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ABSTRACT. We consider the system of quantum differential equations for a partial flag
variety and construct a basis of solutions in the form of multidimensional hypergeometric
functions, that is, we construct a Landau—Ginzburg mirror for that partial flag variety. In
our construction, the solutions are labeled by elements of the K-theory algebra of the partial
flag variety.

To establish these facts we consider the equivariant quantum differential equations for a
partial flag variety and introduce a compatible system of difference equations, which we call
the qKZ equations. We construct a basis of solutions of the joint system of the equivariant
quantum differential equations and qKZ difference equations in the form of multidimensional
hypergeometric functions. Then the facts about the non-equivariant quantum differential
equations are obtained from the facts about the equivariant quantum differential equations
by a suitable limit.

Analyzing these constructions we obtain a formula for the fundamental Levelt solution
of the quantum differential equations for a partial flag variety.
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The genus zero Gromov-Witten invariants of a partial flag variety V answer enumera-
tive questions about rational curves in V and are put together in various ways to define
rich mathematical structures such as the quantum cohomology algebra and the system of
quantum differential equations. Those structures are part of the so-called ‘A-model’ of V.
Landau—Ginzburg mirror symmetry seeks to describe these structures in terms of a mirror
dual ‘B-model’ associated with V. The way originated by A.Givental in [Gil, Gi2] seeks to
encode the data from the A-model by oscillating integrals of a superpotential function W,
which is defined on a ‘mirror dual” affine variety V°. In particular, these oscillating integrals
are supposed to give all solutions of the system of quantum differential equations.
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This Landau—Ginzburg mirror symmetry has been established by A. Givental for full flag
varieties and projective spaces in [Gil, Gi2, GKi]. The construction for Grassmannians has
been performed by R.J.Marsh and K.Rietsch in [MR]. A standard problem, related to
generalizations of Givental’s approach, is to check that the number of critical points of the
superpotential equals the dimension of the cohomology algebra of V', and then check that
the oscillating integrals, which are intrinsically labeled by the critical points, indeed generate
a basis of solutions of the system of quantum differential equations. While the first part is
of algebraic nature, the second part is of global topological nature (to determine integration
cycles exiting critical points). For example, in [MR] a superpotential for a Grassmannian
was constructed, and it was shown that the number of its critical points is the correct one,
but the part that the oscillating integrals indeed give a basis of solutions was not addressed.

In this paper, we suggest a new ‘hypergeometric Landau—Ginzburg mirror symmetry
model” for a partial flag variety V and construct the full set of solutions of the system
of quantum differential equation of V in the form of multidimensional hypergeometric func-
tions. In these functions the role of Givental’s exponential of the superpotential is played
by what we call the master function, which is the product of Gamma functions multiplied
by the exponential of a linear function, and the role of the mirror dual V' is played by the
complement in an affine space to the set of all poles of the product of Gamma functions
composing the master function. In particular, our V° is not an algebraic variety, but a
complex analytic variety.

It is interesting to note that in our construction, the solutions of the system of quantum
differential equations of V' are naturally labeled by elements of the K-theory algebra of V.
In particular, that observation suggests that the monodromy and Stokes phenomenon of the
system of quantum differential equations of V' may be described in terms of the K-theory
algebra of V| in accordance with the philosophy of B.Dubrovin, see [D1, D2, CDG, TV6,
TV7, TV2, CV].

Consider the example of the m-dimensional complex projective space V = CP™. In the
body of the paper, this example corresponds to the case n=m+1, N =2, A= (1,m).
The cohomology algebra is H*(V;C) = C[z]/(2™*"), where x is the first Chern class of
the tautological line bundle. The quantum multiplication *, on H*(V;C) depends on a
parameter p,

+7 i+j—m—1

xi*pxj::):i for i +7 <m, xi*pxj:p:)s for i +j >m,
i,7 = 0,...,m. The parameter p corresponds to ps/p; in the body of the paper. The

quantum differential equation is

(1.1) —lipg—; =xx,1,

where k is the parameter of the differential equation and I is the unknown H*(V'; C)-valued
function. The K-theory algebra is K(V;C) = C[X, X' /((X — 1)™™), where X is the
class of the tautological line bundle.

The H*(V;C)-valued weight function is W (t,z) = ", t™ *2'. The master function is

O(t,p, k) = (K™ /p) (D(t/r))" "
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For a univariate Laurent polynomial P(X), define
Up(p, k) = k"> Resy— e (O(t,p, 5) P(e>™ M)W (¢, 2)) .
r=0

The function ¥p(p, k) depends only on the class of P in K(V;C). Alternatively, Wp(p, k)
can be written as an integral over an appropriate contour C' encircling the poles of ®(¢,p, k)
in the positive direction,

1
2my/—1

For instance, one can take the parabola C' = {x (1 —s*+sv/~=1) | seR}.

Up(p, ) — / B(t, p, k) P> TR W (8, 2) di
C

Theorem 1.1. For any Laurent polynomial P, the H*(V')-valued function Vp(p, k) is an
entire function of logp that solves the quantum differential equation (1.1). If the classes of
Laurent polynomials Py, ..., P, give a basis of K(V;C), then the functions Vp, (p, k), ...,
Up (p, k) give a basis of solutions of the quantum differential equation.

Theorem 1.1 follows from Proposition 6.25, see also Proposition 5.17. The fact that
solutions Wp (p,k),...,¥p (p,k) of Theorem 1.1 form a basis follows from the following
determinant formula.

Theorem 1.2. We have

det(Z Res -, (t'e ™1 @ (¢, p, m))) = (2my/=T )" ez,

r=0 1,7=0

Theorem 1.2 follows from Theorem 5.18, see also formula (5.60) .

Notice that in [Gu], D. Guzzetti considers a scalar linear differential equation of order m+-1
equivalent to the quantum differential equation (1.1) and constructs a basis of solutions in
the form of similar integrals.

Our construction of the basis of solutions of the system of quantum differential equa-
tions for a partial flag variety is done in several steps and is based on constructions from
representation theory.

We consider the joint compatible system of rational gKZ difference equations and dynami-
cal differential equations for sections of the trivial bundle 7 : (CN)®*"xC"xCN — CrxC¥.
This system is defined in terms of the Yangian Yj,(gly) action on (CV)®™ and depends on
the Yangian deformation parameter h. In this paper, we describe the h — oo limit of this
system of difference and differential equations. This is our first main result, see Section 3.
We call the obtained equations the limiting qKZ difference equations and limiting dynamical
differential equations.

In [TV1, TV6] we constructed solutions of the joint system of initial ¢KZ difference equa-
tions and dynamical differential equations in the form of multidimensional hypergeometric
functions, see Theorem 4.9. In this paper, we calculate the h — oo limit of these solutions
and obtain solutions of the joint system of limiting equations, see Theorem 5.13. This is our
second main result.
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According to the general theory in [MO] the initial system of gKZ difference equations and
dynamical differential equations is identified with the system of qKZ difference equations
and equivariant quantum differential equations in the equivariant cohomology of cotangent
bundles of partial flag varieties. The precise formulae for that identification can be found
in [GRTV, RTV1]. It was expected that a suitable h — oo limit of these equations gives a
system of difference and differential equations related to the equivariant quantum cohomology
of partial flag varieties themselves instead of their cotangent bundles. In particular, it was
shown in [BMO] that the h — oo limit of the equivariant quantum differential equations
for the cotangent bundle of the full flag variety gives the equivariant quantum differential
equations of the corresponding full flag variety. Also, the appropriate h — oo limit of the
Yangian R-matrix associated with the quantum cohomology of the cotangent bundle of
a Grassmannian, was used in [GK, GKS] to calculate the quantum multiplication in the
cohomology of the Grassmannian itself.

In this paper, we identify our limiting dynamical differential equations for sections of
the bundle 7 with the equivariant quantum differential equations for partial flag varieties.
Under this identification, our limiting qKZ difference equations become a system of difference
equations in the equivariant cohomology of partial flag varieties, hence, a new system of
difference equations compatible with the equivariant quantum differential equations. At
the same time, the multidimensional hypergeometric solutions of the limiting equations for
sections of the bundle 7 become solutions of the equivariant quantum differential equation
and qKZ difference equations for partial flag varieties. This is our third main result, see
Theorem 6.17.

The particular case of a projective space was considered in [TV7, CV], where the joint
system of the equivariant quantum differential equation and compatible gKZ difference equa-
tions, together with hypergeometric solutions, was used to analyze the Stokes phenomenon
for the equivariant quantum differential equation of a projective space. We expect similar
applications of our compatible qKZ equations for partial flag varieties.

The paper is organized as follows. In Section 2 we define the initial joint system of qKZ
and dynamical equations. In Section 3 we describe the h — oo limit of these equations.
In Section 4 we describe multidimensional hypergeometric solutions of the initial gKZ and
dynamical equations. In Section 5 we obtain solutions of the limiting equations by taking the
h — oo limit of the solutions of the initial equations. In Section 6 we identify the limiting
equations with the equation in equivariant cohomology of partial flag varieties. Appendices
A—-D contain technical information.

In Appendix E we show that the monodromy of the system of dynamical differential
equations (2.7) is abelian under a certain resonance condition for the equivariant parameters.
This is analogous to the corresponding property of the quantum differential equation of the
Hilbert scheme of points in the plane, see [OP].

Notice that Proposition 6.23 provides an equivariant Gamma theorem for a partial flag
variety Fy, cf. Theorem B.2 and formula (11.19) in [TV6]. Notice also that in Theorems
4.10, 4.17, 5.14, 5.18 we prove different determinant formulas which imply that the functions
entering the determinants form bases in the spaces of solutions of the corresponding differ-

ential and difference equations. The Levelt fundamental solutions are discussed in Sections
4.7 and 5.5.
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2. DYNAMICAL AND qKZ EQUATIONS

2.1. Notations. Fix N,n € Z-o. Let A € ZY,, | A=A+ ...+ Ay =n. Let I = (I,
..., In) be a partition of {1,...,n} into disjoint subsets I,..., Iy . Denote by Z, the set
of all partitions [ with |[;|=2X;, j=1,...,N.

Consider the space CV with the standard basis v; = (0,...,0,1;,0,...,0), i=1,..., N,
and the tensor product (CY)®" with the basis (v;)r,
vy =0, Q... U, ,
where i; =m if j € I, .
The space (CY)®" is a module over the Lie algebra gl with basis e;;, 4,7 =1,...,N.
The gly-module (CM)®™ has weight decomposition (CY)®" = ZWZH(CN)%", where (CV)§"
is the subspace with basis (vr)rez, -

2.2. Difference qKZ equations. Define the R-matrix acting on (CV)®2,

u—hP

Rlwh) = =%

where P is the permutation of factors of (C")®? and u,h € C. The R-matrix satisfies the
Yang-Baxter and unitarity equations,

(2.1) R (4 — v; )R (u; RYR® (v; h) = R (v; )R (u; B)RUD (u — v h)
(2.2) R (u; h)R®Y (—us h) = 1.

The first equation is an equation in End((C")®3). The superscript indicates the factors of
(CN)®3 on which the corresponding operators act.

Let z=(z1,...,2,) €C", q=(q1,...,qv) € CV, and k € C. Define the ¢KZ operators
K, ..., K, acting on (CV)®m:

(2.3) K.(z:h;q:k) = R V(2 — 2.1+ ki h) ... R9Y (2, — 2, + K; h) X

« 65(,11) e%,)N R(a,n) — 2 h (a,a+1) - h
¢y (24 — Zn3h) ... R (24 — Zat13 ) .

The qKZ operators preserve the weight decomposition of (CY)®" and have the property
(2.4) Ko(z1, . y20+ Ry ooy 20 by @3 k) Ko(23 b g5 k) =
- Kb<21,...72a+/€,...,Zn;h;q;fi)Ka(z;h;q;/i)

foralla,b=1,...,n,see [FR]. We say that the collection of operators Kj, ..., K, with this
property define a discrete flat connection, see [TV2].
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The system of difference equations with step k,
(2.5)  flz1,. o za+ Ky ooz b k) = Ko(z:hq; k) f(z:h;q;5 k), a=1,...,n,
for a (CV)®valued function f(z,h,q; k) is called the qKZ equations.
Remark 2.1.

2.3. Differential dynamical equations. Define the linear operators Xi,..., Xy acting
on (CM)®" called the dynamical Hamiltonians:

n

N
. €ii(1— &) (a) (b)
Xi(z;h;q) = Z Ztlez(',i) - h( 5 + Z Z €ikCri T

a=1 1<a<b<n k=1
N
+ Z (éljéjl éll)>>
= qi — g
j_
(a) J#
where €, = > " e.;. The differential operators
0 :
(26) vq,/i,i = K’Qza _Xl(zvth)a Z:]-a"'>Na
4;

preserve the weight decomposition of (C)®" and pairwise commute, see [TV3], also [GRTV,
Section 3.4], [RTV1, Section 7.1], [MTV]. The operators V., define the (C")®"-valued
dynamical connection.
The system of differential equations
0
(2.7) wa ok = Xizhia) [, i=1.N,
di

for a (CY)®"-valued function f(z;h;q;k) is called the dynamical equations.

Theorem 2.2 ([TV3|). The joint system of dynamical and qKZ equations with the same
parameter Kk is compatible.

Lemma 2.3. The dynamical Hamiltonians X, ..., Xy acting on (CN)®" can be written in
the form
" N @0 @0
(2.8) Xizihiq) = 3 e — h e )
; ’ K;@ ; l—gi/a  1—a/q
JFi
Proof. The proof is by direct verification. O

3. LimMIT h — o0

3.1. Limit of gKZ operators. Introduce the R-matrix R°(u) acting on (CV)%2:

RO(U) = P+ u Z ei7i®€j,j-

I<i<j<N
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For example, for N =2 the matrix is

1000
or v 0 uw 10
Rw=141 ¢ 0
000 1
Lemma 3.1. We have
(3.1) R(u) = lim ((—h)Zies /5 R(ug b (—h) =S G090 )

Moreover, R°(u) satisfies the Yang-Baxter and unitarity equations,

32)  (R(u—)" (R W)™ (R ) = (R*(0)* (R°(w) "™ (R (u — v))"?,

o 12) / 1o 21
(3.3) (R°(u)) ™ (R*(—u))® = 1.
Proof. The proof of formula (3.1) is straightforward. Equations (3.2), (3.3) follow from (3.1)
and (2.1), (2.2), respectively. O

Let p= (p1,...,pn) € CV. Define the gKZ operators K7, ..., K acting on (CV)®":

(3.4) K (z:pik) = (R(za— 201+ 1)V (R(20— 21 + 1)) Y x
(a) (a)
e e ° a,n ° a,a+1
X ptoopeY (R (z; — zn))( ). (R (24 — za+1))( )
Lemma 3.2. Fora=1,...,n, we have
K, (zipiw) = lim ((—=h)Zreeis G54l Kz hipi w) (—h) " Dreesss el )
—00

where the operators Ky, ..., K, are obtained from the qKZ operators Ky, ..., K,, see (2.3),

by the substitution

n (b) (b)
(3.5) g — pi(—h) Zb:l<zf‘>ieﬂ"ﬂ"zf‘<i%), i=1,...,N.

Proof. The lemma is proved by direct verification using Lemma 3.1. U

Corollary 3.3. The qKZ operators K3, ..., K. preserve the weight decomposition of (CN)®"
and define a discrete flat connection,

Koz, vz + koo 2y pi k) Ky (25 k) = Ky(21, 00,20 + Koo 203 P R) Ko (253 R)
forall a,b=1,....,n, cf. (2.4).
Remark 3.4. The R-matrix R°(u) for N = 2 is analogous to the R-matrix of the five-

vertex model and the g-boson model, and to the R-matrices considered in [GK, GKS] in
relation to the quantum cohomology theory for Grassmannians.

Remark 3.5. Since det R°(u) = 1, the qKZ operators K7,..., K, are invertible for all
z,p, k provided p; # 0 forall i = 1,..., N. That is, the discrete flat connection on (CV)®"

defined by K7,..., K, isregular for all z, unlike the discrete flat connection defined by the
qKZ operators K, ..., K,, see (2.3).
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3.2. Dynamical operators X;,..., Xy . Recall A = (A\y,...,\x). Let A = Z;Zl i
i=1,...,N,sothat A\ =n. For 1 <i<j <n, set Aijy = Zi;()\k—l—)\kﬂ) =
NN 230 N

Recall I = (I,...,Iy) and the vectors v; € (CN)®", For 0 € S,, and I = (I,..., 1),
set o(I) = (o(I1),...,0(Iy)). For a,b=1,...,n, let s be the transposition of a,b.

Given [ € Iy, let a € I; and b€ I;. A pair (a,b) is called I-disordered if either a < b,
i>7j,or a>b,i<j. Apair (a,b) is called [-ordered if either a < b, i < j,or a> b,
i> 7. A pair (a,b) is called I-flat if i1 =7.

Denote M = {min(a,b) +1,...,max(a,b) — 1}, k =min(é,j), | = max(i,j). If i # j,

so that k <1, set mgp 1 = A,y and l
~1

Tabl = |Mﬁ[,-|+|MﬂIj|+2’Mﬂ U I.|.
r=k+1

Clearly, Mab.1 Z 2 and 0O < Tab,I < Ma,b,1 — 2 if 4 # j . Set ][a,b} = Ui:k [r .

Set
(3.6) I = (A, A QAW 1 AE) Y 1 ).

For I € Zy, let o; € S, be the element of minimal length such that o;(I"") = I. Notice
that

(3.7) lo7| = [{(a,b) |a€L;, bel;, a<b,i>j}.
Lemma 3.6. We have

a) If the pair (a,b) is I-disordered, then |o,, )| = |or| —rapr —1.

b) If the pair (a,b) is I-ordered, then |o, )| = |or| +Tapr+1.

c) If the pair (a,b) is I-flat, then s,p(1) = 1.
Corollary 3.7. If |o,, )| < |or|, then the pair (a,b) is I-disordered. If |o, )| > |o1],
then the pair (a,b) is I-ordered.

A pair (a,b) is called I-admissible of the first kind if |og, )| = |o7| — 1, and I-admissible
of the second kind if |og, )| = |or] +mapr —1.
Lemma 3.8. A pair (a,b) is I-admissible of the first kind if and only if it is I-disordered
and the intersection {min(a,b) +1,...,max(a,b) — 1} NI, is empty.
Lemma 3.9. A pair (a,b) is I-admissible of the second kind if and only if it is I-ordered
and the intersection {1,...,min(a,b) — 1, max(a,b) +1,...,n} NI, is empty.
Example. Let N =4, n=5, A=(2,1,1,1), I = ({1,3},{4},{2},{5}) . Then the I-ad-
missible pairs of the first kind are (3,2), (2,3), (4,2), (2,4), and the [-admissible pairs of
the second kind are (1,4), (4,1), (1,5), (5,1), (2,5), (5,2).

For all 4,7, a,b, define linear operators Q' ’jb acting on (CM)®" by the rule

QZ’jva = Vs, if a €1, bel;, and the pair (a,b) is I-admissible,

a,b o .
Q;;vr =0, otherwise.
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Recall the linear operators e'”) acting on (CN)®n.

1,7

The dynamical operators X7, ..., Xy, acting on (CN)®" are given by the formula
n N i—1 P
o a a,b t ~a,b
(3:8) X{(z:p) =) 2 e + > ( Q=Y e ) +
a=1 1<b<a<sn N j=i+1 j=1 p;
N i1
J ~a,b a,b
e > (X Bay-ya).
1<a<b<n Nj=i+1 I j=1
Notice that the operators Xj,..., X5 preserve the weight decomposition of (CV)®".

Example. Let N =2, n = 3. The operators X7, X; preserve the subspace spanned by
the vectors

V({1},{2,3}) = N1 Q@ 12 & V2, V({2},{1,3}) = V2@ 11 & V2, V({3},{1,2}) = V2@ V2@ V1.

of weight XA = (1,2). The matrices of X7, X in this basis are

21 1 0 Zy + 23 —1 0
}(f:: 0 22 1 s ,XE = 0 Z1 + 23 —1
p2/p1 0 23 —p2/p1 0 21 + 29

Example. Let N =5, n=6, I = ({2,5},{6}, {3}, {1}, {4}). Then
Xi(z:p)vr = (22 + 25) v1 + V({15}{61(31 {21041 T V({241 {61 0311151 T

P2
+Ummwuwm&n+Emem5Mmmw

o D2
X2(z;p) Vr = 25 U1 + V(2,5 {4},3}.{1}.{6}) T V({2,5},{3}.{6}.{1}.{4}) — ]9_1 U({5,6},{2},{3},{1},{4}) -

3.3. Limit of dynamical Hamiltonians. Let the operators )Z'l, e ,)Af ~ be obtained from
the dynamical Hamiltonians Xi,..., Xy, see (2.8), by substitution (3.5). In more detail,
the operators X;,..., Xy preserve the weight decomposition of (C)®" and the action of
Xi(z;h;p) on (CV)§™ coincides with the action of X;(z;h;q) for ¢ = (q1,...,qn),
(3.9) g = pj (—h)Zwi TR =1 N
Lemma 3.10. Fori=1,..., N, we have
(b) () ~ ) (c)

(3.10) X;(23p) = lim ((—h) Zvees<s hicis Xz hs p) (—h) ~Zveessk ki )

—00

Proof. The lemma is proved by direct verification using Lemma 2.3, the equality

(b) (o) _
E €k € VI = lor|vr,
b<c,j<k

following from (3.7), and Lemma 3.6. O
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Corollary 3.11. The differential operators

(3.11) v, :/ﬁpiﬁi—Xf(z;p), 1=1,...,N,

D,k .
3

preserve the weight decomposition of (CN)®™ and pairwise commute.

