows us to describe the monodromy of the system of dynamical differential
equations (2.7) if h/κ is a nonpositive integer.

Corollary E.2. Let h ∈ κZ60 . Then the monodromy of the system of dynamical differen-

tial equations (2.7) is abelian. The monodromy representation is generated by the matrices

e2π
√
−1X1(z/κ;h/κ; ≀0) , . . . , e2π

√
−1XN (z/κ;h/κ; ≀0) . For any z such that za−zb 6∈ κZ for all 1 6 a <

b 6 n , the monodromy representation is the direct sum of one-dimensional representations

generated by the solutions ΨI(z ;−mκ; q ; κ) , I ∈ Iλ , defined by (4.20).

Notice that for integer values of h/κ , the factors (1 − qj/qi)
λih/κ in formula (4.21) are

rational functions and the only nontrivial monodromy of the solutions ΨJ(z ;−mκ; q ; κ)
comes from the factors q

∑

a∈Ji
za/κ

i
in formula (4.22).

The results of this appendix were motivated by the corresponding statements in [OP] on
the quantum differential equation of the Hilbert scheme of points in the plane.

References

[AB] D.V.Anosov, A.A.Bolibruch, The Riemann-Hilbert problem, Aspects of Mathemat-
ics, E22, Friedr. Vieweg & Sohn, Braunschweig, 1994

[BCK] A.Bertram, I. Ciocan-Fontanine, B.Kim, Gromov–Witten invariants for abelian and

nonabelian quotients , J. Alg. Geom. 17 (2008) 275–294
[BMO] A.Braverman, D.Maulik, A.Okounkov, Quantum cohomology of the Springer reso-

lution, Adv. Math. 227 (2011), no. 1, 421–458
[BM] A.Buch. L.Mihalcea, Curve neighborhoods of Schubert varieties , J. Diff. Geom. 99

(2015), no. 2, 255–283
[C] G.Cotti, Cyclic stratum of Frobenius manifolds, Borel-Laplace (α, β)-multitrans-

forms, and integral representations of solutions of Quantum Differential Equations ,
Preprint (2020)arXiv:2005.08262, 1–97

[CDG] G.Cotti, B.Dubrovin, D.Guzzetti, Helix structures in quantum cohomology of Fano

varieties , arXiv:1811.09235, 1–149
[CV] G.Cotti, A.Varchenko, Equivariant quantum differential equation and qKZ equa-

tions for a projective space: Stokes bases as exceptional collections, Stokes matrices

as Gram matrices, and B-Theorem, “ Integrability, Quantization and Geometry —
Dubrovin’s memorial volume”, edited by I.Krichever, S.Novikov, O.Ogievetsky, and



LANDAU–GINZBURG MIRROR FOR A PARTIAL FLAG VARIETY 77

S. Shlosman, In Proceedings of Symposia in Pure Mathematics, vol. 103.1, AMS,
2021

[D1] B.A.Dubrovin, Geometry and analytic theory of Frobenius manifolds , In Proceed-
ings of the International Congress of Mathematicians, Vol. II (Berlin, 1998), 315–326

[D2] B.A.Dubrovin, Quantum Cohomology and Isomonodromic Deformation. Lecture at
Recent Progress in the Theory of Painlevé Equations: Algebraic, asymptotic and
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