3.4. Limiting equations. The system of difference equations with step x,

(3.12) f(z1,. o vza+ Ry y2znsp) = K (2;p5K) f(2;p), a=1,....n,

for a (CY)®"valued function f(z,p) will be called the limiting qKZ equations.
The system of differential equations with parameter x,
0

for a (CY)®"valued function f(z;p) will be called the limiting dynamical equations.

Theorem 3.12. The joint systems of limiting dynamical and limiting qKZ equations with
the same parameter k is compatible.

Proof. The theorem follows from Theorem 2.2 and Lemmas 3.2, 3.10. O

4. HYPERGEOMETRIC SOLUTIONS OF THE DYNAMICAL AND gqKZ EQUATIONS

4.1. Weight functions W;(t; z;h). For I € T, we define the weight functions W;(¢; z; h),
cf. [TV1, TV4, RTVI1, TV6]. The functions W;(t; z; h) here coincide with those defined in
[TV6, Section 3.4].

Recall A = (Al,...,AN) and I = (I1,...,Iy). Set Uizljk _ {igj) - - ZE\J()J) '
ConSider the Variables tl(lj)’ '] = 1’. : .7N - 17 a = 17‘ . ‘7)\(j)- Set th) — Z[l7 a = 17- . -7n.
Denote t@) = (¢ .. ,tf\]()j)) and t = (tM), ... tN-D),

For I € 7, , define

(4.1) X = (Zign, cee Zi(;()l)’ Zigz), cee Zi(f()z)’ RN Zi;N—l), cee ZZ(A](\TIGE)U) ,

so that, t = X; reads in detail as

a

W =20, k=1,....N-1, i=a,...,A",

For a function f(z1,...,x;) of some variables, denote
S}/’I119617___71,]c f(LL’l, . ,l’k) = Z f(xg(l), e ,xa(k)) .
€Sk

The weight functions are

(42) W[(t; z, h) = Symt(l) MED RN Symt;N—l) t(N71) U[(t; z; h) y

IEEEENGS) e b (N-1)
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UI(t;zvh) -
N—1 A& 2@+ 2@+ (@) t(j) () h
$U) _ 4+ 1) (G) _ U+ _ b e
( [T @@= I =" =n |1 0 )
j=1 a=1 c= d=1 b=at+1 “b a

G2 ) G54
Example. Let N =2, n=2 A= (1,1), I = ({1},{2}), J = ({2},{1}). Then
Wi(t;z;h) = tgl)—zz —h, Wiy(t;z;h) = tgl)—zl
Lemma 4.1 ([RTV1, TV6]). Forany I €Zy,i=1,....N—1,and a=1,....n—1, we

have
(43) Wsa,a+1(1) (t; zZ, h) =
Zg— Zas1— h h
= —+1 W](t;Zl, sy RatlsRas -y Rny h,) + — W[(t,Z, h,) .
Za — Za+1 Za — Za+1
Remark 4.2. Define the operators $i,...,§,_1 acting on functions of zy,...,z,:
~ Za — Ra+1 — h h
4.4 Saf(z2) = ——————— f(21, -, Zag1s Zay - - -5 2n) + ———— f(2).
(44) flm) = 220D e )+ 1(2)
The assignment s,q41 — 5., a =1,...,n — 1, yields a representation of the symmetric
group S, .
Set N—-1 A® 2O
(4.5) (D — ) —p).
i=1 a=1 b=1
b#a

Recall the permutations o7, I € Zy, defined in Section 3.2.
Lemma 4.3 ([RTV1]). We have W;(X;;2;h) =0 unless I =J or |or| > |o,|, and

(4.6) Wi(Sr; 2z h) = ex(Sr;h) H H H(H — H(za—zb—h)).

=1 k=j+1 aEIJ bely, bely,
b<a b>a

Lemma 4.4. For any J € Iy, the polynomial W;(Xr;z;h) is divisible by

N-1

) T1 IL I1IT oo

Jj=1 k=j+1 a€l; bely
b>a

Lemma 4.4 is a version of [RTV2, Lemma 3.1, item (I)]. A stronger more technical analogue
of Lemma 4.4 is given by Lemma 4.14 in Section 4.5.

Let oy be the longest permutation, o¢(i) =n+1—14, i —1,...,n. For I € T, define
(4.7) Wi(t;z;h) = Woory(t; 2,y .., 215 h)
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Set
N—1 A\@ )G+ N—1 A& \G+D)

(48)  Ra(z) = [T Ga=2).  Qalzsh) = (2a—2—h),
i=1 a=1 p=)\) 41 i=1 a=1 p=)\{) 41

For o € 5,, denote z, = (Z5(1)s - - -+ Zo(n)) -

Proposition 4.5 ([RTV1, Lemma 3.4]). The functions Wi(t;z;h) and Wi(t;z;h) are
biorthogonal,

(4.9) 3 Wi(Xr;2:h) Wi (X132 h)

= d0r5.
(215 h) Ba(20y) Qa(zors ) — 75

1€y

Corollary 4.6. We have

(4.10) Y Wiz h) WiSx; 2 h) = 8 eX(E55h) Ra(20,) Qx (24, 1)

1€Ty

4.2. Master function. Let ¢(z,h,x) =T(z/x)((h — z)/k) . Define the master function:

N-1 . AY) tgi)//-@
(4.11) Dx(t;zihsgsk) = (71 W gy ) Zamzels T (emﬂ(ml—mi) o x
im1 di+1
N—1 A% A1) 1 A(i+1)
X H ( H i i i i H qﬁ(tfﬁ - t£i+1)a h’ '%)) )
i=1 a=1 > b=1 ( ‘(’*)_tl())_h) ¢(t‘(l)_tl())’h’ '%) c=1
b#a
where A = n and ) = 2e, a=1,...,n. The function ®y(¢;z;h;q;k) is symmetric
in the variables tgi), o ,tgf()i) foreach 1 =1,...,N — 1.

4.3. Jackson integrals. Let A = STV " A0 - Consider the space CM''x C"x C x CN

with coordinates t,z,h,q. The lattice kZMY naturally acts on this space by shifting the
t-coordinates.

For a function of f(t) and apoint s € CM", define Res;—, () to be the iterated residue,

Resi—s f(t) = Rest(l)_ ... ReStu) O Rest(Nq)_ (N=1) - .. Rest(N—l) _ -y f(t).
17=% AHT5® T4 A=) T (v-1)

Let L' be the complement in C"x C of the union of the hyperplanes
(4.12) h =mk, 2a— 2 = MK, Za— 2+ h = mk,
forall a,b=1,...,n, a#b,and all m € Z<y. Let L” C C" be the domain
(4.13) lqiv1/qi] <1, i=1,...,N—1,

with additional cuts fixing a branch of logg; for all ¢ = 1,...,N. Set L = L'x L" C
Crx C x CV.
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Let I = (l(ll), .. .,l;l()l), ,l(lN_l)7 . .,ZE\J(VN_}B)) e 2. By convention, set 1) = 0 for

a> D ori=N.
Let f(t;z;h;q) be a polynomial in ¢ and a holomorphic function of z,h,q in L. For
(z;h;q) € L, define

(4.14) My(Oxf)(z:ih;q;ik) = Y Resyoy,_ie (Pa(t; z;h: g5 1) f(t; 23 D3 q)) -

ez

This sum is called the Jackson integral over the discrete cycle i; cCMx Crx C x C¥,
Sy = {(Ss—ls;zihiq) | 1€ 2, (2;h;q) € L},
Notice that the master function ®,(¢;z;h;q; k) has only simple poles, and
Rese—s,—1c (Pa(t; 21 hiq; k) f(t; 25 h: q)) =
= f(3;—lk;z;h;q) Resems, 15 Pa(t; 23 hi g3 k).

A closed expression for the residue Resi—y, 1 Pa(t; 2; h; q; k) is given by Lemma 4.7 below.
Recall cx(t;h), see (4.5). Set

(4.15) (2:50) H H sin (7 (Za_Zb)//ﬁ)’

eV =1 (zatm)/r

and .
OB O) F(l + (t(i)_t(i)) ) AG+1) F(( (i+1)_tl(li)+h> %

/5 /)
/) 1 D1+ (- “’)/m))'

N-—
(4.16) Ax(t;z;hy k) =

i=1 a=1 > b= )t h) e=t
b;éa
Lemma 4.7. If 1 %Z;’S}, then Resi—x,—1x Pa(t;z;h;q;5) =0. For l e Zg{ol},
(4.17) Resi—x,1x Pa(t; 2;h; g5 5) =

MY AN(S, — Lk 2 b phe ®

Al &g R Z; /{ > acy, Zalk Al ()

= ( H © H qz+1/qz e
]\4)\(,20(]7 )C)\ Zj—l/{ h i1 i1

In particular, o
(KP(h/K)) 2 /=1 (n—X\;) 2aey; alk
ex(Xg;h) H(e qi) .

X ]ﬁ H H H I'((za — 2)/5) D((2 — 20 + h) /K) .

i=1 j=i+1 acJ; beJ;

(4.18)  Resi—x, Pa(t;z;h;q; k) =

By Lemma 4.7, the actual summation in formula (4.14) is only over the positive cone of
the lattice,

(4.19) My(@xf)(zihiqir) = > f(S;—1k;21hq) Resi—x, 1, Pa(t; 21 hiqi k).

lezg({)l}
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4.4. Solutions of the dynamical and qKZ equations. For J € Z,, define

{1
(420) \I]J(Z,h,q7/f) - ("{P(h/’l{’)) Q ( N B Z MJ (PAWI)(‘Z tha )Ufa
1Ty

where
N—1

(4.21) h;q;r IT (= a5/an™ .

=1 j=i+1

Definition 4.8. Say that a function f(q) is holomorphic in the unit polydisk around q = 0

if f(@)=g9g(e/q1,---,qv/an-1) for a function g(si,...,sn_1) holomorphicin si,...,Sn_1,
provided |s;| <1 forall i=1,...,N —1. Denote f(0)=g(0,...,0).

In the given definition, we described homogeneous functions of g that have behave regularly
as the ratios of the subsequent coordinates approaches zero. The symbol 0 used in the
definition is formal and does not represent any point of C".

Theorem 4.9. The (CN)$"-valued function W;(z;h;q; k) is a solution of the joint system
of dynamical differential equations (2.7) and qKZ difference equations (2.5). It has the form

N-1 N

y H(H F(l‘—i—(zb—za—i-h)/li) H 1 )

sin (7 (2q — 2) /K) g Fa—Ze—h

c<a

i=1 j=i14+1 a€J;

where the function ¥5(z;h;q; k) is entire in z,h and holomorphic in q in the unit polydisk
around q = 0. In more detail,

(4.23) (21 hiq; k) = H H H HZ_’{Z 7

9 (\If},0<z;h>+ S W (zihiw) [ (/o) )
mEZg(;l i=1
m#0
where
L MO —
(4.24) Uio(z:h) = _ — X
ex(Brsh) i 2 aer bes; “a T T h
b>a
< (WaSrizih)og + 3 WilSsizh)vr)
1€Ty
lor|<|os]

is a polynomial in z,h, and Y, (z;h; k) for m # 0 are rational functions of z,h, r with
at most simple poles on the hyperplanes z,— 2, € KZ~o for a € J;, be J;, 1<i<j<N.
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Furthermore, for any transposition sqp € Sy, ,

(4.25) U(zihqim)|, = U (zhaw)|, .

Proof. The fact that W,(z;h;q; k) solves the dynamical equations (2.7) is proved in [TVG6,
Theorem 8.4], and the fact that W;(z;h;q; k) solves the gKZ equations (2.5) is proved in
[TV1, Theorem 1.5.2], cf. [TV4].

Analytic properties of W5(z;h;q;r) are proved in Section 4.5. The fact that the right-
hand side of formula (4.24) is a polynomial in z, h follows from Lemmas 4.3, 4.4. U

The functions W;(z;h;q; k) are called the multidimensional hypergeometric solutions of
the dynamical equations. In [T'V5], we constructed another type of solutions of the dynamical
equations using multidimensional hypergeometric integrals.

The next theorem computes the determinant of coordinates of solutions W¥,(z;h;q; k)
and is analogous to [TV6, Theorem 11.3].

Theorem 4.10. Let n > 2. Then

(4.26) det (Q(q, k) M (®AW))(2; h; q; 1))

LJETy

dV) >u=1 Zalk
X

N
- (/@F(h//ﬁ))k{l}dA (62”\/__1(”_1)‘1&2) 4>
i=1

(R ((za— 2+ ) /R) D (14 (25— 2o + B) /5 a5’
[ (TR o

sin (7 (za — 2)/K)

4 dy — n! d(l) . )\,(n—l)' d(2) n—2 = al
S i W SRl i v R SPIP Y

Proof. Denote by F(z;q) the determinant in the left-hand side of formula (4.26). By
Theorem 4.9, it solves the differential equations

0
</<aqi8—q — trXi(z;h;q)\(CN)gn) F(z;q) = 0, i1=1,...,N,

where X;(z;h;q)| (cvygn are the restrictions of dynamical Hamiltonians (2.8) to the invariant
subspace (CV)X". Since tr X;(2;h; q)|cvzn = d(}\l’)i > on | za, the function F(z;q) equals
the product of powers of ¢, ..., q, in the right-hand side of formula (4.26) multiplied by a

factor that does not depend on g . This factor can be found by taking the limit ¢;+1/¢; — 0
forall i=1,..., N — 1, using Theorem 4.9. U
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Remark 4.11. By Theorem 4.9, the determinant F(z;q) in Theorem 4.10 solves the dif-
ference equations

(4.28) Fl(z1,..., 20+ K,...,20;q) = det K,(z;h;q; /{)|(CN)Q>§\m F(z:q), a=1,...,n,
where K,(z;h;q; /-4,)|((CN)§7L are the restrictions of the qKZ operators (2.3) to the invariant

subspace (CM)$". Equations (4.28) determine the product of Gamma functions in the right-
hand side of formula (4.26) up to a k-periodic function of zq,...,z,.

4.5. Proof of Theorem 4.9. Recall A1} = STV TAG - Set A2 = SV ()\(i))z and
A2y = Zl<i<j<N Ai Aj . Notice the homogeneity properties

(4.29) Ox(t;z;hiqi k) = 1A ONE ks 2 /K h R q; 1)
Uy (z hq; ) = PN, (2/k h ks q; 1)

To simplify writing, we assume in this section that x = 1 and omit the corresponding
argument in all functions. The general case can be recovered by the homogeneity.

Recall I Ay(t;z; h), see (3.6), (4.16). For I € Z’;{Ol}, define
A)\(ZI;\niU - l7 z, h)

4.30 Bi(z;h) =

(S . ) l( ) CA(EI;\nin_l;h)

€

4.31 Zy={1eZ2 1D 10 =1, N—1, a=1,..., A0},
>0 a a

Lemma 4.12. If I € Z,, then By(z;h) =0. For l€ Z,,

N—1 A®  \® G (i) (@) 5(i+1)
I(zp — 24+ 1a'— 1 DIz — 24+ 10— 1 h
(4.32) Bi(z:h) = [] 11 ( Bz +(i) Gl T R (i+_|1—) L
o1 Lo — 2o+l = 1) +h+ 1) (2 — 2o+l — 1,7+ 1)

i=1 a=1
b#a
. . i+1) . .
T -1 4 p) Aﬁ [(z,— za+ 12— 1579 4 ) )
i i+1 i i+1 :
(1= 1N S, Tlee— 2o+ 10— 18 4+ 1)
Recall z5 = (25(1),-- -1 %0(n)) and the permutations o7, I € I, defined in Section 3.2.
Let 7= (r1,...,rn_1). For I,J € I, define
N—1 ZA(i) Q)
(433) B_[’J(Z; h7'r') = Z Bl(z, h) W[(ZI;\mn — l7 ZUEI; h) H Ti a=1-a .
leZy i=1
Set _ _ _
_ N-1 A0 AL sin(ﬁ(z - zb)) A
: Az h) = sin(m sin (7 (2, — 20 — ,
4.34) Max(z;h in(mh . _“Zb i h
i=1 a=1 b=a+1 @ =20 41

Proposition 4.13. For any 1,.J € Iy , the function Mx(z;h) By (z;h;7) is entire in z, h
and holomorphic in v provided |r;| <1 forall i=1,...,N —1.
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Proof. By Stirling’s formula, ratios of Gamma functions appearing in formula (4.32) have
the following asymptotics as k — 400 over integers,

['a+ k)
L6+ k)

_ Ia—k) _gsin(ma)
= k2P (1 1 M pep VT

(o) w55 sin (7 9)
provided o and [ are not integers in the second case, and these asymptotics can be differ-
entiated with respect to o and (.

The right-hand side of formula (4.33) allows one to present M (z;h) B j(z;h;r) as a
power series in 7 :

(4.35) (1+0(1)),

N-1
Mx(z;h)By(zg,; 23 hir) = Z Biyk(z;h) rhi
kezly ! =1

Formulae (4.32), (4.35) show that for given z, h, this series and its formal derivatives with
respect to z, h converge provided |r;| <1 forall i =1,..., N — 1. Therefore, the function
M)‘(Z;h)B[,J(Z;h;T'> is holomorphic in = provided |r;| <1 forall i=1,...,N —1, and
is holomorphic in z,h whenever all the coefficients B 1.7k(2;h) are holomorphic in 2z, h.

It remains to show that all the coefficients EL sk(z;h) are entire in z, h. To this end, it
suffices to show that for any I € Zy, the product Mx(z;h) By(z;h) Wi (Zppin — L Z,-1 h)
is an entire function of z, h.

Take I € Z5 and a # b. Since l,(f) > l,(lHl) and ll(f) > ll(fﬂ), the ratio
Sin(ﬂ' (Za_ Zb)) F(za — 2 + ZI()Z)_ ll(ll) 4 1)F(Zb — 2z, + l((J,Z)_ ll()l) + 1)
(za = 2) Dz = 2+ 1) = 1+ DT (o — 20+ 10— 17V 4 1)

is an entire function of z,, 2, and if ll(f) > ll(,iﬂ), then the ratio

T(z — 2q+ 18— 1Y 4+ p)
T(2 — 2o+ 18— 19+ h+ 1)

is a polynomial in z,, 2, h. Set

N—1 A \®
(4.36) F(zih) = TT T T] (5 — 2+ 19— 17+ ).
i=1 a=1 b=1

b#a,1V=1{"TD
Then by formulae (4.32), (4.34), the product Mx(z;h)Bi(z; k) Fi(z;h) is an entire function
of z,h. Since by Lemma 4.14 below, the ratio W (X mn —1; Zo-1; h)/Fi(z;h) is a polyno-
mial in z,h, the product Mx(z;h)B;(z;h) Wi (E i — L Zot; h) is an entire function of
z,h too. Proposition 4.13 is proved. O
Lemma 4.14. Let Fi(z;h) be given by (4.36). Then the ratio Wi(Xmn —1; Z,-1 h)/Fi(z;h)

15 a polynomial in z,h .

Proof. The proof is by inspection, similarly to the proof of Lemma 4.4. O
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Proof of Theorem 4.9. Recall that we assume k = 1 and skip the corresponding argument
in all functions. By formulae (4.19), (4.30)—(4.33), and Lemmas 4.7, 4.12,

(4-37) MJ((I)AWI)(Z§ h; (_I) = B[,J(Zcr]§ h%Qz/Qn . -7QN/QN—1) X

L= T T

i=1 j=i+1 acJ; beJ;

sin (7 (2, —zb)) .

Then by formulae (4.20), (4.22), (4.37), we have

(4.38) Wi(z;h;q) = Z Bri(zo,ihiq2/qus - - - qn /qn—1) vr X

1Ty
Q (q al T
A
X — (za—zc—h)).
| H J(lg [(zp— 2+ h+1) Cellj

c<a

By Proposition 4.13, the function in the right-hand side of formula (4.38) is holomorphic in
q in the unit polydisk around 0, and may have poles in z,h at most at the hyperplanes
2 — 2 € Ligog for a #b, 2o —2—h € Zzy for a € J;, be J;j, i < j,and h € Zs.
To complete the proof of Theorem 4.9, it remains to show that those poles do not actually
occur.

For the hyperplanes z, — 2, € Z4, a # b, we will show the regularity of the function
Mx(z,,)V;(2z;h;q). Observe that Mx(z,,)V,(z;h; q) isregular at the hyperplanes z, = z,
for all a # b, and solves qKZ difference equations (2.5). Since all the qKZ operators
Ki(z;h;q),...,K,(z;h;q) and their inverses are regular at the hyperplanes z, — z, € Z
for a # b, the function Mx(z,,)V,(2;h;q) is regular at all hyperplanes z, — z, € Z for
a#bh.

To deal with the hyperplanes z,— 2z, —h € Z>y and h € Z~(, we will show that for given
z, the function Wj(z;h;q) is entire in h, and it suffices to do it for generic z.

To simplify writing, we will omit the argument z in all functions for a while. Let r =
(ri,...,ry-1) and 7, = (1,71, 772,...,71...7x_1). Denote F(h;r) = ¥5(h;r,), so that
Ui(hiq) = F(higa/q1, - - an/an—1) -

Recall the dynamical operators Xi,..., Xy, see (2.8). Set

N
X (hyr) = (X—(h;r*)— z) . i=1,....N—1.
! j§1 : z;JJ (03"

The dynamical differential equations (2.7) for W;(h;q) are equivalent to the following equa-
tions for F'(h;r),

(4.39) ri=—F(h;r) = X (hr)F(h;r), i=1,...,N—1.

ar;

The operators Xy(h;7),..., X(v_1)(h;r) are linear functions in h and rational functions
in 7, regular provided |r;| < 1 for all i =1,..., N — 1. The eigenvalues of the operator
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Xi)(h;0) for a given i are Z;.VZZ.H (Zaeljza — Zaerza), I € T, . Hence, one of the
eigenvalues of X(;(h;0) equals zero and all other eigenvalues are not integers for generic z .
Therefore, a solution F'(h;r) of equations (4.39) holomorphic |r;| < 1 for all 7, is uniquely
determined by the value F'(h;0), and F(h,r) is holomorphic in A whenever F(h;0) is.
The value F(h;0) = ¥°(h;0) can be found from formulae (4.20), (4.18), (4.32), (4.33),
(4.37), (4.38). It is a polynomial in h by Lemmas 4.3, 4.4. Therefore, F'(h,r) is an entire
function of h, and so is VU°(h;q).

Formulae (4.23), (4.24), (4.25), and the rationality of U7, (z;h) follow from formulae
(4.20), (4.30) —(4.33), (4.37), (4.38), and Lemma 4.3. The properties of poles of W7 (z;h)
are determined by the analytic properties of Wj(z;h;q). The fact that Wj,(z;h) is a
polynomial in z,h follows from Lemma 4.4. O

4.6. Solutions of the dynamical and qKZ equations parametrized by Laurent
polynomials. In the sequel, we will use the following notation. For any variable z, there
is the companion #, and for any function f(#), we set f(z;k) = f(e2™V"1%/%)  The
convention for collections of variables is similar. For instance, 2 = (41,...,%,) and f(z:k) =
F(e2VTaK | Tl

Introduce the variables v; ;, i =1,...,N, j=1,...,\;. Denote

(440) I = (71,17--'771,)\1a"'>7N,1>-"77N,)\N)> ]-i‘:tl = (ﬁfiaa?]j\:[})\N)

Recall z5 = (25(1); - - -, %0(n)) , and the permutations o7, I € Iy, defined in Section 3.2. For
a Laurent polynomial P(I';2;h), set

(4.41) Up(z;ihiq;k) = Y Plze,;21hik) Uylzihiq; k),

JETy
where the functions V,(z;h;q; k), are given by (4.20).

Proposition 4.15. The function Vp(z;h; q; k) is a solution of the joint system of dynamical
differential equations (2.7) and qKZ difference equations (2.5).

Proof. By Theorem 4.9, the function Wp(z;h;q; k) solves the system of equations (2.7) and

(2.5) since P(zgj; z;h; k) does not depend on g and is k-periodic function in each of the
variables z1,...,2,. 0

Let C[I'*]5x be the space of Laurent polynomials in I' symmetric in ~;1,...,9:, for
each i=1,...,N.
Proposition 4.16. For any P € C[I*5 @ C[2%, h*)], the function Vp(z;h;q; k) is
holomorphic in z,h,q provided z, — zy + h & KZ<o for all a,b =1,....,n, a # b, and
|qis1/qi| < 1 forall i1 =1,...,N —1, with a branch of log q; fized for each i =1,...,N.
The singularities of Vp(z;h;q; k) at the hyperplanes z, — z,+ h € KZ<o are simple poles.
Proof. By Theorem 4.9, we need only to show that Wp(z;h;q;k) is regular at the hyper-
planes z, — 2z, € KZ, a # b, where it might have simple poles.

The regularity of Wp(z;h;q;k) at the hyperplanes z, = z, for all a # b follows from
formula (4.25). Since Up(z;h;q; k) solves qKZ difference equations (2.5) and all the qKZ
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operators Ki(z;h;q;k),...,K,(z;h;q; k) and their inverses are regular at the hyperplanes
24 — 2y € KZ, the function Vp(z;h;q;k) is regular at all hyperplanes z, — z, € KZ,
a#b. O

Denote by .7\ the space of solutions of the system of dynamical differential equations
(2.7) and qKZ difference equations (2.5) spanned over C by the functions W p(z h;q; k),
P e C[I'*!)5 @ C[£*, h*1]. The space % is a C[£*, h*1]-module with f(Z;h) acting as
multiplication by f(z7 h; k).

Define the algebra
N n
(4.42) x = Sl e e i) /(T T (u—is) = [L(u—2)).
3 a=1

where wu is a formal variable. By (4.41), the assignment P +— Wp defines a homomorphism
(443) uf:/C)\—)y)\, Y>—)\Ify,

of C[£*L, h*']-modules.

By Propositions A.2, A.3, the algebra Ky is a free C[2%L, h*!]-module generated by the
classes

(4.44) Yi(T) = Vi(iit T TNt Tvan) s 1€y,

where the polynomials V; are defined by formula (A.6). Introduce the coordinates of solu-
tions Wy, :

(4.45) Uy, (z;h;q; k) = Z Uy s(zih;q; k) vy

JEeIy

Theorem 4.17. Let n > 2. Then

(n—j)dY

J

—1
a0, a=i 7al 3
X

7 (1) d®
(4.46) det(\I/LJ(z; h;q; K))I,Jez,\ - <€m/ I(n—1)d§ e
i=1 j=2

n—1

H H 20V—=1 KT ((za — 2+ h) /K) T (1+(zb—za+h)/f€))dg2)a

b=a+1
where dg\l’)i, d(f’ are given by formulae (4.27).
Proof. The statement follows from Theorem 4.10 and formula (A.7). O

(2% hE -modules.

Corollary 4.18. The map py : Kx = x s an isomorphism of C

Remark 4.19. The algebra K, is the equivariant K-theory algebra Kpycx(T*Fx;C) of
the cotangent bundle of the partial flag variety Fj, see the notation in Section 6.
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4.7. Levelt fundamental solution. Recall Definition 4.8 of a function f(g) holomorphic
in the unit polydisk around 0. The dynamical Hamiltonians Xi(z;h;q),..., X,(z;h;q)
given by (2.8) are holomorphic in g in the unit polydisk around 0 and

N
(4.47) Xi(z; h; 0) Zza“—h > (Zeﬂ el =3 gajegg).

1<a<b<n j=i+1
Notice that for I € Z,,

(z;h;0) v = Zzav1+ Z §ir gV,

acl; JEIA
log|<|or

where the coefficients §; ;s take values 0,%+h. Therefore, the eigenvalues of the restriction

of the operator X;(z;h;0) on (CY)J™ are Y ., 24, I € Ix. A more detailed statement is
given by Proposition 4.20 below.

Recall the function Wy ,(z;h), I € Iy, given by (4.24).
Proposition 4.20. Given I € Iy, we have Xi(z;h;0)V;(25h) = 37 o 20 Yy (25 h), and
W o(z3h) #0 provided z, # 2 for all pairs a,b such that a <b and o7 (a) > o7 (b).

Proof. The first part of the statement follows from Theorem 4.9. The nonvanishing of
U7 o(z;h) is implied by formula (4.24) and Lemmas 4.3, 4.4. O

For I € Z,, set E;(z) = (E}l)(z),...,E§N_l)( )) , where E (z) = ZJ 1 D aer; Za 18
the eigenvalue of Xi(z;h;0) 4 ... + Xi(2;h;0) on W;o(z;h). For I,J € Iy, denote by
Dy the set of points z such that E;(z) — E;(z) € Z37" and E;(z) # E;(z). Set
Dy = UI,JeIA Dry.

Theorem 4.21. (i) For any z,h such that z, — z, & KZ4o for all 1 < a <b < n, there
exists an End ((CN)X")-valued function U*(z; h; q) , holomorphic in q in the unit polydisk
around O, such that W*(z;h;0) is the identity operator and the function

N
(4.48) U(zihiqik) = UH(z/m;h/r;q) [] ¢ "0,

i=1
solves dynamical differential equations (2.7). For given z,h , the function W*(z;h;q) with

the specified properties is unique if and only if z € kDy . Furthermore, det U*(z;h;q) =1
and

FIORS
(449) det \IJ z h7 q; K H q; >\ i 2a=1 Za/k ’

where dg\l’)l, e dg‘l}N are giwen by formula (4.27).

(ii) Define the function W*(z;h;q) for generic z,h as in item (i). Then ¥*(z;h;q) is
holomorphic in z if z,— 2, & Zzo for all 1 <a <b<n, and is entire in h. The singu-
larities of U*(z;h;q) at the hyperplanes z, — z, € Lo are simple poles.
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The theorem is proved in Section 4.8. An explicit expression for the function ¥*(z;h;q)
is given by formula (4.60).

Following [AB, Chapter 2], we will call \Tf(z; h; q; k) the Levelt fundamental solution of
dynamical differential equations (2.7) on (CV)S", see also [CV, Section 6.2].

For a (CV)$™-valued solution W¥(z;h;q;r) of dynamical differential equations (2.7), de-
fine its principal term

(4.50) V(2 k) = W(z;hiq; k) U(zihigs k).
By Theorem 4.21, the principal term does not depend on gq.
Set

N
(451) CA(Z, /{) — H eﬂ—\/jl(n_)‘z) 2( ;(74 1)+1 ZG/H

and

(4.52) Ga(z; by k) = '_ H H I'((2a — 2)/6) D((26 — 20 + 1) /K) .

Proposition 4.22. For a Laurent polynomial P(f‘; z; h) , the principal term of the solution
Up(z;h;q; k), given by (4.41), equals

Wi(Xs;z;h)

(4.53) P(zihsk) = > Plze,; 23 k) Ca(20,5 ) G20, i K) NoRD)

I,JETA

Ur .

Here cx(Xy;h) is given by formula (4.5).

The proposition is proved in Section 4.8.

4.8. Proofs of Theorem 4.21 and Proposition 4.22. To simplify writing, we assume in
this section that x = 1, similarly to Section 4.5, and omit the corresponding argument in
all functions. The general case can be recovered by the homogeneity properties (4.29).

Lemma 4.23. Given A € End ((CY)§"), assume that the function

zh7q HQX(ZhQAHq_XZ(ZhO

is holomorphic in q in the unit polydisk around O, and Fa(z;h;0) =1, the identity oper-
ator. Then A =1 and Fa(z;h;q) =1, provided z € Dy . On the other hand, if z € Dy,
then there exists A # 1 such that the function Fa(z;h;q) has the requested properties and
s not a constant function of q .

Proof. The statement follows from a basic linear algebra reasoning. O

Proof of Theorem 4.21. For the uniqueness statement, assume that the function ¥#(z; h; q)
is as required in Theorem 4.21. Then the function W7(z;h;q) has the same requested



24 VITALY TARASOV AND ALEXANDER VARCHENKO

properties if and only if the product

N
E(z;h) = [ &0 0" (25 h;9)7 U (2: b ) H g \i=i1s0

i=1 =1

does not depend on q, whilst the function

N
F(z1h;q) H ¢ CMOE(zh) [[ @ Y = vz k@) V(21 hiq)
=1

is holomorphic in g in the unit polydisk around 0, and F(z;h;0) is the identity operator.
Thus the uniqueness statement follows from Lemma 4.23.

Recall the functions Wj(z;h;q) and U5 (z;h), see (4.23), (4.24). By Lemma 4.3,

Wi(2 h
(454) oz = T T IR —— Y o ks

i=1 j=i+1 a€J; beJ;
b>a

Let ¥*(z;h;q) to be the operator such that for any I € Z,

(4.55) U (z:h;q) : v Z\I{Jziuq H H HH Dz~ 2a)

JETy i=1 j=i+1 acJ; beJ;

N
i=1 j=i+1 acJ; beJ;
b<a

a_Zb

We will verify below that the function W*(z;h;q) is as required in Theorem 4.21.

By Theorem 4.9, the functions W;(z;h;q) are holomorphic in ¢ in the unit polydisk
around @, hence so does W*(z;h;q). Then W*(z;h;0) is the identity operator by formulae
(4.23), (4.54), and orthogonality relation (4.9).

By formulae (4.9), (4.54), and Proposition 4.20,

WSy z:h) W(Sy:2:h) 1y
X(zhﬂ) I\&J5 K\Zg, aeIZaU
Hq J;IACA(ZJJI)RA(ZJJ QA zU]’ qu "

Then by formulae (4.55), (4.10), (4.22), the functions

al —1
8 H HHF(1+za—zb)F(1—za+zb+h)

1=1 j=i+1 a€J; bEJj

are linear combinations of the solutions W;(z;h;q) of dynamical differential equations (2.7)
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with coefficients independent of q. Hence, W(z;h;q) = W (z;h; q) [, ¢S solves
dynamical differential equations (2.7).

The determinant det \T/(z; h; q) satisfies the equations

0 ~
(qiﬁ—q- — tr X;(z; h; q)\(CN)§n> det ¥(z;h;q) = 0, i=1,...,N,
Since tr X;(z; h; q)|((cN)<§m = tr X;(z; h; ®)|(CN)§m = dg\l)l (z14 ...+ 2,), where dg\l’)i are given
by (4.27), the determinant det U*(z;h;q) does not depend on q. Therefore,

e
det U*(z;h;q) = det U (2;h;0) =1  and det\If (z;h;q) H QZM a1te,

The functions W;(z;h;q) in formula (4.55) are entire in z,h by Theorem 4.9, and the
expressions
1

Wi(Ss52:h) T
C\ 2J7

I ——

i=1 j=i+1 acJ; beJ;
b<a

are polynomials by Lemma 4.4 applied to the functions Wi (¢; z;h). Hence, U#(z;h;q) is
holomorphic in z,h provided z, — z, € Z for all a # b. Moreover, U*(z;h;q) is regular
for z, = 2, by formula (4.25), and the singularities at the hyperplanes z, — z, € Z, are
simple poles. Theorem 4.21 is proved. 0

Proof of Proposition 4.22. Denote by Wp(z;h) the right-hand side of formula (4.53). Then
formula (4.41), Proposition 4.20, and Theorem 4.9 yield \Tf(z; h;q)Vp(z;h) =Vp(z;h;q).
Hence by definition (4.50) of the principal term, Wp(z;h) = Up(z;h). O

Consider the entries of W*(z;h;q) in the standard basis {v;, I € Zy} of (CV)5"

(4.56) U (z:h;q) : vy = Z U7, (z;hiq)vr

I1€Ty

Recall the function A(t;z;h;k) at k=1, see (4.16),

N=1AO A L 6) L 3) AHD (i)
t —1a 1 r —ta h
wsn e = [T oy T paer oy )
i=1 a=1 b= _t +h) c=1 F(C _ta_l_l)
b#a
where A\™M =n and ") =2,, a=1,...,n. Notice that

A{l}N L Zb—Za+h)
A(Xr;z5h) = H HH T(z— 24+ 1)

1=

—
<.
N
>_.
)
m
ol
S
m
QN



26 VITALY TARASOV AND ALEXANDER VARCHENKO

where A = STV PAG | Recall the function Qa(h; q; k) at k=1, see (4.21),

(4.58) Oa(h;q) = ]:[ I —=g/a)™

i=1 j=it+1
1
For 1 € ZN }, set

(459) jjj[ Z h

-y Ak =Lz, W) Wi (Sk — 1 2, h) Wi (Sk; 25 h)
R)‘ zch Q)\(ZUK,}L) A(E}QZJL) C)\(EK—l;h) C)\(EK;}L) '

KeTy

Proposition 4.24. We have

N-1
,\() (3)
(4.60) VY (zihiq) = Qa(hiq) Y Troa(z:h) [ (@ /@) ==
tezAll =1
Proof. The statement follows from formula (4.55) and Theorem 4.9. O

4.9. The map By . In Section 4.6, we introduced the space .y of (CV)$"-valued solutions
of the joint system of dynamical differential equations (2.7) and qKZ difference equations
(2.5) spanned over C by the functions Vp(z;h;q; k) labeled by Laurent polynomials in

f‘, Z, fz; we also defined the map
Mill{:)‘—)y)‘, Yl—>\1fy,

see (4.43). In Section 4.7 we introduced the Levelt fundamental solution W(z:h;q:; k)
of dynamical differential equations (2.7), see (4.48), (4.55). Denote by % the space of
(CM)S"-valued solutions of dynamical differential equations (2.7) spanned over C by the

functions \Tf(z; hiq;k)v, v € (CY)F". Since det \Tf(z;h;q; k) # 0, see (4.49), there is an
isomorphism N
A (C = A v Uz higiR)v

Let L C C"x C be the complement of the union of the hyperplanes
(4.61) 2o— 2+ h €Klg, 2o — 2 € Ky , a,b=1,....n, a#b.

Denote by Op the ring of functions of z, h holomorphic in L. Let 5’3‘% be the space of
(CM)S"-valued solutions of dynamical differential equations (2.7) holomorphic in g provided
|qiv1/qi] <1 foralli=1,..., N—1, with a branch of log ¢; fixed for each i = 1,..., N, and

holomorphic in z,h in L. Both spaces .#» and .75 are subspaces of ,%\OL, see Proposition
4.16 and Theorem 4.21. Let

(4.62) pSE s (CNR @ O = AF v Uz higik)v,

be the Op-linear extension of the map pj .

Recall the functions .
= H e™V=L (=) Tl -1, za/n
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and

Ga(z;hy k) = | I'((za— 2)/K) D((2 — 20 + B)/K)

see (4.51), (4.52). Define a map
B)\ : IC)‘ — (CN)§n®C OL,

Wi(Xs;2;h)
C}‘(EJ; h)

Ur,

(4.63) [P = Y P(24,: 21 5) Ca(20,; £) Ga2o,: b 1)

1,Je€Ty

where [P] € Ky stands for the class of the Laurent polynomial P(I'; %:5). By Proposition
4.22, the map B, sends the class Y € Ky to the principal term of the solution Wy of the
joint system of dynamical differential equations (2.7) and qKZ difference equations (2.5).

Proposition 4.25. The map By : Kx — (CV)Y"®c Oy is well-defined and the following
diagram is commutative,

(4.64) CME ®c O

Ba
K (
HN‘ \A)L
A

Proof. By Lemma 4.4, poles of the sum in the right-hand side of (4.63) are at most those of
the function Gx(z;h; k) and, therefore, in addition to hyperplanes (4.61) can occur only at
the hyperplanes z, = z,, a # b. However, the sums

WI(2J§ zZ; h)

Z P(24,; 2 h; K) Ox(24,; ) Ga(20,; B K) NG

JETy

are regular at the hyperplanes z, = z, for all a,b, by the standard reasoning. Hence, the
map DBy is well-defined.

The commutativity of diagram (4.64) follows from Proposition 4.22. O

Remark 4.26. Since \T/(z;h;q;/i) is holomorphic in z,h in L, and (det \Tf(z;h;q;m))_l,
is entire in z, h, see (4.49), the inverse matrix \Tf(z; h;q; k)~ is holomorphic in z,h in L.
Therefore, for every ¥ € A% its principal term ¥® = U1 | defined by (4.50), belongs to
(CM$"@¢ Of , and there is an isomorphism .%4 * — (CV)$"®c Op, ¥+ U0, The inverse
map equals py" , see (4.62), so that, %\OL =4 ®c 0.

4.10. Example A = (1,n — 1). Throughout this section, let N =2 and A = (1,n—1).
Denote by [a] the element ({a},{1,...,a —1,a+1,...,n}) € Zx. The space (C?)§" has

a basis [y, ..., V), where vy = v?“‘” QU ® v§("‘“). Clearly eﬂv[b} = 04 and

el = (1= da) Vi
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The qKZ operators K1, ..., K, , see (2.3), are

(4.65) Ko(z;h;q;5) = RO V(2 — 21 +r;h) ... ROV (2, — 20 4 K3 h) X

% e;‘,ll) 6%‘?2) R(a,n) _ . h R(G,(I-‘rl) PR . h
q1 4y (Za Zns ) e (Zz Zi41; )

The R-matrices in the right-hand side preserve the subspace (C?)5" C (C?)®", acting there
as follows,

z h
Vigl — Ul
> _h [a] > _h (0]

R@Y(z: h) Vg = R@Y(z: h) v =
R(a’b)(z; h) U] = Y[, C 75 a, b.
The qKZ difference equations (2.5) are

(4.66)  f(z1,--- 20+ K, . 20 hi @ k) = Ko(z3hiq; k) f(zihiq56),  a=1,....n.

The dynamical Hamiltonians X, X5, see (2.8), act on (C?){" as follows

a—1 n
Z hgo
(4.67) Xl(z; h; q) Ula] = ZaVla] — h Up) — — E Ulb]
b1 =9
" b#a

Xo(z; h; q)v[a] = (-Xl(ZQ h;q) + Z Zb) Yla] 5
b=1

and the dynamical differential equations (2.7) are

(4.68) %qlai‘I’(Z;h;q;ff) = Xi(z:h;q)¥(z;h; q; k),
q1

0
%qza—qz‘I’(Z; hiq;k) = Xo(2:h;q) V(2 h;q; k).

In this section, we use the variable t = tgl). The substitution & = ¥, reads as t = z,.
The weight functions are

1 n

a

(4.69) Wiat:zih) = [[t-2) [Jt-2a-r. a=1,...n.
b=1 b=a+1
We have cx(t;h) =1, see (4.5). The permutations oy, ..., are

a[a](l):a, U[a}(b):b—l, b=1,...,a—1, O'[a}(b):b, b=a+1,...,n,



LANDAU-GINZBURG MIRROR FOR A PARTIAL FLAG VARIETY 29

and |op| =a—1. We have
a—1 n

(4.70) Wig(za:z:h) = [[(za—2) [] (za—2—h),
b=1 b=a+1

Wig (25 2:h) = 0, b=1,...,a—1,

and Wiy (2; 25 h) is divisible by the product [, . (20— 2 —h) for any b =1,...,n,
cf. Lemmas 4.3, 4.4
The functions Wi, (t; z; ), see (4.7), are

a—1
(4.71) Wi (t; 25 h) :Ht—zb H(t—zb), a=1,...,n.
b=1

Set n B n
=[TGa—2). Quzh)=[[Ga-n-h), a=1...n.
b=1 b=1
b#a b#a

Then R,(z) = Ra(2o,,), and Qu(2;h) = Qx(24,; h) , where the functions Rx(z), Qx(2;h),
are given by (4.8). Biorthogonality relations (4.9), (4.10) become

z": Wi (ze; 25 h) Wiy (205 23 h)

R(2)Qu(zih)

c=1
n

> Wig(za; 2 h) Wi (25 2 h) = 60 Ra(2) Qa(z:h) .

c=1

The master function, see (4.11), is
a(t; 21 higs k) =
(€™ gy) Tir sl (omV T (02) g il H D((t—2a)/6) D ((za =t + h)/E) .
a=1

The hypergeometric solutions (4.20) of the joint system of differential equations (4.68) and
difference equations (4.66) have the form

1 —qo/q)"r
Uig(z:hiq; k) = ( — ;{/K Z Z Resi— .,—ix Pa(t; 25 by q; ) Wiy (20 — Ik h) vy
b=1 1=0
where the residues of the master function are
n =1 (za+2c) /K
PP D ze/k e
Resi— . 1 Ot 21 hiq; k) = ¢/ gse=bere X
1= zatn DAl 4K = 0" 01:[1 sin(ﬂ(za—zc)//i)

c#a
a0 T+ 1) T D0+ o= 20+ 10/)

I! DI+ 14 (ze— 2za)/K)
c#a
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Determinant formula for coordinates of the hypergeometric solutions, see (4.26), is

n

(4.72) det (Z Resi— .,—1x Pa(t; 25 by q; &) Wiy (20 — IK; h)) =
1=0

a,b=1

_ (1 q2"_1)22212“/H (/{F(h//ﬁ))n ﬁ b kT ((za — 24+ h) /E) T (1 + (26 — 2o+ h) /K)

(1 _ qz/ql)nh//i ot it e—mV=1(za+2)/k gin (7.( (Za _ Zb)/li)

By formulae (4.69), (4.70), and the Vandermonde determinant formula, equality (4.72) trans-
forms to

(473) det (Z Z Rest: Zc_ln(ta—le—%r\/jl(b—l)t/n (I))\(t; z: h; q: K))) _

=0 c=1 a,b=1

(ql qg‘_l)ZZZI Za/K (_271_\/_—1 )n(n—l)/2 Iin(n+1)/2 (F(h]/,{))n

) (= a2/ ”
X H H I((zo — 2+ h)/6)T (26— 2a+ h)/E) .

Let 4 =711 . For a Laurent polynomial P(7;Z; h) , we have
P(’% z: h, Ii) _ P(e2ﬂmy/n; 627r\/—71z1/m7 o €2W\/jlz7l/n; €2W\/j1h/ﬁ) .

The solution Wp of differential equations (4.68) and difference equations (4.66) correspond-
ing to P(7;2;h) is
(4.74) Up(zihiqir) = Y Plza;zihiw) V(21 hiq; k).
a=1

By Proposition 4.16, ¥p(z;h;q; k) is holomorphic in z, h,q provided z, — 2z, + h € KZ<
forall a,b=1,....,n, a# b, and |g/q:| <1 with branches of log ¢; and log ¢ fixed. The
singularities of Up(z;h;q; k) at the hyperplanes z, — 2z, + h € KZ«y are simple poles.

The solution Wp(z;h;q;k) can be written as an integral over a suitable contour C'
encircling the poles of the product [])_, T'((t — z,)/x) counterclockwise and separating them

from the poles of the product [[_,I'((z, —t + h)/k),

(4.75) Up(zihigik) =

_ (—/a)™ /P@;z;hm)%(t;z;h;qw)inNt;z?h)v[aldt'
me—lnl“(h//-z) a=1

C

For instance, if h/k is sufficiently large positive real, the integral can be taken over the

parabola
C={h2-k(s"=sV-1) | seR}.
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Formula (4.75) can be used to give an alternative proof of analytic properties of the function
Up(z;hiq; k).

Let .\ be the space of solutions of the joint system of dynamical differential equations
(4.68) and qKZ difference equations (4.66) spanned over C by the functions Wp(z;h;q; k)
corresponding to Laurent polynomials P(; %;h). The space % is a C[£%], h*']-module
with f(%;h) acting as multiplication by f(e2™V"1=1/x e2mV=Tzn/n, 2mV/=Th/s)

For A= (1,n — 1), the algebra Iy, see (4.42), can be presented as follows

(4.76) K = Cl4*, 25 h+ / < f[ (= 2,) = o>.

a=1

The function Wp(z;h;q; k) depends only on the class of the Laurent polynomial P in Iy .
The assignment P +— Up defines the homomorphism

fi’CAﬁy)\, Y>—)\I/y,

of C[£*!, h*]-modules. Formula (4.73) implies that the homomorphism % is an isomor-
phism.

The algebra Ky is the equivariant K-theory algebra Krp.cx(T*CP"" % C) of the cotangent
bundle of the projective space CP"~!, see the notation in Section 6.

Recall Definition 4.8 of a function f(q) holomorphic in the unit polydisk around g = 0.
For example, the dynamical Hamiltonians X;, X5, see (4.67), are holomorphic in the unit
polydisk around g =0, and X;(z;h;0), Xs(2;h;0) act on (C?)F" as follows

Xi(z;h0)ve) = 2avpe) — b Z v, Xo(23h0) v = <—X1(z; h;0) + Z zb> Vlq]

b=1

The Levelt fundamental solution \Tf(z; h; q; k), see (4.48), of differential equations (4.68)
is

U(z:higim) = WP (z/m: b/ mq) g O E I

where the End(((CN)?")-valued function U*(z;h;q) is as follows,

U*(z;h; q) : vy — Z \Ifjb(z;h; q) Vi

a=1
\Iffb(z'h;q) =
> " Wi ( lzh) Wi (ze;230) 11 1 24— 2+ h+m
1_ h l a] 3 c ‘
@/a0) ; (¢2/ 1) ; 0.0z ) g 1_:[0 P

Furthermore, one has det ¥*(z;h;q) =1 and det \Tf(z; higik) = (qgy~ I)ZZZ1 ok
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For a solution W(z;h;q; k) of dynamical differential equations (4.68), its principal term,
see (4.50), is
Oz hi k) = W(z hig; k) W (z5h g5 k).

The principal term of the solution Wp(z;h;q; k), corresponding to a Laurent polynomial
P(4;2;h), see (4.53), equals

(477) \Ifm Z h /{ Z Ula] Z W[a 2y 2} h (zb’z h KJ) ﬁ((n—2)2b+22:120) X
a=1

((z6— 2e) /) D((2c — 2 + h) [K) .

:]:

c=1

c#b
Let L be the complement of the union of the hyperplanes

2o — 2 € Ky , 2a— 2+ h €Kl a,b=1,....n, a#b,
cf. (4.61). Denote by Oy, the ring of functions of z, h holomorphic in L. The map

(478) B)\ : ’C)\ — (CN)§n®(C OL,
[P] — Z Vlq] Z W[a](zmz h) (zb7z h /{) /=1 ((”_2)%"'2?:1 ZC)/H X
b=1

H (2p — 2 //{) ((zc—zb+h)//~€),
c;z_éb

sends the class [P] € Ky of the Laurent polynomial P(¥;%;h) to the principal term of
the solution Wp of the joint system of differential equations (4.68) and difference equations
(4.66).

Let .47 be the space of (CV)¥"-valued solutions of dynamical differential equations
(4.68) holomorphic in g provided |g2/q1| < 1 with branches of log ¢; and log ¢ fixed, and

holomorphic in z,h in L. The space .#y is a subspace of 5@\%.

Since the matrix \Tf(z; h; q; k) is holomorphic in z,h in L, and (det \Tf(z; h;q; K))_l is

-1

entire in z, h, the inverse matrix \Tf(z; h;q;k)~" is also holomorphic in z,h in L. Thus

the map
fL: (CN)§"®(COL—> QS’;OL, v Y(zihq;Kr)v,

gives an isomorphism of Op-modules. Furthermore, the following diagram is commutative,

(CY)S"®c Of

K 2 C
‘K \/3 L
A
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see Proposition 4.25.

5. LIMIT h — oo FOR SOLUTIONS OF THE DYNAMICAL AND qKZ EQUATIONS

5.1. Limiting weight functions W} (t; z). For I € T, , define the limiting weight functions

(5.1) W/i(t;z) = Sym,a) ) ... Sym - =D U/(t; z),
t17 ot A(1D) tl t (N—-1)
N—1 \&) A+ AG) 1
J (3+1) -
vies) = TITT( T @) I o5 )-
j=1 a=1 (J+c1)_1 b=a+1 b a

Recall the element I{™™ and the permutation o7. Set

dI_ZA AUHD 1) — |oy].

Lemma 5.1. For I € T, , we hcwe
Wit:iz) = lim ()~ Wit 23 h).
—00
Proof. The statement follows from formulae (4.2), (5.1) by induction on the length of o;. O
Example. Let N =2, n=2 A= (1,1), I = ({1},{2}), J = ({2},{1}). Then

Witiz) =1,  Witz) =t -

Lemma 5.2. We have W;min(t' z)=1 and

(5.2) W2 i (£ 2) H H H t9) = 20 b41)

where oy € S, is the longest permutation, og(a) =n+1—a, a=1,...,n.
Let T)\:{Z ‘ >\2+1§£O} C{l,,N—l}
Lemma 5.3. For the transpositions sym @41, @ € Ta, we have

A(0)

(5.3) We o ge(ti2) = Y (8 = 2).

$3(0), ()41 Ux
Jj=1

Lemmas 5.2 and 5.3 are proved in Appendix C

The following lemma describes the h — oo limit of the three-term relations of Lemma
4.1 for functions W/ (t;z;h).

Lemma 5.4. Forany [ €2y, i=1,....N—1,and a=1,...,n— 1, we have

We(t:2) — Wk 21, - ) Zarts Zar - 2 2
Wwe (t;Z): I(’ ) I( 3 21, Za+1; ~ Z)’
8a7a+1(]) Za+1 — Ra

if |Saarr0r| < lor|, and W7 (521, ..., Zas1s Zay - - - 2n) = W[ (E; 2), otherwise.
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Proof. Notice that o,,,,(1) = Sqe+107 unless Sa,a+1(I) = I. Now the statement follows
from Lemmas 5.1 and 4.1. U

Remark 5.5. Define the operators Ay, ..., A, _; acting on functions of zy,...,2,:

A.f(z) = f(z) = f(z, 0, Zat1s Zay - -5 2n) .

Za — Ra+1

They satisfy the nil-Coxeter relations,
A2 =0, AAy=AyA,, |a—b]>1, AgAii1 Ay = A1 AgAuyy,

for any a,b.

Denote y = (y1,...,yn). Let the functions W/ (y;z) be obtained from Wy (t;z) by
the substitution tg-i) =y, i=1,...,N—1, j=1,...,A9. By Lemmas 5.2, 5.4, B.4,
and Proposition B.3, the functions W} (y;z) coincide with the A-type double Schubert
polynomials &, (y; z),

(5.4) Wiy 2) = 64,(y; 2) .
For I € T, , define
(5.5) W (t; z) = Woon (@t zn, s 21),
where o is the longest permutation. Recall Rx(2), see (4.8), and 2, = (2,(1), - - -+ Zo(n)) -

Lemmas 5.6 and 5.7 below follow by Lemma 5.1 from Lemma 4.3, Proposition 4.5, and
Corollary 4.6, respectively. Lemmas 5.6 and 5.7 are equivalent to the vanishing and orthog-
onality properties of the double Schubert polynomials.

Lemma 5.6. For I,J € Iy, we have W;(Xr;2;h) =0 unless I =J or |of| > |o,]|, and

(5.6) Wi (% 2 H H IT I za— =)

Jj=1 k=j+1 a€l; bel}
b<a

Lemma 5.7. The functions Wy (t;z) and W;(t;z) are biorthogonal,

WS 2) We(Sr; 2
1) 30 MRS g S W) W (Ski2) = Do sl
I€Ty Al<or I€Ty

5.2. Limiting master function. Define the limiting master function:

. N-1 RO t(_) }
(58) (b;(t7z,p7/{:) = (/{:)\N_npN) a= 12"‘7'/"'C H (K;A +>‘z+1p/pZ 1)20, 1 / X
i=1
A(i+1)

IT vl - tgi“))//{)),

b=1 F(( _tb /“ c=1
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where AN =n and th) =2,, a=1,...,n. The last formula can be also written as
n i sy )/
O (t; 23 pi k) = (KM py) Ze=r 2 T (63 pifpisa)
i=1
N-1 AW a1 (i) _ (i) (i) (2 A““)
(ta’ — ;") sin(m (t,” — ta’)/ k)
X 1" (1) _ H—l)
i=1 }:[1 <b1:[1 T H )/K) ’

Denote by 5A(t; z; h; p; k) the function obtained from the master function ®,(¢;z;h; q; k)
by the substitution

(5.9) g = p hZimn T Em N eVl N
cf. (3.9).

Recall A = ZZ\SI )‘(i)v A = 251_11 ()‘(i))2v Moy = 21<i<j<N Ai A -
Lemma 5.8. For |arg(h/k)| < m, we have

3 (t; z;p; k) = lim (—h)w}_w(F(h/ff))_k{l}_km INGER DR

h—00
Proof. The statement follows from formulae (4.11), (5.8) by Stirling’s formula
I'(a+ h/K)
I'(B+ h/k)

5.3. Solutions of the limiting dynamical and qKZ equations. For a polynomial
f(t; z), define the Jackson integral

(5.10) ~ (h/K)*77, h— oo, |arg(h/k)| <.

U

(5.11) M (D5 ) (z;p; k) = Z Resi—s, 1 (PA(t; 2,05 k) f(E;2)) JeIy.

tez

Notice that the master function ®3(¢; z;p; ) has only simple poles, and
Resi—x,—1x (PX(8; 2; 05 k) f(t;2)) = f(3;—1k; 2) Resg—y, 1 PA(L; 25p3 1) .

A closed expression for the residue Resi—y, 1 ®3(¢;2;p; k) is given by Lemma 5.9 below.
Set

(5.12) M;(z; k) = n @ 1__[ H sin (m (2, — 2) /)

cf. (4.15), and

N—1 A® A0 A 1
5.13)  A(t; DL+ 0 =t )
19 4= = [T (TTr0+ 64w 11 TRy
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L 5.9. If L¢ 72, then R ®5\(t;2;p; k) = 0. For 1 € 72y
emma 5.9. If 1 72, then Resi—x, 1. P3(t;2;p;5) =0. For 1 € Z2,,

ANy —lk; z;
(5.14)  Resg—x, 1, P3(t; 2;p; k) = A(2g — Uk; 23 K) %

M (25, K)
AL} a N oyl 2aey; Zalk pe Ai=A K
X K H (/{ijul i 2= Jp) acdi=e H ((—/‘f)_ o i+1pi+1/pz) :
i=1 =1
In particular,
(5.15)  Resi—x, ®3(t;2;p; k) =
N
= T (e~ S P T T TL o= /)
i—1 i=1 j=i+1 a€J; beJ;

By Lemma 5.9, the actual summation in formula (5.11) is only over the positive cone of
the lattice,

(5.16) M(Prf)(z;p;K) = Z f(E;—1k;z;p) Resteyx,—1x 3 (E; 2;p5 k) .

tezitV
Lemma 5.10. For |arg(h/k)| < m, we have
Rest—s,—1s P3\(t; 2:p: k) =
= lim (—p)N7 (F(h/m))_k{l}”m Resi—s,—1x Pa(t; 25 1 pi k) .

h— 00
The convergence is uniform in 1l and locally uniform in z,p .

Proof. The claim follows from formulae (4.17), (5.9), (5.14) by Lemmas D.1, D.2 that are

detalization of Stirling’s formula (5.10). O
Define
(5.17) Uy(zipir) = v O3(pik) D My(®WF) (2 pi k) vr,
1€y
where
(5.18) O5(p; k) = o2 i< Pil (ki)

the sum taken over all pairs 1 <i < j < N such that \;=1 and A\; =0 for all s =i+1,

]
Recall the function W;(z;h; q; k), see (4.20). Let @J(z; h; p; k) be the function obtained

from W,(z;h;q; k) by substitution (5.9).

Proposition 5.11. For |arg(h/k)| < m, we have

(5.19) U (z:p; k) = lim (—hD(h/K)) N (k) Ev<ea<k Sk By (z; b p; i)

h—o00

The convergence is locally uniform in z,p .
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Proof. The statement follows from formulae (4.19), (4.20), (4.21), (5.16), (5.17), (5.18), and
Lemmas 5.1, 5.10. U

Definition 5.12. Say that a function f(p) is entire in p. if f(p) = g(p2/p1,...,PN/PN-1)
for an entire function g(si,...,sy—1). Denote f(0) = g(0,...,0).

Theorem 5.13. The (CV)$"-valued function W5(z;p;k) is a solution of the joint system
of dynamical differential equations (3.13) and qKZ difference equations (3.12). It has the
form

N
(5.20) V(205 k) = Us(zspiw) [ (w5 b mTimi b p, ) Zeenel® o
i=1
N-1

111

i=1 j=i+1 aclJ;

1
1)161 sin (7 (za — 2)/K)

X

where the function V;(z;p;k) is entire in z and is entire in p.. In more detail,

=2

-1

(5.21) W)(z;psk IT II H (1 +( zb—z)/,‘i) .

i=1 j=i+1 a€J; beJ;

N-1
X (‘1130 Z ‘I’Jm ZiR H (pis1/pi)™ )7

mEZN 1 =1
m;é/()
where
(5.22) Uio(2) = Wi (S2)v + > Wi(Ss2)v
1€Ty
lor|<|ol

is a polynomial in z, and V5, (z;k) for m # 0 are rational functions of z,k with at
most simple poles on the hyperplanes z, — 2, € KZso for a€ J;, be J;, 1 <i<j<N.
Furthermore, for any transposition s, € S, ,

(5.23) U5 (2z;p; k)

A
Za=2%p - \Ijsa,b(J)(z’p7/{:) Z(L:Zb‘

Proof. The statement follows from Theorem 4.9, Lemmas 3.2, 3.10, 5.1, 5.9, 5.10, and Propo-
sition 5.11. See also [TV6, Section 11]. O

The functions Vj(z;p; k) are called the multidimensional hypergeometric solutions of the
dynamical equations 3.13 and qKZ difference equations (3.12).

The next theorem computes the determinant of coordinates of solutions Uj(z;p;x) and
is analogous to [TV6, formula (11.23)].
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Theorem 5.14. Let n > 2. Then

(5.24) det (23.(p. 7)) My (G307 (23 P ),y =
a)
(A dx A S za/m ( )
pi> 2= )
H }_[1 bl;[l sm (24 — Zb)/fﬂ)

where M =STNUN =)\ and dy, d;v)i, A are given by formulae (4.27).

Proof. The statement follows from Lemma 5.1, Proposition 5.11, and formula (4.26).

Alternatively, denote by F'(z;p) the determinant in the left-hand side of formula (5.24).
By Theorem 5.13, it solves the differential equations

0 . ,
(K'pla— - ter (z;p)|((CN)(§"> F(Z,p) = 07 1= 1a .. '>N7
where X (Z;p)‘((cj\r)?n are the restrictions of dynamical Hamiltonians (3.8) to the invariant
subspace (CM)$". Since tr X7 (z;h;q)| (cNyen = d(;)i > Za, the function F(z;p) equals

the product of powers of pq,...,p, in the right-hand side of formula (4.26) multiplied by a

factor that does not depend on p. This factor can be found by taking the limit p;y1/p; — 0
forall i=1,...,N — 1, using Theorem 5.13. U

Remark 5.15. By Theorem 5.13, the determinant F'(z;p) in Theorem 5.14 solves the
difference equations

(5.25)  F(21,...y24+ Kyoooy2n;P) = detK;(z;p;/-z)|(CN)(§nF(z;p), a=1,...,n,

where K (z;h;q; KJ)‘(CN)?n are the restrictions of gKZ operators (3.4) to the invariant sub-

space (CM){"™. Since det K(z;p;k) = (—l)d(AZ), equations (5.25) determine the product of
sines in the right-hand side of formula (5.24) up to a k-periodic function of z,..., z,.

5.4. Solutions parametrized by Laurent polynomials. Recall the notation from Sec-
tion 4.6. For a Laurent polynomial P(I';2), set

(5.26) U(z;p; k) = Z P(zy,;2:6) U (z;pi k).
JET

Let \pr(z; h;p; k) be the function obtained from Wp(z;h;q; k), see (4.41), by substitu-
tion (5.9).

Lemma 5.16. For |arg(h/k)| < m, we have

(5:27)  Wp(zipik) = lim (~AT(h/r)) O (—h)Zoces< Wl Tp(2; b pi ).

The convergence s locally uniform in z,p .

Proof. The statement follows from formulae (4.41), (5.26), and Proposition 5.11. O
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Proposition 5.17. The function V,(z;p;k) is a solution of the joint system of limiting
dynamical differential equations (3.13) and qKZ difference equations (3.12). Furthermore,
for P e C[IF 5 @ C[£*], the function Uy (z;p;k) is entire in z and is holomorphic in
p provided a branch of log p; is fized for each i =1,... N.

Proof. The statement follows from Propositions 4.15, 4.16, and Lemma 5.16. U

Denote by .7y the space of solutions of the system of dynamical differential equations
(3.13) and gKZ difference equations (3.12) spanned over C by the functions Vj(z;p;k),
P e C[I'*]5 @ C[£%!]. The space .75 is a C[£*!]-module with f(Z) acting as multiplica-
tion by f(z).

Define the algebra

N N

(5.28) K5 = =% e 2] /(TTT] (- i) Zf[u—za>>

=1 j=1
where u is a formal variable. By (5.26), the assignment P +— U}, defines a homomorphism
(5.29) N S B Y Uy,
of C[£*!]-modules.
By Proposition A.2; A.3, the algebra K3 is a free C[£2*!]-module generated by the classes

(530) Y:T(]-_‘) = V'I(’);l_&a"'7’}71_,1)\17'"a’?]_\f}la"'af}//]:[})\N)> IGI)\a
where the polynomials V; are defined by formula (A.6). Introduce the coordinates of solu-
tions Wy :

Uy, (zipik) = D 7 4(zipik) v

JETy

Theorem 5.18. Let n > 2. Then
(5.31) det (\Il?t,(z;p; H))I,JGIA =
N n n—1
= (2T R)" ORI (v T T R ) T o,

i=1 j=2

where dy , d(Al’)i, df) are given by formulae (4.27).

Proof. The statement follows from Theorem 5.14 and formula (A.7). Alternatively, the
statement follows from Theorem 4.17 and Lemma 5.16. O

Corollary 5.19. The map p : K3 — 5 is an isomorphism of C[£2¥!']-modules.

Remark 5.20. The algebra K3 is the equivariant K-theory algebra Kp(Fa;C) of the
partial flag variety F, see Section 6.5.



40 VITALY TARASOV AND ALEXANDER VARCHENKO

5.5. Levelt fundamental solution. Recall Definition 5.12 of a function f(p) entire in p..
The dynamical Hamiltonians X7 (z;p),..., X, (z:p) given by (3.8) are entire in p. and

n N
(5.32) X (z;0) = Z zae Z <Z Q Z Qf’;’) ,
a=1 1<a<b<n j=i+1
Notice that for I € Z,,
Xi(z;0)v = Zzavl + Z §i1,0 0

acl; JGIA
log|<l|or]

where the coefficients &; ;s take values 0,£1. Therefore, the eigenvalues of the restriction

of the operator X7 (z;0) on (CY)S™ are .., 24, I € Zx. A more detailed statement is
given by Proposition 5.21 below.

Recall the function W;((2), I € I, given by (5.22).
Proposition 5.21. Given I € Ix, we have X(z;0)V;(2) = > .5 24 Vo(2), and
U7 o(2) # 0 provided z, # 2, for all pairs a,b such that a < b and o7 (a) > o7 (b).

Proof. The first part of the statement follows from Theorem 5.13. The nonvanishing of
U7 o(2) is implied by formula (5.22) and Lemma 5.6. O

For I € Iy, set E[(z) = (E}l)(z),...,E}N_ (2 )) , where E( (z) = ZJ 1 Zael 2, is the
eigenvalue of X7(2z;0)+...+X7(2;0) on ¥;,(z). For I, J € Iy, denote by Dy ; the set of
points z such that E;(z) — E;(z) € Z%; " and E;(z) # E;(z). Set Dy = Urser, Dr.u-

Theorem 5.22. (i) For any z such that z, — 2, & KZyo for all 1 < a < b < n, there
exists an End ((CN)ﬁn)-valued function U*(z;p; k), entire in p. such that V*(z;0;k) is
the identity operator and the function

(5.33) V(z;p; k) = U'(z;pik sz =

solves dynamical differential equations (3.13). For given z, the function V*(z;p;k) with
the specified properties is unique if and only if z & KDy . Furthermore, det V¥ (z;p;r) =1
and

~ (1)
(5.34) det U°(z;py i) = [ piri Ze=r/%

i=1

Y

where dg\l’)l, Ce dg‘l}N are giwen by formula (4.27).

(ii) Define the function V*(z;p; k) for generic z as in item (i). Then V*(z;p;k) is holo-
morphic in z if z,— 2y § KLyo for all 1 < a <b<n. The singularities of V*(z;p; k) at
the hyperplanes z, — 2y € KZ4o are simple poles.

Proof. The proof of the uniqueness statement is similar to that in Theorem 4.21. To prove
the existence part, we give an explicit expression for the function ¥*(z;p; k), see formulae
(5.37), (5.38).
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Recall the function A°(t;z;k) at k=1, see (5.13),

N—1 \® A AG+1) 1
(5.35) Atiz) =[] (H L+ —t9) I B )
i=1 a=1 b=1 c=1 F(]' + t£+ )_ 1(1))
b#a
where A™ =7 and t{V) = Za, a=1,...,n. Notice that

v = T T vy

i=1 j=i+1 a€l; bel;

For 1 € Zk{l}, set

KeTy

Recall the function Q5 (p;k) = X< Pil (®Pi) " wwhere the sum is taken over all pairs 1 <
i<j <N such that \;=1 and \y=0 forall s=7+1,...,7, see (5.18). Set

N-1 0
(5.37) ¥p,(z:ipik) = Ox(p; K Z R T7 (2 ) H AZ'_Ai“piﬂ/pi)Zazl ..

lezg({)l} =1

Let W*(z;p;k) be the linear operator with the entries W7 ;(z;p;x) in the standard basis
{’U[, I e I)\} of (CN)ﬁn
(5.38) U'(z;p;k) : vy = Z U7 ,(z;p;R)vr

1€y

To verify that the function ¥*(z;p; k) is as required in Theorem 5.22, recall the function
U#(z;h;q), introduced in Theorem 4.21 and its entries \If}%J(z; h;q). Let the functions

\AI}}%J(Z; h;p; k) be obtained from W7 ;(z/k;h/k;q) by substitution (5.9). Formulae (4.59),
(4.60), (5.36), (5.37), and Lemma D.2 imply that

(5.39) ;i y(zipik) = lim U, (z;hipss)

locally uniformly in z,p. Therefore, the properties of ¥#(z;h;q) established in Theorem
4.21 yield the properties of ¥*(z;p; k) required in Theorem 5.22. O

Following [AB, Chapter 2], we will call \ff°(z;p;f-€) the Levelt fundamental solution of
dynamical differential equations (3.13) on (CV)§™, see also [CV, Section 6.2].

For a solution W°(z;p;k) of dynamical differential equations (3.13), define its principal
term

(5.40) U7 (z; k) = U(z;p; k) 10 (25D k) .

By Theorem 5.22; the principal term does not depend on p.
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Set
N 7, 1 /\()
(541) C)\ z /ﬁ; H K j z+1)‘ — )\j)Za Ali— 1)+12a/l-€
and
N—1 A®  \G+1)
(5.42) Gazie) = [T TI TI T(Gza—2)/x).
1=1 a=1 p=)\(0)41

Proposition 5.23. For a Laurent polynomial P(I'; %), the principal term of the solution
Uo(z;p; k), given by (5.26), equals

(5.43) Ui(zik) = Y Plze,:215) Ch(20,: ) Ga(20,:5) Wi (S1:2) vf

I,J€T

Proof. Denote by Wp(z;k) the right-hand side of formula (5.43). Then formula (5.26),
Proposition 5.21, and Theorem 5.13 yield W¥° (z;p; k) Up(z; k) = Up(z;p; k). Hence by
definition (5.40) of the principal term, U3 (z;k) = Up(z;k). O

5.6. The map B . In Section 5.4, we introduced the space % of (CV)$™valued solutions
of the joint system of dynamical differential equations (3.13) and qKZ difference equations

(3.12) spanned over C by the functions Uy (z;p; k) labeled by Laurent polynomials in T 2:
we also defined a map

(5.44) py K — A Y = U5,

see (5.29). In Section 5.5 we introduced the Levelt fundamental solution W°(z;p;k) of
dynamical differential equations (3.13), see (5.33), (5.38). Denote by .A4° the space of
(CM)F-valued solutions of dynamical differential equations (3.13) spanned over C by the

functions U°(z:p;k)v, v € (CM)$™. Since det U(z:p;k) £ 0, see (5.34), there is an

isomorphism
(5.45) P (CNF = A0, v U2k
Let L°C C™ be the complement of the union of the hyperplanes
(5.46) Zq — 2y € Ky , a,b=1,...,n, a#b.
Denote by O the ring of functions of z holomorphic in L°. Let A4° be the space of

(CM)"-valued solutions of dynamical differential equations (3.13) holomorphic in 2z in L°.
Both spaces %’ and .%° are subspaces of .47, see Proposition 5.17 and Theorem 5.22. Let

(5.47) S (C"®c 0 = A7, v WzipiR)y,

be the O-linear extension of the map pus .
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Define a map
(5.48) B} : Ky — (CYS"®c O,

(5.49) = Y P20, 23 5) Cx(20,: K) Ga(20,5 ) Wi(S55 2) vr

I,J€T

where [P] € K3 stands for the class of the Laurent polynomial P(I';Z) and the functions
Ci(zo,;k), Gx(zs,; k) are given by (5.41), (5.42), respectively. By Proposition 5.23, the
map B sends the class Y € K3 to the principal term of the solution W3, of the joint system
of dynamical differential equations (3.13) and qKZ difference equations (3.12).

Proposition 5.24. The map B} : K5 — (CM)$"®¢c O is well-defined and the following
diagram is commutative,

(5.50) K3 (CMY"@c O

Proof. Poles of the sum in the right-hand side of (5.49) are at most those of the function
Gx(z;h; k) and, therefore, in addition to hyperplanes (5.46) can occur only at the hyper-
planes z, = z,, a # b. However, the sums

D P(20,:2:5) Cx(20,3 1) G320, 5) Wi(S; 2)

I,J€T

are regular at the hyperplanes z, = z, for all a # b by the standard reasoning. Hence, the
map B is well-defined.
The commutativity of diagram (5.50) follows from Proposition 5.23. O

Remark 5.25. Since \ch’(z;p;/{) is holomorphic in z in L°, and (det \TIO(z;p;KJ))_l is

lis holomorphic in z in L°. There-

entire in z, see (5.34), the inverse matrix U°(z;p; k)"
fore, for every W € A7, its principal term U7 = U° "W, defined by (5.40), belongs to
(CN)®" ®c O, and we have an isomorphism A4° — (CV)$"®c O, ¥+ ¥”. The inverse

map, equals 4§, see (5.47), so that A% = A°®c O.
5.7. Example A = (1,n—1). Throughout this section, let N =2, n>2, A=(1,n—1).

Like in Section 4.10, denote by [a] the element ({a},{1,. 1 a+ 1 ,n}) € I,
The space (C*)§" has a basis vy, . ..,v[n], where vy = v;@(“ Vo @ v®(" 9 Clearly
e\ Yoy = Sap vy and exyuy = ( Oa,b) Vpp) -

The qKZ operators K7, ... , see (3.4), are
(5.51) K (z;p;k) = (R°(za — Zg1 + H))(a’a_l) o (R(za— 2+ m))(a’l) X

e(a) ela) R a,n o a@a
3 ) T )
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The R-matrices in the right-hand side preserve the subspace (C?)5" C (C?)®", acting there
as follows,

(R () 0w = v =20 (B() o = v

(R°(z))(a’b)v[c} = Y[, c#ab.
The qKZ difference equations (3.12) are
(5.52) fCz1,o o s za+ Ry 2Dy R) = Ko (2,p5k) f(2:D;K), a=1,...,n.
The dynamical Hamiltonians X7, X5, see (3.8), act on (C*)$™ as follows

o P
(5.53) X5 (z;p)op) = zop + p—2 Vin]
1

Xf(z;p)v[a} = 2 V[a] T V[a—1] ; a=2,...,n,

X;(z7p)v[b] = (_Xf(z7p)+zzc>v[b]v bzlv"’anv
c=1

and the dynamical differential equations (2.7) are

a (e}
(5.54) fﬂpla—pl‘l’(zm;%) = X|(z;p)¥(2z:p; k),

a o
ipagy W (zipiK) = Xj(zip) (zipin).

In this section, we use the variable t = tgl). The substitution ¢ = ¥, reads as t = z,.

The weight functions are
a—1

(5.55) Watiz) = 1]t —2), a=1,...,n.

The permutations oy, ..., o) are
a[a](l):a, U[a}(b):b—l, b=1,...,a—1, U[a}(b):b, b=a+1,...,n,
and |op| =a—1. We have

(5.56) Wia(za;2) = || (e — ),

W[Z](Zb;Z):O, b:]_,...,a—]_,
cf. Lemma 5.6.

The functions W[Z] (t;2z), see (5.5), are

n

(5.57) Wiytiz) = J[t—=), a=1...n.

c=a+1
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Set

::]:

«— %) a=1,...,n.
b=1
b#a
Then R,(z) = Rx(2z,,,), where the function Rx(z) is given by (4.8). Biorthogonality
relations (5.7) become
WP (ze 2) Whi(2e; 2 _
Z [a}( R>(Z)[b}( ) = 5a7b, Z WC] Zay 2 W[C (2’1)7 ) = 5(1,1) Ra(z).

c=1

[a]

The master function, see (5.8), is

(5.58) O (t; 29 k) = (po/ k) ==t (k" [pa) " T T((t = 2a) /55) -

a=1
The hypergeometric solutions (4.20) of the joint system of differential equations (4.68) and
difference equations (4.66) have the form

o 1 a - o o
Viy(zipik) = - Z Z Resi= ., 1 P5(t; 25 p; k) Wip(2a — l) vp)

b=1 (=0

where the residues of the master function are

Resi— .,—1x ®)\(t; 2:p5 k) =

n— Za/K ze/k K p2/p1

= (R ) (o ) oo L PI) Hr Lt (2 2 R)
c;éa

Determinant formula for coordinates of the hypergeometric solutions, see (5.24), is

n

(5.59) det (Z Resi= ., 1 ®3\(t; 25 p; k) Wiy (20 — lli)) =

1=0 a,b=1

— —n(n=-1)/2 n(n+1)/2 S Zalk
e K (p H H sm —Zb)/K)

a=1 b=a+1

By formula (5.55) and the Vandermonde determinant formula, equality (4.72) transforms to

(5.60) det (Z S Resie o, g (121 2V TO-D0R g5 (1 2. K))) _

=0 c=1 a,b=1

n(n—1)/2 ,(n /=1 (n— n— " Zalk
_ (27r /—_1) (n=1)/ L +1)/2(e V=1( 1)]31}92 1)2 1 2a/ .
Let 4 =+, . For a Laurent polynomial P(7;2), we have

P(,y’ z; Ii) _ P(e2w\/j17/ﬁ; 62W\/j121/ﬂ’ o e2ﬂﬁzn/n) '
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The solution W}, of differential equations (5.54) and difference equations (5.52) corresponding
to P(y;2) is

n

(5.61) Uh(zipsk) = | Pl 2i5) Uiy(2;pi k) -

a=1

By Proposition 5.17, it is entire in z and is holomorphic in p;, po provided branches of
log p; and log p, are fixed.

The solution V3 (z;p; k) can be written as an integral over a suitable contour C' encircling
the poles of the product []_, F((t — 2,) //@) counterclockwise,

1 . -
(5.62) Up(z;pi k) = ——— /P(t;z;ff) Oy(t;zips k) Y Wiyt 2) vy dt.
2my/—1kK J o

For instance, the integral can be taken over the parabola
C={r(A-s+svV-1) | seR},

where A is a sufficiently large positive real number. Formula (4.75) can be used to give an
alternative proof of analytic properties of the function Uy (z;p;k).

Let .\ be the space of solutions of the joint system of dynamical differential equations
(5.54) and gKZ difference equations (5.52) spanned over C by the functions Vj(z;p; k)
corresponding to Laurent polynomials P(v;£). The space .4’ is a C[£*!]-module with

f(%) acting as multiplication by f(e2™V=1#s/5 e2mvV=Ta/s)
For A = (1,n — 1), the algebra K}, see (5.28), can be presented as follows

(5.63) S A ICEE 0).

a=1
The function ¥} (z;p;k) depends only on the class of the Laurent polynomial P in K3 .
The assignment P +— W9 defines the homomorphism

uy K = A Y = Uy,

of C[£*!]-modules. Formula (5.60) implies that the homomorphism 5 is an isomorphism.

The algebra K, is the equivariant K-theory algebra K7(CP"%; C) of the projective space
CP"!, see the notation in Section 6.

Recall Definition 5.12 of a function f(p) entire in p.. For example, the dynamical Hamil-
tonians X7, X5, see (5.53), are entire in p. and Xj(2;0), X;5(z;0) act on (C?)F" as follows

X1 (z;0)vpq) = 24V[a] + V[a—1] 5 X5(z;0)vyq = (—Xf(z;(?]) + Z zb) Vla] »
b=1

where vjg) = 0.
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The Levelt fundamental solution WU°(z:p; &), see (5.33), of differential equations (5.54) is
V(zipik) = U(zipim) p SO p O,
where the End ((CV){")-valued function ¥*(z;p;k) is as follows,

(5.64) U*(z;ps k) o) = Z Ue (25 P K) Vg,

Ul (zpik) = Y &I, (2/K) (—K) " pe/p)'
=0

!
H Zq— zc—i-m'

m=0

:]:

abl Z Wa] )W[](an z) - ."—

\_/ [~ =W
Il
QO

_ (Pl pgz—l) 2 a=1 Za/k ‘

For a solution ¥°(z;p; k) of dynamical differential equations (5.54), its principal term is

Furthermore, one has det U*(z;p;x) =1 and det \TIO(z;p;

U7 (z; k) = U(z;p; k) P 0°(2;p5 )

see (5.40). The principal term of the solution Wy (z;p;r), corresponding to a Laurent
polynomial P(7;2), see (5.43), equals

(565) \IIP zZ; l'i Z Ulq) Z Wa] 2py R Zb, z; Ii) (nzb_zgzl Zc)/ﬁ H F((Zb — Zc)/’i) .
a=1 =
c#£b
Let L* be the complement of the union of the hyperplanes z, — 2, € KZ4y, a,b=1,...,
n, a#b,cf. (5.46). Denote by O the ring of functions of z holomorphic in L°. The map

(5.66) B} : Ky — (C"®c O,

[P] — Z Vq] Z Wi (25 2) P(zy: 23 k) K (nz =Xty z) /s H I((z— z) /)
a=1 b=1
c;éb

sends the class [P] € K3 of the Laurent polynomial P(7;Z) to the principal term of the
solution W}, of the joint system of differential equations (5.54) and difference equations
(5.52).

Let .A4° be the space of (CV)§"-valued solutions of dynamical differential equations (5.54)
holomorphic in z in L. The space . is a subspace of .A4°.

Since the matrix \Tfo(z;p; k) is holomorphic in z in L’ and (det \Tfo(z;p; /{))_1 is entire

—1

in z, the inverse matrix \Tfo(z; p; k)~ is also holomorphic in z in L°. Thus the map

$(C0c0 = A, v V(zipiR)v,
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gives an isomorphism of O -modules. Furthermore, the following diagram is commutative,

B3
/C;‘ (CN)(§H Rc O

o
uf\ %ﬁ

%O

see Proposition 5.24.

6. EQUATIONS FOR PARTIAL FLAG VARIETIES

6.1. Equivariant cohomology of partial flag varieties. Consider the partial flag variety
F» parametrizing chains of subspaces

0= FoCFlc...CFN:(Cn
with dim F; /F; 1 =X;, i=1,...,N.
Given a basis of C", the group GL,(C) acts on C". Let T'C GL,(C) be the torus of
diagonal matrices. Let z,...,z, the Chern roots corresponding to the factors of 7', and

for i =1,...,N, let v1,...,7 . be the Chern roots of the bundle over F, with fiber
F,/F,_y. Denote I' = (Y11, .., Va5 -+ YN Ly - - s INAy) a0d 2 = (21,...,2,), cf. (4.40).

Let C[T']** be the space of polynomials in T' symmetric in 7;1,..., 7., foreach i =1,...,
N.
Consider the equivariant cohomology algebra H7(Fx;C). Then
N X\ n
o0 0 = e echk /(][] = [Ja-=).
i=1 j=1 a=1

where u is a formal variable. For a polynomial f(T';z) € C[T']**® C|z], denote by [f] its
class in H}(Fx;C). Notice that for each i =1,..., N,

(62) C1 (EZ) = [’7@1 + ...+ ’}/i,)\i]

is the equivariant first Chern class of the vector bundle E; over Fx with fiber F;/F;_;.
Given a point 2z € C", consider the algebra

(6.3) H(Fa; C) 0 :@[F]SA/<ﬁH — i) Hu— ).

=1 j=1

ke

The evaluation map C[T']**®@ C[z] — C[T]**, f(T';z) — f(T;2°%), identifies Hy(Fx;C),o
with the quotient H3(Fx;C)/(z = 2°). Denote by [f].o the class of f(T') € C[T']** in
H7(Fa; C) o

Recall the polynomials V;(T'), I € Z, given by formula (A.6).

Lemma 6.1. The algebra H7(Fx;C) is a free module over Hj.(pt;C) = C[z] generated by
the classes [Vi], I € Iy. For every 2° € C", the classes [Vi],o, I € Ix, give a basis of
Hi(Fx;C)o. In particular, dim Hy(Fx;C)o = n!/(M!...Ax!) for every 2°.
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Proof. The statement follows from Propositions A.2 and A.3. U

Recall the polynomial Ry(z), see (4.8). Let

N—-1 X\

(6.4) Va(T;2) = T (= =),

i=1 j=1 =X\ 41

cf. (A.1). Then Vy(z;z) = Ra(2) and Vi(z,,;2) =0 for I # I}M".
For a polynomial f(I';z), consider the restrictions f(z,,;2), I € Zy.
Lemma 6.2. The map Hy(Fx;C) — @D Clz = (f(zor:2), T € Iy) is well-defined
1Ty

and injective. A collection (Fy(z), I € Iy) belongs to the image of this map if and only if
for any I € Iy and any transposition s, ,

(6.5) Fi(z)

somey = Foan(2)

zZa=2p

For a collection (Fi(z), 1€ Iy) obeying (6.5), the function

Fr(z)Va(T; 2z5,)
RA(‘ZUJ)

(6.6) f(T52) = )

I€Ty
is a polynomial and f(z,,;z) = Fr(z) for every I € Iy.
Proof. Straightforward. O
Lemma 6.3. For any f(T';2) € C[T'|%*® C|z], the function

(6.7) Z /( Z“f’

is a polynomial depending only on the class of f in H(Fx;C).

Proof. Straightforward. O
The induced map

(6.8) € Hp(Fx;C) — Clz],  [f] = &),

is the equivariant integration map on Hj.(Fx;C).

Identify C[T']* with the subspace of C[T']**® C[2] of polynomials not depending on z .
For f(T') € C[T]%*, denote E,o(f) = E(f)(2°).

Lemma 6.4. For any f(T';z) € C[T']"*® C[z] and 2° € C", we have

E(f(T;2))(2°) = E(f(T;2°)).
Proof. Straightforward. O
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By Lemmas 6.3, 6.4, for every 2" € C", there is a well-defined map
(6.9) Eao: Hi(FriQu = €, Ea:[flw o Enlf).
called the integration map on Hj(Fx;C) 0.

6.2. Stable envelope map. Recall the functions Wy (t;z), Wy (t; z), see (5.1), (5.5). Let
Stab;(T; z), Stab?(T'; 2) be the polynomials respectively obtained from Wy (t; z), W7 (¢; z)
by the substitution

(6.10) () = (b Moo Yils oo s Yin) s i=1,.. N 1.
Notice that

(6.11) Stab(z,,: 2 VV;(ZJ, z), StabT(z,,;2) = W/ (X,:2).

(6.12) Stab i (I'; 2

VA(I‘7Z>, Stab Imm (F,Z) - 1,

z) =

By Lemma 5.2 and formula (6.4), we have
)
z)

Stabo]"mm( Stab? I';z) = Va(T; 24,) s

Imm (

where oq is the longest permutation, oyg(a) =n+1—a, a =1,...,n. By Proposition
B.5, the polynomials Stab;(I';z), Stab7(I';2) coincide with the A-type double Schubert
polynomials &,(T; z),

(6.13) Stab/(I'; 2) = &, (T 25),  Stab7(I';2) = &,,(T; 2).
Lemma 6.5. For any I € Iy,

Stab;(T'; z) = Z

JELN

Wi (25 2) Va(Ts 2,,)
RA(zUJ> 7

and

(6.14) Stabf(T;z) = >

JETy

Wi (37 2) Va(T's 20,)
RA(ZUJ) .
Proof. Fix a generic z and consider both sides of each formula as functions of I'. Formulae

(6.12) and Lemma 5.4 imply that Stab;(I';z), Stab?(I';z) are in the span of the polyno-
mials Vi(I';2z,,), J € Z. Then the statement follows from formulae (6.6), (6.13). O

Lemma 6.6. The polynomials Stab;(I';z) and StabT(T';z) are biorthogonal,
(6.15) E(Stab;(T'; z) StabT (T'; 2)) = 67, .

Proof. The statement follows from formulae (6.7), (6.13), and Lemma 5.7. O
Lemma 6.15 is equivalent to the orthogonality relation for the Schubert polynomials.

Let Stabj, Stab7 be the classes of Stab;(T';z), Stab7(I';z) in Hy(Fx;C). Define the
stable envelope map by the rule

(616) Stab)\ (CN)®H® C[ ] — H;w(f)\,C), Vr — Stab], I GI)\.
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Lemma 6.7. The map Staby is an isomorphism of free C|z]-modules.
Proof. The statement follows from Lemma 6.6. For any f € C[T']|*® C|z], one has

(StabA : — Z E(f(T'; z) StabT(T'; 2)) vy

0
JETx

Let Stabj .o, Stab?_, be the classes of Stab;(T';2°), Stab}(T;2") in Hj(Fx;C).o
Consider the map

(6.17) Staby .o : (CM)§" — Hi(Fx;C)o,  wvr = Staby,o, [€Zy.

Lemma 6.8. For every z° € C", the classes Staby o, I € Iy, give a basis of Hj(Fx;C) o0
That is, the map Staby .o is an isomorphism.

Proof. The statement follows from Lemmas 6.6, 6.4. For any f € C[T'|°*, one has

(StabA 20 1: zo — Z gzo Stab""(I‘ z )> vy .

JETy U
Consider a polynomial
N—1 2O X1
(6.18) Wi(t;T) IT & = viean)
i=1 j=1 k=1

and its image [WA(t, I')] in C[t]® H}(Fx;C). Clearly, for any I,J € Iy,

~

(619) W;(ZI,ZJ) = 6_[7J R)\(ZJI) .

Theorem 6.9. We have
[(Wa(t;T)] = > W/(t; 2) Stab;.

1€y
Proof. The statement follows from [TV6, Proposition 9.2] and Lemmas 5.1, 5.2. U

Remark 6.10. According to formulae (6.13), the classes Stab;, Stab}, I € I, are the
equivariant fundamental classes of the Schubert subvarieties in F defined for the opposite
orderings of the chosen basis of C" in the standard way, see [O, Section 4.1], cf. [RV, Section
6]. On the equivariant fundamental classes of Schubert varieties see, in particular, [R, FRW].

Remark 6.11. Stable envelope maps for Nakajima quiver varieties were introduced in [MO].
They were defined in [MO] geometrically in terms of the associated torus action. The map
Stabx given by formula (6.16) is the limit as h — oo of the stable envelope map of [MO)]
associated with the cotangent bundle T*F of the partial flag variety. In [RTV1], the stable
envelope map for T*F, is described in terms of the Chern roots of the bundles F'q,...,
Fn_q over Fy with fibers Fi,..., Fy_1, respectively.

Remark 6.12. Unlike the stable envelope map Staby defined by (6.16), the stable envelope
map for the cotangent bundle 7T*Fy is not an isomorphism of free C[z]-modules (CV)$"®
Clz] and H7jy cx(T"Fa;C), but only an embedding.



52 VITALY TARASOV AND ALEXANDER VARCHENKO

6.3. Quantum multiplication. The quantum multiplication in H7.(Fx; C), see for exam-
ple [M, BM], is a deformation of the multiplication in H7.(Fx;C) depending on quantum
parameters. In the notation of [M], the quantum parameters are ¢%, ¢ =,...,N — 1. In
the notation of this paper, we have ¢% = p;.1/p; .

For Y e H;(Fx;C), denote by Y, the operator of quantum multiplication by Y . Recall
that the operators Yx, are C[z]-module endomorphisms of H7.(Fx;C).

The dynamical operators Xj(z;p),...,Xy(z;p), see (3.8), are linear functions of z.
Thus their action on (CV)§™ extends to the C[z]-linear action on (CV)$"® C|z].

For i =1,...,N, denote D; =",1+ ...+ 7, cf. (6.2).

Theorem 6.13. The isomorphism Staby intertwines the dynamical operators Xi(z;p),
o, Xn(z;p) acting on (CN){"® C[z]| and the operators of quantum multiplication [Dy]*,,
.., [DN]*p acting on Hp(Fx;C),

(6.20) Staby o X; (z;p) = [D;]*p o Stabjy.

Proof. Theorem 6.4 in [M] describes the quantum multiplication in H}.(Fx;C) by the equi-
variant divisor classes. In the notation of this paper those classes equal Stab, 5 3y (T25) 5
PDNONE]

i=1,...,N—1, where oy is the longest permutation. By formulae (6.16), (5.5), (5.3),

(621) Staboosk(i)’k(i)+1(l)[\nin)(1—‘; Z) = Dl 4+ ...+ DZ — Zn_)\(i)+1 — ... Z2p.

Comparing formula (3.8) term by term with formula (6.1) in [M] yields formula (6.20) for
i=1,...,N—1. Formula (6.20) for ¢ = N holds since [D1+ ...+ Dy] =2+ ...+ z, in
H7(Fx;C) and Xi(z;p) + ...+ Xn(z;p) =21+ ... + z,. Recall that for each i =1,...,
N, the operator z;*, is the ordinary multiplication by z;, U

Since the operators of quantum multiplication act C|z]-linearly on H7.(Fx;C), the quan-
tum multiplication in H7}(Fa;C) can be restricted to Hj.(Fx;C).0o. Denote by Y, o the
operator of quantum multiplication by Y € H7.(Fx;C) 0.

Corollary 6.14. For every z° € C", the isomorphism Staby .o intertwines the dynamical

operators X; (2% p),..., Xy(2%p) acting on (CN)S™ and the operators of quantum multi-
plication [D1]z0%p 50, ..., [Dn]s0%p 50 acting on Hj(Fx;C) o,
(6.22) Staby .0 0 X; (2% p) = [D;]0%p .0 o Staby 0.

6.4. Differential and difference equations. Consider the space C"x CV with coordi-
nates z,p. By Lemma 6.1, we have a trivial vector bundle Hy — C"x CV with fiber over a
point (2% p°) given by Hi(Fx;C).o. Let Uy — C"x C¥ be the trivial vector bundle with
fiber (CM)$™.

Lemma 6.15. The map Stab$ : Ux — Hx, (2°p°%v) — (2% p° Staby ,00), is an iso-
morphism of vector bundles.

Proof. The statement follows from Lemma 6.8. U
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The equivariant quantum differential equations for sections of Hy is a system of differential
equations
of

(623) K,pZa— = [Di]z*p,zfa izl,...,N,
where k is the parameter of the equations. By Corollary 6.14, the isomorphism Stab$
identifies equations (6.23) with the limiting dynamical differential equation (3.13) for sections
of U)\,

af

(624) /{pza—pl :X:(Z7p)f, 221,,N

Furthermore, the isomorphism Stab$ and the limiting gKZ equations (3.12) for sections of
Uy define the qKZ difference equations in cohomology

(6.25) f(z1,o 0y zat By 2Dy k) = K2 (zp5 k) f(z05K), a=1,...,n,
where for each a =1,...,n, and fixed z,p, the operator K”(z;p; k) is a map of fibers,
K/ (zip; k)« Hp(Fx;C) e = Hp(Fa;C) o, zatryzn) s

K[ (z:p; k) = Stabx (... z0tm,....2) © Ko (2;p3 k) 0 (Staby 2) 7",
and the operator K,(z;p;k) is given by (3.4).
Theorem 6.16. Quantum differential equations (6.23) and gKZ difference equations (6.25)
define a compatible system of differential and difference equations for sections of Hy .
Proof. The statement follows from Theorem 3.12. U

6.5. Solutions with values in cohomology. Recall the isomorphism Stab§ : Uy — Hj
of vector bundles, see Lemma 6.15. For any function f(z;p;r) with values in (CV)$", that
is, a section of Uy , denote by Staby f the corresponding section of H, with values

Staby f(z;p; k) = Stabx . (f(z;p;k)) .

Recall the solutions W (z;p; k) of the joint system of limiting dynamical differential equa-

tions (3.13) and gqKZ difference equations (3.12) labeled by Laurent polynomials P(f‘; Z),
see formula (5.26) and Proposition 5.17.

Theorem 6.17. The isomorphism Stab$ transforms the solutions Vp(z;p; k) of equations
(3.13), (3.12) to solutions of the joint system of quantum differential equations and qKZ
difference equations (6.23), (6.25). Namely, for each P € C[TF]% @ C[2*1], the function
StabaVUp(z;p; k) is a solution of equations (3.13), (3.12).

Proof. The theorem follows from Theorem 6.13 and the definition of the qKZ difference
equations in (6.25). O

In this section we work out the geometric interpretation of the obtained solutions. No-
tice that it would be interesting to relate our solutions with constructions in [C], where
Mellin-Barnes integral representations of solutions of the quantum differential equations
were constructed for a class of smooth projective varieties.
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For i=1,....N let 11,..., 71, be virtual line bundles such that @7, 7;; = Fi/Fi_1,

and Z2q,...,%, correspond to the factors of the torus 7. Denote I'*! = (71 Toee- ,v’ﬁ})\N)
and 2% = (zlil, L AEY) ef. (4.40). Let C[T=5 be the space of Laurent polynomials in
I' symmetric in «;1,...,7; ) foreach i =1,...,N.

Consider the equivariant K-theory algebra K (Fy;C). Then

(6.26) Kr(Fx;C) = C[I*% @ C[£* /<HHU—%J ﬁ“_za>’

=1 j=1

where u is a formal variable. That is, Kr(Fx;C) coincides with the algebra K3, see
(5.28). For a Laurent polynomial P(I'*!; 2%1) € C[T*!]%» @ C[z*!], denote by [P] its class
in KT (./_")\ 3 (C) .

Lemma 6.18. The algebra Kr(Fx;C) is a free module over C[£2*!].
Proof. The statement follows from Propositions A.2 and A.3. U

Denote by #jr, the space spanned over C by the solutions Stab AVL(z;p; k) of equations
(6.23), (6.25). By Proposition 5.17, each element of .#f is a section of Hy holomorphic in
p provided a branch of log p; is fixed for each ¢ =1,..., N, and entire in z.

Since the function W, (z;p;r) depends only on the class of P in Kr(Fx;C), then so
does the section Stab ¥} (z;p;k) of Hx. Thus the map

(6.27) i Kp(FaiC) — 75, [P] — StabyUj,

is well-defined, cf. (5.29). By Corollary 5.19, the map pjf, is an isomorphism of C[£*']-
modules.

In Section 5.5 we introduced the Levelt fundamental solution \Tf°(z; p; k) of dynamical
differential equations (3.13). Consider the vector bundle EHy — C"x CV with fiber over a
point (2% p°) given by End(H;(Fx;C),0), and its section Stab,U° with values

(6.28) StabA\fl"(z;p; k) = Staby ;o @O(z;p; K)o (Stabkz)_1

By Theorem 4.21 and Corollary 6.14, for any section f of Hjy not depending on p, the
section StabaU°f of Hy with values StabyU°(z;p:x) f(2) is a solution of quantum differ-
ential equations (6.23). We will call the section StabxW® of EHy the Levelt fundamental
solution of quantum differential equations (6.23).

Recall the function W*(z;p;x) with values in End ((CV)"), see (5.33). Consider the
section and Stab,W*® of EH, with values

1

StabaU*(z;p; k) = Stabx . o U*(z;p;k) o (Staby ;)

Then by formulae (5.33) and (6.22),
N

(6.29) Stab U°(z;p: k) = (Stabx¥*(z; p; k) H pZ[Di]z/n’

i=1
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where [N, pZ[Di}z/ " acts on the fiber H;(Fx;C), as multiplication by itself. The expression

for Stab W*(z;p; k) is given by formula (6.33) below.
Recall the function A°(t; z; k), see (5.13), (5.35),

N-1 20 O AG+D) X
Ao(t;zﬂi) = H (H F(l-'-(t(l Z)/H) H : )
=1 a=1 b=1 i F(l_'_( +1 )//{)
b#a
where \V) = 5, and th):za, a=1,...,n. For I € Zy and m = (my,...,my_1) GZgo_l,
set
l 325 WO E _l N V F o
(6.30)  Jfha(Tizik) = Z 3 Z 2 6) Wi (5 — s 2) VAT 26,)

A(2;2) Ralz0,)

i=1 lEZX{l} JETy
[1)|=m;
where |1 = l(l +. —l—l/\(l) ,i=1,...,N—=1.cf (5.36), (6.6). The functions J(T; z; x)

are polynomlals in I‘ and rational functions in z, k.

Proposition 6.19. The functions jffm(I‘; z; k) are reqular if z, — 2z, & K Zzo forall a # 0,
and have at most simple poles at the hyperplanes z, — 2z, € kZi4g .

Proof. Recall the functions W7 ;(z;p;k) and Q3(p; k), see (5.37), (5.18), respectively. By
formulae (5.36), (5.37), (6.14), (5.7), (6.30), we have

(6.31) > Uy (z:pi k) Stab¥(Ts 2) =
JETy N—1
— O°%(m- 7H o —Ai—Xig1 i
= D(pik) D> Tim(Tizim) [ (6) % pia /i)
melg(;l i=1

Formula (5.38) and Theorem 5.22 imply that the functions W7 ;(z;p;r) are regular if
2 — 2y € Ky for all a # b, and have at most simple poles at the hyperplanes z, — 2, €
kZyo. Thus the statement of Proposition 6.19 follows from formula (6.31). O

Define the section J? of the bundle EHy with values
(6.32) Ti(z;k) « Hy(Fa:C). — Hp(Fa;C)s,
Ti(zik) 1Y = Y €Y [Jl(T52:k)]2) Staby - |
I€Ty
where &, is the integration map on H7.(Fx;C),, see (6.9).
Proposition 6.20. We have
N-1

(6.33) StabaW*(z;p; k) = Qa(ir) Y Tm(zir) [ (=#) 2 pigy /i)™

mezly! i=1

Proof. The statement follows from formulae (5.38), (6.15), (6.31), (6.32). O
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Proposition 6.21. For any Y € H}(Fx;C),,

(6.34) EA(TE(zR)Y) Staby ) = Y [T/ (T 21k)]2) .

In particular,

(6.35) EATE(zR)Y) = €Z<Y[jl’;mn’m(I‘;z;/€)]z>.

Proof. The statement follows from formulae (6.32), (6.15), (6.12). O

6.6. The map BY. Let L°C C" be the complement of the union of the hyperplanes
(6.36) Zq — 2y € Ky , a,b=1,...,n, a#b.

Denote by O the ring of functions of z holomorphic in L°, and by Op, the space of sections
of the bundle Hy holomorphic in z for z € I’ and not depending on p. The stable envelope
map Staby induces an isomorphism (CV){"®c O = Oy, , f+— Staby f.

Let Y;A be the space of sections of Hy that are solutions of quantum differential equations
(6.24) holomorphic in z for z € L°. The space ., is a counterpart of the space A7 of
solutions of limiting dynamical differential equations (3.13) introduced in Section 5.6. The
map Staby induces an isomorphism A% — .77 .

Recall the Levelt solution StabxU° of quantum differential equations (6.23).

Proposition 6.22. For any f € Op, , the section StabA\T/C)f with values

(StabaU°f)(2;p; ) = (Stabal°(z;p;r)) f(2)
belongs to ;. . Moreover, the map

(6.37) 1S, Oy — S, f = Staba¥°f,
s an isomorphism.

Proof. For any f € Oy, , the section Stab A\ch’ f solves quantum differential equations (6.23).
Since by formula (6.28), Lemma 6.15, and Theorem 5.22, the section StabA\ff"(z;p; K) is
holomorphic in z for z € L°, the section Stabx\ff()f belongs to Yﬁfi . Backwards, for any
f € Sy, the section f? with values

(6.38) f7(z) = (StabyU°(z;p;v))" f(z;p)

does not depend on p because f(z;p) is a solution of quantum differential equations (6.24).
Moreover, (StabA\Ifc’(z;p; /-4,))_1 is holomorphic in z for z € L° since (det Stab ¥°(z; p; K))_l
is entire in z. Thus f?€ Og, and f = uf, f°. Hence, the map pg, is an isomorphism. [

For a solution f € Y;A of quantum differential equations (6.23), we call the section f*
defined by (6.38) the principal term of f. For the solution Stab,Wj; corresponding to a
Laurent polynomial P(T';2), see (6.27), the principal term is described in Proposition 6.23
below.
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Recall the functions C5(z; k) and G3(z; k), see (5.41), (5.42),

L (#)
C}\ Z KJ H K ] 'L+1 1>\ )Zé /\(L 1)+1Z‘l/’{

N—1 A&  \G+D
Gi(z;R) I'((2a— 2)/5)

i=1

>

)
Il

1 p=2()41
and the function P (T'; z; k) obtained from a Laurent polynomial P(f‘; Z) by substituting
the variables v, ; and £, with the exponentials e2™V=I7i/5 and e2mV=T#/% regpectively. Set

Cx(26,56) VA(T'; 24,)
RA(zJJ) ’

CY(Tszm) = )

1€Ty

G (T; z;K) Z Gx(2op; K) VA(T; 24,)

1€Ty

and 4
. P(zy;;2;5) VA(L'; 24
PH(I‘;,Z;/{):Z (ZIsz(L A)( z[)’
agj

cf. (6.6). T2

Proposition 6.23. For a Laurent polynomial P(f‘; Z), the values of the principal term U7
of the solution Stab WV} are

(6.39) Up(z; k) = [PU(T;2;5) CX(T; 2;5) GX(T; 25 1))
Proof. By Proposition 5.23,

(6.40) Ui(z; k) = Z SZ<PH(I‘; z;k) Cx(T; z; k) GR(T; z; k) StabT (T; 2)) Staby .

1€y

By Lemmas 6.6, 6.8, for any section f of Hy,

[f(T;2)]. ZS<fI‘z Stab°"I‘z>Stab1z,

1€y
Hence, the right-hand sides of formulae (6.39) and (6.40) coincide. O
The functions CY(T; z; k), GY(T';z;k), and PH(I‘; z; k) are polynomials in T' analyt-

ically depending on z. The sections of H, defined by their cohomology classes can be
thought of as the cohomology classes of the respective analytic functions of T,

N
(6.41) C3(T; k) = [ w(Eme - s 0) Bl

i=1
N\
GA(T;k) = me H H (1 + (v — v5,0)/) »

and P(T';z:k). The class of C5(T;k) is a product of exponentials of the equivariant
first Chern classes c¢i(E;) = [vi1+ ...+ 7] of the vector bundles E; over Fy with
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fibers F;/F,_;, the class of Gy(I';k) is the equivariant Gamma-class of Fy, and the
clas§ of P(I‘; z; k) is the equivariant Chern character of the class of the Laurent polynomial
P(F7 Z/) in KT(.F)‘;C) .

Define a map
(6.42) BY : Kr(Fa;C) — Op,

that sends the class [P] of the Laurent polynomial P(I; 2) in K7(Fx;C) to the section of
Hy with values [P"(T';z; k) C¥(T; z; k) G(T; z; k)], . By Proposition 6.23, the map BY
sends the class [P] to the principal term of the solution Stab W} of the joint system of
quantum differential equations (6.23) and gKZ difference equations in cohomology (6.25).

Theorem 6.24. Recall the space O, of sections of Hx holomorphic in z for z € L’ and
not depending on p, and the space %ﬁ of solutions of quantum differential equations (6.23)
holomorphic in z for z € L. Then the map BY : Kr(Fx;C) — Oy, is well-defined and
the following diagram is commutative,

(6.43) Kr(Fx;

H

C) g, O,
”%J ﬁx
i,

Proof. The statement follows from Proposition 5.24 by applying the stable envelope map
Staby. In more detail, by the standard reasoning the functions Cy(T;z;k), GY(T';z;k),
P(T; z; k), and €Z<PH(I‘; z; k) C3(T; z; k) GY(T; z; k) StabT(T; z)) are holomorphic in z
for z € I’. Hence, the map BY is well-defined. The commutativity of diagram (5.50)
follows from Proposition 6.23. U

6.7. The nonequivariant case z = 0. In this section, we will discuss solutions of the
quantum differential equations for the cohomology algebra H*(Fy;C) of the partial flag
variety JFx by specializing the results obtained for the equivariant case at z =0.

The cohomology algebra H*(Fy;C) of the partial flag variety Fy has the form

Ai
(6.44) H'(Fx;€) = C[T]™ /( (u=5) = "),

i=1 j=1
where u is a formal variable. It is isomorphic to the algebra H*(Fx;C),o at 2° =0, see
(6.3). We denote the class of a polynomial f(T') € C[T'|* in H*(Fx;C) by [f],-

The integration map on H*(Fy;C) coincides with the map &,0 at 2°= 0, see (6.9),

(6.45) Eo: H(Fx;C) — C, [flo — Eolf),
where
- f(za,)
0 = (3 o).

see Lemmas 6.3, 6.4.
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Consider the polynomials Stabyo(I') = Stab;(I';0) and Stab?,(T') = Stab7(I';0). By
formulae (6.12),
Stab Imm 0( ) - Stabop (F) - 1,

Imln 0

N-1
op n (4)
Stabli\xlirl’o( ) = Stab Imln (F) — H fy A )

i=1 j=1

<

In general, the polynomials Stabjo(T'), Stab?(I') coincide with the A-type Schubert poly-
nomials, see (6.13),

(6.46) Stabo(T) = &, ,,(T;0),  Stab?,(T) = &,,(T;0).

(1)

By Lemma 6.6, the polynomials Stabjo(I') and Stab7,(I') are biorthogonal,
(647) EO(StabI,O(I‘) Stab?;:o(]__‘» = (S]J .

Denote by Staby, Stab the classes of Stabro(I'), Stab?,(I') in H*(Fx;C). They are
the fundamental classes of the Schubert subvarieties in F defined for the opposite orderings
of the chosen basis of C" in the standard way,

The quantum multiplication in H*(Fy;C), is a deformation of the multiplication in
H*(Fx;C) depending on quantum parameters p. For Y € H*(Fy;C), let Yx, be the
operator of quantum multiplication by Y depending on p.

For i =1,...,N,denote D; =1+ ...+, cf. (6.2). The quantum differential equa-
tions for H*(Fy; C)-valued functions of p is the following system of compatible differential
equations,

of

(648) K,pza—pl = [Di]()*pf7 izl,...,N,

where r is a parameter of the equations. Equations (6.48) coincide with the restriction of
equivariant quantum differential equations (6.23) to the subbundle H*(Fy;C) x CN — C¥
of the bundle Hy — C"x C¥ located over the points (0,p) € C"x C¥ of the base.

Consider the K-theory algebra K(Fx;C). Then

(649)  K(FnC) = CI*]» @ Cz* /<HHu—vu [T-).

i=1 j=1

where wu is a formal variable. The evaluation map
CI*H 5@ Ci#H] — C[I*)%,  P(I;2) — P(T;(1,...,1)),

induces the isomorphism of K(Fx;C) — Kp(Fx;C)/(z=(1,...,1)). Denote by [P], the
class of P(T') € C[I*]% in K(Fy;C).

Identify C[I'*!]5* with the subspace of C[I'*!]5» @ C[£*!] of Laurent polynomials not
depending on z. For each P € C[f‘il]s*, the solution Stab)Vy(z;p;k) of equivariant
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quantum differential equations (6.23), see Section 6.5, is regular at z = 0, and the solution
Stab Uy (0; p; k) of equations (6.48) depends only on the class of P in K(Fy;C). That is,
there is a well-defined map

(6.50) Mo, + K(Fx;C) = Ay, [Pl = StabaVWp(0;p; k),

where 77, is the space of solutions of equations (6.48).
Proposition 6.25. The map uj% s an isomorphism.

Proof. The statement follows from Theorem 5.18 at z = 0. U

The Levelt fundamental solution Stabx\ff()(z;p;m) of equivariant quantum differential
equations (6.23), see Section 6.5, is regular at z = 0 and the function StabA\Tf°(O;p; K)
is an End (H*(Fx;C))-valued solution of quantum differential equations (6.48). We call
Stab;}ffc’((); p; k) the Levelt fundamental solution of quantum differential equations (6.48).
It induces the map

(6.51) i HY(FaiC) = A, f = StabaU°(0;p; k) f,

to the space 4, of solutions of equations (6.48).

Proposition 6.26. The map ,uj% 1 an isomorphism.

Proof. The statement follows from Proposition 6.22 at z =0. U

For a solution f(p) € J4, of quantum differential equations (6.48), we call the element

(6.52) f70 = (StabaU°(0: p; )~ f(p)

the principal term of f(p). The principal term of the solution Stab Wy (0;p;k) corre-

,

sponding to a Laurent polynomial P(I") is given by Proposition 6.28 below.

For a function F(I') holomorphic in a neighborhood of T' = 0 and symmetric in 7,1,
< % foreach @ = 1,..., N, define its class [F], in H*(Fa;C) by expanding F(T')
in the power series about I' = 0 and replacing each term by the corresponding class in
H*(Fx;C). The resulting sum contains only finitely many nonzero terms and, hence, is
well-defined. Alternatively, the class [F']y can be evaluated as follows. Set

(6.53) F(T;z) = F(z"]’%);(/;ir); Zo)

Lemma 6.27. The function F"(T;z) is reqular at z =0 and [F],=[F"(T;0)],.

Proof. By the standard facts on power series, it suffices to prove the statement for a polyno-
mial F(T'). In the polynomial case, formulae (6.53), (6.4) yield F(I') = F*(I';T'). Then
[F(T)],=[F*T;T)],=[F*(T;0)],, because F*(T';z) is symmetric in z. O
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Recall the functions C5(T; k), G5(T; k), see (6.41), and the function P(T; k) obtained
from a Laurent polynomial P(F) by substituting the variables v; ; with the exponentials
e?™=17i/%  The class of C5(T;k) is a product of exponentials of the first Chern classes
c1(E;) = [via+ ...+ 7] of the vector bundles E; over Fx with fibers F;/F;_;, the class
of G(T;k) is the Gamma-class of Fy, and the class of P(T';x) is the Chern character of
the class of the Laurent polynomial P(T) in K(Fy;C).

Proposition 6.28. For a Laurent polynomial P(I‘) , the principal term W5 of the solution
Stab Uy (0; p; k) equals

(6.54) Wi (k) = [P(T;5) Cx(T: k) GA(T5K)] -

Proof. The statement follows from Proposition 6.28 at z =0 and Lemma 6.27. O
Define a map

(6.55)  BR": K(FaiC) = H'(Fai€), [Py = [P(Tik) CX(Tik) GX(Tik)] .

By Proposition 6.28, the map B} sends the class [P]; to the principal term of the solution

Stab ¥ (0;p; k) of quantum differential equations (6.48).

Theorem 6.29. Recall the space &, of solutions of quantum differential equations (6.48).
The following diagram is commutative,

BH,O
(656) ]:)\, % H ]:>”C)
Proof. The statement is equivalent to Proposition 6.28. O

6.8. Topological-enumerative morphism and J-function. Recall the Levelt funda-
mental solution StabA@C’(O; p; k) of quantum differential equations (6.48). By Lemma 6.8
and biorthogonality relation (6.6), for any I € Zy , there exists a unique H*(Fy; C)-valued
function jIH(p; k) such that for any f € H*(Fy;C),

(6.57) Eo{(StabaT°(0; s k) f) Stab,) = Eo(Tf (psk) f) -
Since Stab"]"mmo =1, see (6.12), formula (6.57) for I = I} takes the form
(6.58) Eo(Stabal?(0;p; ) f) = Eg(Tfamn(Pi k) f) -

Proposition 6.30. For any I € Iy,

N-1
(6.59) Ji'(p;r) = O@ik) D [Tm(T50:6)]0 [T (=6 pia/pi)™ Hp[D ol
=1

melgo !
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where the functions jIHm are given by (6.30), Q3 = eXi<iPi/ ) in which the sum is taken

over all pairs i < j such that \; =1 and N1 =...=X; =0, see (5.18), and D; = ;1 +
Vi

Proof. By Proposition 6.19, the functions ij(I‘ z; k) are regular at z = 0. Thus the

classes [jI L (I50; k)], in formula (6.59) are well defined. Then the statement follows from

Proposition 6.21 and formulae (6.57), (6.33), (6.29). O

By inspection, the function jj’fmn(p; k) in this paper coincides with the nonequivariant
A
J-function of Fy obtained in [BCK] up to a change of notation.

In more detail, formula (6.30) for the function jffmn (525 k) takes the form

N A(B;—1;z;8) VA(T; 24,)
(6.60) Ttin (L5 25 1) Z Z Z A(3; 2) Ra(2,,) ’

- Zk{l} JEeIy
‘l(l)‘ m;
because V[/Iomm(EJ— lk;z) =1, see Lemma 5.2. In (6.60), m = (my,...,mn_1) € Zgo—l,
L= (0 ---,liivN Dy ez, 10 =194 419,
N=1 A0 A0 AG+1) .
wz) = [T (T 0+ @000 T o )
1 e N LT (T D) )

bta
where \M =n, t™ = 2, and 1" =0 for a >\ or i = N, and %, is given by (4.1).
Then the expression in [BCK, Theorem 1.3] for Ji'(h) with |=N—1, d;=m;, d;; = l](-i),
h=r,and H;j=", ;_ya- for A= < 5 < A9 agrees term by term with the expression
for the class [jffm(I‘; 0; k)], obtained from (6.60). Also, formula (6.59) for Zfimn(p; K) is
the same as the series expansion of the nonequivariant J-function of F, in [BCK].
Observe that relation (6.58) between the .J-function k7ffm,,(p7 k) and the Levelt funda-

mental solution StabyW¥* (0;p; k) matches the general relation between the J-function and
the topological-enumerative morphism, see Definition 5.3 and formula (5.8) in [CV], where
the J-function is defined in terms of the topological-enumerative morphism. This naturally
suggests the following conjecture.

Conjecture 6.31. The Levelt fundamental solution StabA\ff°(O;p; k) of quantum differen-
tial equations (6.48) is the topological-enumerative morphism of Fy .

Observe that formulae (6.57)—(6.59) are specializations of respective formulae for the

Levelt fundamental solution StabA\Tf"(z;p; k) of equivariant quantum differential equations
(6.23). By Lemma 6.8 and biorthogonality relation (6.6), for any [ € Z,, there exists a

unique section jIH (z;p; k) of the bundle Hy such that for any f € H*(Fx;C) considered
as a section of Hy not depending on p,

(6.61) E.((Staba¥°(z;p; ) [ f1,) Staby,) = E.(J7'(z:p;w) [f].) -
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Since Stab®,, =1, see (6.12), formula (6.57) for I = I} takes the form

Imll’l

(6.62) E(Staba ¥ (295 7) [f1.) = ETfpun(ziP5R) [f].) -

Furthermore, by Proposition 6.21 and formulae (6.61), (6.33), (6.29),

(6.63)  Jf(zip;k) =
1 N

N—
= Q(pik) D [Tim(Tizim)). o)™ T e

N-1 = —
€Z>O i=1 i=1

where the notation is the same as in formula (6.59). This suggests the equivariant version
of Conjecture 6.31.

Conjecture 6.32. The Levelt fundamental solution StabA\Tf°(z;p; k) of equivariant quan-
tum differential equations (6.23) is the equivariant topological-enumerative morphism of Fy .

6.9. Example A = (1,n — 1), Fx = CP"L. Throughout this section, let N =2, n > 2,
A=(1,n—1), Fy=CP L
Denote v = 7;,1. Identify C[vy] with the subspace of C[T']** consisting of polynomials not
depending on a1, . ..,v2.n_1, and C[T']** with the subspace of C[T']|** @ C[z] consisting of
polynomials not depending on z. Then the equivariant cohomology algebra H3(CP" ', C),
see (6.1), can be presented as follows
—2,) = O> .

Similarly, for any z°¢€ C", the algebra H;(CP" ';C),0 can be presented as follows

:]:

(6.64) HE:(CP™LC) = C[y / <

a=1

(6.65) HHCP" 00 = €] J{[[ (- 22 = 0).

a=1

For any polynomial f(v;z), the polynomial £(f)(z), see (6.7), can be evaluated as an
integral

1 (v;2)
6.66 E(f)(z) = / d~y
(6.66) (=) 27n/—1C (v=21)... (7= 2n)
over a contour C' encircling zy, ..., z, counterclockwise. Similarly, for any polynomial f(v)
and 2°¢ C",
1 f()
6.67 En(f) = / d~y
(067 LTV O RN O
for a contour C' encircling 27, ..., 2% counterclockwise.

[

Following Section 5.7, denote by [a] the element ({a}, {1,...,a—1,a+1,..., n}) € Ty.
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The polynomials Stab(7;2) , Stab“fz] (v;z) are respectively obtained from the functions
W[Z}(t; z), W (t; ), see (5.57), (5.55), by the substitution ¢ =1,

n a—1
(6.68) Stabg(7v; 2 H =) Stabcfz}(v;z) = H(v—zb), a=1,...,n.
c=a+1 c=1

The biorthogonality relation, see Lemma 6.6,

(6.69) &(Stabiq)(v; 2) Stabjy (v; 2)) = dau
is clear from formula (6.66).
Consider a polynomial

(6.70) Wa(t;7; 2) = <aljlt—za H —za),

a=1
and its image [Wi(t;7;2)] in C[t] @ Hj(CP"";C). Recall the polynomial Wx(t:T), see
(6.18), and its image [Wx(t;T)] in C[t] ® HE(CP" % C). By relations (6.1), (6.64),
[(WR(t;D)] = [Wa(t;v52)] -
Thus Theorem 6.9 for CP"~! reads as follows.

(6.71) [Wa(ti7;2)] = Y Wiy(t; 2) [Stabj(v: 2)] -

=1
In fact, formula (6.71) is the image C[t] ® H;(CP"*;C) of the equality of polynomials
(6.72) Walt;v;z) = Y Wiy(t; z) Stabyg(v; 2) -

a=1

Recall that for z € C* and a = 1,...,n, the classes of the polynomials Staby(7v;2),

Stabi, (v; z) in Hp(CP"™” 1 C), are denoted by Staby, ., Stabjy, . Consider a basis v,

Uy of (CHF™, where vy, = vgg( Voo ® Uy 2= For every z E C™, the map

(6.73) StabA,z : (CN)(fn — Hr;(]:A;C)Z, Vi) M Stab[a},z, a=1,...,n,

gives an isomorphism of (C)§" and H;(CP" % C),.

Set Dy =7, Dy =2z+...42,—7. The operators of quantum multiplication [D] %, »,
[Ds) 2 *p - act on H7(CP"™ 1, C). as follows

(6.74) [Dl]z *p 2 Stab[le = 2 Stab[le + % Stab[an ,
1
[Dl]z*p,z Stab[a],z = Za Stab[a],z + Stab[a—l},z ) a = 27 ey

(D] g,z Stabpy « = (= [Dilstps + 3 2)Stabp,z,  b=1,...,n,
c=1
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see for instance [TV7]. As Corollary 6.14 states, the map Staby . intertwines the dynamical
operators X;(z;p), X5(2;p), see (5.53), acting on (CV)§"
multiplication, [Di],%*p 2, [Do]z*p. 2,

and the operators of quantum

(6.75) Stabx » 0 X/ (z;p) = [Di]z%p.2 © Staby ., i=1,2.

Consider the trivial vector bundle Hy — C"x C? with fiber over a point (2% p°®) given
by Hi(CP" % C),0. The equivariant quantum differential equations for sections of Hy is
the system of differential equations

(676) /fpiaa—f - [Di]z*zuzfa 1= 1>2>

where k is the parameter of the equations. The isomorphisms Staby . identify equations
(6.76) with the limiting dynamical differential equation (5.54). Furthermore, the isomor-
phisms Staby . and the limiting gKZ equations (5.52) define the qKZ difference equations
in cohomology

(677) f(zla"'7Za+/€a"'7zn;p;'%):Kg(z;p;/{)f(z;p;l{')a a'zla"'ana
where for each a =1,...,n, and fixed z,p, the operator K”(z;p;k) is a map of fibers,
Kf(zapﬂi) : H;‘(f)n(c)z — HJ*“(-F)UC>(21 ..... ZatKyey2Zn)
th(z7p7 ’KQ) = Sta’b)\,(m ..... Zat K,y Zn) o Kg(z7p7 H) o (Stab)\,z>_17

and the operator K;(z;p;k) is given by (5.51). By Theorem 6.16, quantum differential
equations (6.76) and gqKZ difference equations (6.77) is a compatible system of differential
and difference equations for sections of Hj .

Denote 7 = +1,. Identify C[§*'] with the subspace of C[T*#!]5* consisting of Lau-
rent polynomials not depending on v2i,...,7V2,-1, and C[f‘il]sA with the subspace of
(C[fj[l]sA ® C[£*!] consisting of polynomials not depending on 2. Then the equivariant
K-theory algebra K7(CP"!;C), see (6.26), can be presented as in (5.63),

(6.78) K€ 5) = €25 /(T (7—4) = 0).

a=1
Recall that for a Laurent polynomial P(7;2), we denote

p(,}/’ z /€) _ P(62W\/j17/n; e2ﬂ\/j121/ﬁ’ o e2ﬂ\/jlzn/li) )

In Section 5.7, we described solutions Wp(z;p; k) of equations (5.54), (5.52) labeled by
Laurent polynomials P(7; 2), see (5.61). Denote by .7} the space spanned over C by the
solutions StabxWp(z;p; k) of equations (5.54), (5.52). Each element of #F is a section of
Hy holomorphic in pq, ps provided branches of log p; and log p, are fixed, and entire in z,
see Proposition 5.17. The space . is a C[£*'|-module, with a Laurent polynomial P(%)
acting as multiplication by P(z; ).
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Since the function Vj(z;p;k) depends only on the class of P in Kp(Fy;C), then so
does the section Stab V¥ (z;p;x) of Hx. Thus the map

(6.79) e Kp(FaiC) — F5 . [P] = StabaU,

is well-defined, cf. (5.29). By Corollary 5.19, the map gujy, is an isomorphism of C[2*']-
modules.

There is an integral formula for the function Uy (z;p; k), see (5.62). Taking into account
formula (6.71), we get an integral presentation for the section Stab ¥} (z;p;k),

: 1 , o _
(6.80) StabaWp(z;p; k) = Py /P(t;z;fﬂ) 3(t; z:pi k) [Walt;v:2) ] dt,
C
where
(6.81) B3t 205 k) = (pa/r) 0= (57py [pa) " T T((¢ = 2a) /)

a=1

is the master function, see (5.58), the polynomial Wi (t;7;2) is given by (6.70), a contour
C encircles the poles of the product []_, F((t —2z4)/ /{) counterclockwise. For instance, C
can be the parabola

C={r(A-s+svV-1) | seR},
where A is a sufficiently large positive real number.

In Section 6.5, we introduced the Levelt fundamental solution Stab;ﬁfc’ of quantum differ-

ential equations. For the example of equations (6.76), StabA\ffc’ is the section of the vector
bundle EHy — C"x C? with fiber over a point (2% p°) given by End(H;(CP"";C),0) .
By (6.29), the values of Stab,VW° have the form

(6.82) StabaU®(z;p; k) = (StabaW'(z;p; ) (pr/pa) 1=/ py-e= ™",

where (pl/p2)[“’]z/"p22?:126/ﬁ acts on the fiber H3(CP" !;C), as multiplication by itself and
the section Stab WV*(z;p;k) of EH, is an entire function of py/p; equal to the identity
map at py = 0. Formulae (6.30)—(6.33), (6.67), (6.71) yield an integral expression for
Stab W*(z;p; k), see formulae (6.83), (6.84) below.

Recall the complement L°C C™ of the union of hyperplanes (6.36),
Zq — 2 € Ky a,b=1,....n, a#b.

For | € Z=g, let J/ be the section of the bundle EHy with values

(6.83) Jl(z;k) : HA(CP" 1, C), — HH(CP" % C),,

n

l
Tz k) : [f]. — 27T1¢__1 /f(t) (Wt —tm:v:2)], [T 1 ﬁ dt,
Cy

a=1 m=0
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where the integral is over a contour C', encircling the points zq, ..., z, counterclockwise and
separating them from the sets z, + kZ~o, a =1,...,n. It is assumed in (6.83) that z € L°.
By Proposition 6.20,

(6.84) StabaW'(z; p; k) = > T/ (2:5) (p2/p1)"-

Notice that J¥(z;x) is the identity map because the classes in Hi(CP" % C), of a poly-
nomial f and the polynomial

/ W}\ t, 4 )
27r\/ t—2z1)...(t—2z,)

coincide, [f.], = [f], € HH(CP" 1 C),.

Formulae (6.83), (6.84) are counterparts of formulae (5.64) for dynamical differential equa-
tions (5.54).

Recall the space Op, of sections of H holomorphic in z for z € L” and not depending on
p, and the space YH of sections of Hy that are solutions of quantum differential equatlons
(6.76) holomorphic in z for z € L°. By Proposition 6.22, the Levelt solution Stabx¥°
defines an isomorphism

(6.86) 1, Oy — Fi, [+ StabyU°f.

(6.85) fily) = dt

of Oy, and Yfﬁ . The section f is called the principal term of Stab A\Tf" f . The principal

term of the solution StabVp(z;p;k) corresponding to a Laurent polynomial P(7;2) is
described below, see (6.89).

For a function f(¢) holomorphic in a neighbourhood of the points zi, ..., z,, define the
polynomial f,(vy) by the rule
W)\ t; V& )
6.87 « dt,
(6.8) £ = 5 ﬁ/t_zl e
where a contour C' encircles the points z1, ..., 2, counterclockwise and f(¢) is holomorphic

inside O, cf. (6.85). Define the class [f], € H(CP™ % C), by the rule [f],=[f.]..
Set n
(6.58)  CX(vizin) = w2 Gk = w0 [ DO+ (v = 2)/6) |
a=1
cf. (6.41). By Proposition 6.23, the principal term W7 of the solution StabW} correspond-
ing to a Laurent polynomial P(7;Z2) is

(6.89) Ui(z k) = [P(y;2:6) C(7:216) Ga(7:218)]

The right-hand side of the last formula equals the product of the equivariant Chern char-
acter [ P(v; z; /{)L of the class of the Laurent polynomial P(7;Z2) in Kp(CP" 1 C), the

exponential [5’;\(77 z; k)], of the equivariant first Chern class [7], of the tangent bundle

z

of CP" !, and is the equivariant Gamma-class [é;(fy, z;k)|, of CP"1.
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Recall the map (6.42),
Bi . KT(CPn_l;C) — OH)\,

that sends the class [P] of the Laurent polynomial P(¥;2) in K7(CP" % C) to the sec-
tion of Hy with values [P(v; ZiK) 5;\(7; ZiK) é;(v; z; H)}z. By (6.89), the map BY sends
the class [P] to the principal term of the solution StabW}; of the joint system of differ-
ential equations (6.76) and difference equations (6.77). Furthermore, by Theorem 6.24, the
following diagram is commutative,

1554
) Ou,
“%J %A
o
S,

where pg, and pfg, are the maps (6.79) and (6.86), respectively.

(6.90) Kr(CP"1;C

The topological-enumerative morphism for CP"~! was studied in [CV]. To refer to for-
mulae and statements in [CV], we will use the superscript V. To compare formulae in this
paper with their counterparts in [CV], one should make the following substitution,

[’}/]:ZIZ’, plzq_1> p2:1> k=—1.
Then the classes of polynomials Stabp(7;2), ..., Stabp,(v;2z) in Hi(CP" % C) coincide
with the classes ¢1, ..., g, given by (4.4)CV, formulae (6.75) for quantum multiplication agree

with formulae (5.13)CV, (5.14)¢V, and quantum differential equations (6.76) and (5.19)CV
match.

By the results of [CV], Conjecture 6.32 holds true for CP"~!.

Theorem 6.33. The Levelt fundamental solution StabA\T/(’(z;p; k) of equivariant quantum
differential equations (6.76) is the equivariant topological-enumerative morphism of CPm~1
restricted to the small equivariant quantum locus.

Proof. The statement follows from formulae (6.82)—(6.84) and Theorem 6.4 V. O

According to Definition 5.3€V, the equivariant J-function for CP"~! is a unique section
J(z;p; k) of Hy such that for any f & H*(CP";C) considered as a section of Hy not
depending on p,

(6.91) E((Staba¥°(z;p; k) [f1.) = E.(J(zip:k)[f].).

Formulae (6.67), (6.82)—(6.84), and

1 Wa(t;7; z) B
zwm(/w—zl)...w—zn) dy =1

for a contour C' encircling zq, ..., z, counterclockwise, yield the following expression for the
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equivariant .J-function for CP"1,

[e.e]

n l
(6.92) J(z;p;k) = p?-”ﬂ/"<p1/p2>mz/“{2 (/e TT 1
=0

a=1 m=1

Y= 2 — mm}

This expression matches the formula for the equivariant J-function for CP"~! obtained in
|Gil], [LLY].

All the results of this section admit straightforward specialization to the nonequivariant
case by setting z =0.

APPENDIX A. POLYNOMIAL IDENTITIES

Recall A = (A\1,...,Ay), |A| =mn, the set Zy, I}"™ € Zy, and the permutation o; € S,, ,
I € I, such that o7(IM™) =1. Let Sy = S\, x ... X Sy, C S, be the isotropy subgroup of
M Each coset in S, /Sx contains exactly one permutation of the form o7, I € Ty .

Consider the variables @ = (z1,...,2,), ¥y = (Y1,...,Yn) . Define

A n
(A.1) Valz;y) = H H (Ta —up) -
a=1 b=\ 41

Clearly, Vi(z;y) € Clz]**® C[y]|**. For o € S,,, denote &, = (Ty(1), - - -+ To(n)) -
Lemma A.1. We have Vy(x;x,) = 0 unless o € Sy, and Va(Zo,; Ts,) = (=117 (z; ) .
Proof. Straightforward. O
For any function f(x), define
Sym? f(x Z f(x,,) .

Proposition A.2. We have

(A.2) Va(x;z) = Sym y<

Va(z;y) Va(y; Z))
V/\(ya y) .

Proof. By formula (A.1), the expression Vi(x;y) Va(y;2z)/Va(y;y) is invariant under per-
mutations of yy,...,y, by elements of the subgroup Sy . Thus the right-hand side of formula

(A.2) is a symmetric polynomial in yy,...,y, of degree zero in each of the variables y, ...,
Yn , hence a constant. The constant can be found by evaluating this polynomial at y = «
or y==z. U

Proposition A.3. For any polynomial f € Clz]**, we have
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Proof. Changing the order of symmetrizations in the right-hand side of formula (A.3) and
applying formula (A.2) yields

(o o ()

(o (Te5Y))

The expression Sym? (f(z) Valy; @)/ Va(z; @) is a symmetric polynomial in zq,...,z,.
Thus Lemma A.1 and Proposition A.3 show that the polynomials Vx(x;y,,), I € Zx, give
a basis of the space C[z]* as a free module over the ring of symmetric polynomials C[x]*"

zZ=x

= fl@).

Z=XT

O

Proposition A.4. We have

42
(A.4) det (Vo5 y,,)) LT, = H H — ) (Yo = Ya)) >
a=1 b=a+1
where
o) N-1 N
g2 — A
g Al An ; j§1 !

Proof. Consider the matrix M(xz;y) = (VA(wUI;yU‘]))IJGIA. Let F(x;y) = det M(x;y).
Formula (A.2) reads M(x;z) = M(z;y) (M(y;y) "' M(y; z), thus

F(z;y) F(y; 2)
F(y;y)

so that F(x;y) = G(x) é(y) for some functions G, G . Also, F(x;y) = F(y; ), since the
matrix M (y;x) is the transpose of M (x;y). Hence the functions G and G are proportional
and one can take G = G . Finally, the matrix M (x;x) is diagonal and

) n n ©
(G@)" = F(ziz) = [ a@oizs,) = [] I (za—20)™ .
IEZ)\ a=1 :1
b#a
which implies formula (A.4). O

(A.5) F(x;z) =

For I € 7, , set
(A.6) Vi(z) = Va(z1,....2p;00(n) = 1,...,0/(1) = 1).
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We use the polynomials V;(x) in Section 4.6 to give a basis of the algebra ). By formula
(A4),

(A7) det (V}(-’BUJ P H j (n—j) d(z) H H b_xa)dg?).
a=1 b=a+1

APPENDIX B. SCHUBERT POLYNOMIALS

Consider the operators AT,..., A” | acting on functions of xy,...,z,:

Aa;f(m) _ f(a:)_f(xla"'axa-‘rlaxaa"'axn) ]

Ty — Tg41

They satisfy the nil-Coxeter relations,
(Bl) (AQ;)2 = 07 Aﬂ;Aﬂ; = A?)Aa; ’ ‘CL - b| > 1 ) A:I;Aaccu—l—l Aﬂ; = Aatcz—l—l AQZAQCGH-I )

for any a,b.

Given a permutation o € S, , define the operator A? as follows. For a =1,...,n — 1,
let s, be the transposition of a and a+ 1. If 0 = s,, ... s,, is the reduced presentation,
then AT = A7 ... A7 . In particular, A7 = A,. The operators A7 are well-defined due
to relations (B.1).

Lemma B.1. For o,7 € S,,, we have A2 N2 = A? _if |o7| = |o|+ |7|, and AZAZ =0
otherwise.

Proof. The statement follows from relations (B.1). O

Define the operators AY

Y, 0 €S,, acting on functions of yi,...,y, similarly.

The A-type double Schubert polynomials &,, o € S, see [L, Chapter 2], are defined as
follows. For the longest permutation og, og(i) =n+1—1i, i—1,...,n, set

n—1

3

—1

Soo(T;Y)

=1 1

@
<.
Il

For any o € 5, set &y(x;y) = A7 1 &o(x;y).
Lemma B.2. For any o € S,,, we have A% G, (x;y) = (—1) A 10.Go (T y)

Proof. The statement follow by induction on the length of ¢ from the equalities

. Soy(z;Y)
AL G (Ty) = %0_7%_(1 =AY 6,z y)
and s, .1 = 098,00 forevery a=1,....,n—1. O

Proposition B.3. For any o € S, , we have

So(a;y) = (—1)" VAL 6oy (@1y) = (-1)1 6,1 (y5 @)



72 VITALY TARASOV AND ALEXANDER VARCHENKO

Proof. The statement follows from the equality &,,(y;x) = (—1)l°/&,,(x;y) and Lemma
B.2. U

Denote by o the longest element of the subgroup Sy = Sy, x ... x S)\, C Sn,
oa(a@) = AV O 41 g ANVl <a<A?, i=1,... N.

Lemma B.4. We have

A n
AiAGJO (wa y) = H H (xa - yn—b-i-l) .
a=1 b=X® 41
Proof. Straightforward. O

Recall the polynomials Stab;(I'; z), Stab}(I'; z), see Section 6.2.

Proposition B.5. For any I € T,

(B.2) Stab;(T';z) = & I';z,,), Stab7(T;z) = &,,(I';2).

000(1)(

Proof. By formula (6.12) and Lemmas 5.4,
Stab (L' 2) = (~1)/00l =11 A%, VA (T3 24,).
o0
where the operator A? acts on functions of z. By formula (6.4) and Lemmas B.4, B.2,

VA(Ts25) = (1A, 60, (3y)

g0 ONO0

because 03! = ox. Since o,y = opo and \0100_01(])| + |01y 00| = |01 00|,

Stab?(T; z) = (—1)l0=FlAZ &, (T;2) = &,,(T;2).

ogo0

by Lemma B.1 and Proposition B.3, that proves the second equality in (B.2). The first
equality in (B.2) follows from the relation Stab;(I'; z) = Staby (I'; z4) - O

APPENDIX C. PROOFS OF LEMMAS 5.2 AND 5.3

Proof of Lemma 5.2. The proof is by induction on N. To show that W’...(t;z) =1, set
A
fi=1,and for N > 2, write

fN(t(l), o ’t(N—l);z) = W;inin(t;z),

indicating the dependence on N explicitly. By formula (5.1), the function fy is a polynomial

in th_l), e ,tE\J(VN_}l)) of degree zero in each of these variables, hence a constant. Evaluating
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@DtV 2y at ¢V D = (2, 2y v yields
fN(t(l)u s 7t(N_1); Z) = fN—l(t(l)v s 7t(N_2); Rly vy Z)\(Nfl)) .

Thus fuy(tW, ..., t™=Y:2) =1 by the induction assumption.
The proof of formula (5.2) is similar. Set fi(z) =1, and for N > 2, write

Fo@Y, D ) = Wy (85 2)

Define polynomials gi,...,gn_1,
A 2\G+1)
gi(t(l); z) = H H (tff) — Zn—bt1) -
a=1 p=)\()+1
By formula (5.1), the function fy is a polynomial in th_l), e ,tE\](VN_}l)) of degree Ay in each

of these variables, and fy is divisible by gy_; (¢~ 2). Hence,
S @tV 2y = ey (0t 2) gy (BT 2)
for some polynomial ry . Evaluating both sides at ¢V~ = (Zayd1s---s2n)
(Dt 2) = fyo (W, Y, Zantly ey Zn) -

Thus fy(tW, ...tV 2) = g (tW: 2) ... gy_1 (N ~Y; 2) | which proves formula (5.2). O

Proof of Lemma 5.3. The proof is by induction on N, similarly to that of Lemma 5.2. Set
fi=1,and for N > 2, write

(1) (N—1), — T° . (4- (1) 14(1) (N-1). _ e (-

vt 1z) = WI;mn(Lz), Nt 1 Z) V[/;A(i),k(i)+1(1>[\nm)(t7z>7
indicating the dependence on N explicitly. By Lemma 5.2, fy(t®,... t&"1;2) =1.

By formula (5.1), the function f](VN_l) is a symmetric linear function in th_l), e ,tE\J(VN_}l))
vanishing at t™V=Y = (z,..., z,w-1) Hence,

AN=1)
N-1 _ - N-1
HE0 D) = @ (3 ()
=1

for some polynomial 7y . Evaluating both sides at t™N=Y = (z,..., z,w-1_;,0) yields

TN(t(l)w"at(N_z);z) = fN—l(t(l)a'-->t(N_2);Zla--'aZ)\(Nfl)—laO) =1

by Lemma 5.2, which proves Lemma 5.3 for ¢ = N — 1.

For i # N — 1, formula (5.1) implies that the function f](\;) is a polynomial in th_l), .

t(;(VN_}l)) of degree zero in each of these variables, hence a constant. Evaluating f](\? W, ...,
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t(N_l); Z) at t(N_l) — (Zh ce Z)\(Nfl)> ylelds

A
FOED, g2y = D0,V ) = Y (0 - 2,
j=1
where the second equality holds by the induction assumption. Lemma 5.3 is proved. U

APPENDIX D. STIRLING’S FORMULA
The next two lemmas are used in the proof of Lemma 5.10. The first lemma is well known.
Lemma D.1. For |arg(h/k)| < 7 and any o € C, we have

lim '+ h/K)
h—oo (h/k)*T'(h/kK)

=1
locally uniformly in a.

Lemma D.2. For any a,r€ C, [l € Z, we have

! !
lim r'T(a+1+h/k) _ T

oo (h/k) (o +h/r) DI +1)  T(+1)

uniformly in | and locally uniformly in o, r.

Proof. Let y=h/k and f(z,y,a) = (1 — xy_l)_o‘_y. For r < |y| by Cauchy’s formula,

r'T(a+1+y) B flz,y, « d:z:
y'T(a+y)D(+1) 27r\/ xltl
|9ﬂ|
Since lim f(z,y,a) = e locally uniformly in x, o, and
Y—00
rt r / e’
= dx
T(I+1)  27y—1 J 2t
|z|=r

Lemma D.2 follows. O

APPENDIX E. POLYNOMIALITY OF SOLUTIONS

Consider dynamical differential equations (2.7) for nonpositive integer values of h/k .
Recall the End(((CN )?”)—Valued Levelt fundamental solution W(z;h;q;k), see Theorem
4.21, Proposition 4.24, and formula (4.47) for the dynamical Hamiltonians Xi,..., X, at
q=20.

Say that a rational function f(z) is over integers if f(z) is a ratio of polynomials in z
with integer coefficients.

Theorem E.1. Let m € Z>y and h = —m« . Then the Levelt fundamental solution has the
form

N-1 N N
(E.1) \/I\I(z;—m/{;q;/{) = P(z/k;m;q) H H 1—q;/q)™™> H g\ (/R =mi0)
1=1

i=1 j=i+1
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where P(z;m;q) is a polynomial in the variables qa/qi, ..., qn/qn-1 with coefficients being
rational functions of z over integers. The degree of P(z;m;q) in the variable q;411/q; is
at most m(n — i)\, The funciton P(z;m;q) is holomorphic in z if 24— 2z, & Zzo for
all 1 <a<b<n. The singularities of P(z;m;q) at the hyperplanes z, — z, € L4y are
simple poles. For any z such that z, — 2, & kKZzo for all 1 < a < b < n, the columns
of \T/(z;—mm;q;/i) form a basis of the space of (CN)5"-wvalued solutions of dynamical
differential equations (2.7).

Proof. By formulae (4.48), (4.60), the function \Tf(z;—m/-f;q; k) has the form (E.1) with
P(z;m;q) being a power series in ¢2/q1, ..., qn/qn—1. The first step of the proof is to show
that the power series terminate so that P(z;m;q) is a polynomial in ¢2/q1, ..., Gn/qn-1 -

Denote by P; j(z;m;q) the entries of P(z;m;q) in the standard basis {v;, I € Zy} of
(CM)F™. By formula (4.60),

N-1

,\() (3)

(E-2) PIsz,q § jIJlZ - H q2+1 ql lla,
i=1

lezgél}

where the coefficients J; j(z; —m) are given by formula (E.4) below.
Denote [z,j] =ax(x—1)...(x —j+1). Recall

Zy = {ZEZA{1}| (D> 0 =1 N—1, a=1,...,AD},

see (4.31). For [l € Zgél}, set Fi(z;m) =0 if 1 € Z,, and

N—1 \® ( )l(z) l(z+1)[ 7lgi)—l¢(1i+1)]

©3)  FEm = 1] T
=1 a=1 —la )
A (4) () AG+1)
XH [2p — za+ Lo’ — 1, ,m + 1] H [Ze — 2a,m + 1] )
b=l [Zb_za7m+1:| c=1 [ _Za_'_l(l l(l+1) _'_1]
b#a c#a

if 1€ 2. Here A\M =n and I =0 forall a = 1,...,n

Notice that the factor [m,l[(f)— ll(fﬂ)] in formula (E.3) equals zero if 1) — 1™ > m.
Therefore, Fj(z;m) =0 unless 1918+ <y for all a,i, and in particular, Fj(z;m) =0
unless () < m(n — 1) for all a,i.

Denote

Zam = {12 0<IP— 1 <m, i=1,... ,N=1, a=1,...,A0},

By formulae (4.59), (4.57), (E.3),

(E.4) NWALL Z Rl

KeTy

Fl ZJK, ) WI(EK —1l;z; —m) WJ(ZK§ zZ; —m)

A zch QA(ZUK, —m) CA(ZK —1; —m) CA(2K§ —m)
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if leZy,,,and Jr 1(z;—m) =0 if I € Zy,,. Therefore,

N—-1

A ()
(E.5) PIJ zZ; m7q Z jIJl zZ;— H q@+1/q2 Z“ 1la )
i=1

lEZA m

so that P(z;m;q) is a polynomial in ¢2/q1,...,qn/qn_1 of degree at most m(n — i) A
in the variable ¢+1/¢;, @i = 1,...,N. Moreover, by formulae (E.3), (4.2), (4.5), (4.8),
all the coefficients J ji(2z; —m) are rational functions of z over integers. The regularity
properties of P(z;m;q) follow from Theorem 4.21, item (ii).

The columns of U(z;—mr;q; k) form a basis of the space of (CVN )Y "-valued solutions of
dynamical differential equations (2.7) by Theorem 4.21, see formula (4.49). O

Theorem E.1 allows us to describe the monodromy of the system of dynamical differential
equations (2.7) if h/k is a nonpositive integer.

Corollary E.2. Let h € kZ<y. Then the monodromy of the system of dynamical differen-
tial equations (2.7) is abelian. The monodromy representation is generated by the matrices
2V Xa(z/mi/ki0) e 2mV T XN (/R0 For any 2z such that ze—z € k7 forall 1 < a <
b < n, the monodromy representation is the direct sum of one-dimensional representations
generated by the solutions Vi(z;—mk;q;k), I € Iy, defined by (4.20).

Notice that for integer values of h/k, the factors (1 — g¢;/¢;)*"* in formula (4.21) are
rational functions and the only nontr1v1al monodromy of the solutions V;(z;—mk;q;k)
comes from the factors g2~ees/* in formula (4.22).

The results of this appendix were motivated by the corresponding statements in [OP] on
the quantum differential equation of the Hilbert scheme of points in the plane.
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