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For zero inter-layer tunneling the upper-right and lower-left quadrants would be
identically zero. We have also verified that the on-site exciton densities scale pro-
portionally with the tunneling amplitude. In Fig.4.2(b) is a plot of the same density
matrix seen in profile. What we see is a relative constant density for both the electrons
in the top layer and electrons in the bottom layer. The top layer electron densities

are the higher values and the bottom layer electron densities are the lower values.

4.2 Bound States

A new scientific truth does not triumph by convincing its opponents and
making them see the light, but rather because its opponents eventually

die, and a new generation grows up that is familiar with it.

(Max Planck)

We begin with a tight binding Hamiltonian on an infinite one-dimensional (1D)

lattice given by

H= Z [—t (c;-rciﬂ + c;-rﬂcl-) + V;cjci] : (4.6)

where ¢! (¢;) are the creation and (annihilation) operators at site 4 and V; is the on
site interaction. Starting with an energy eigenstate [¢") = >, f7'[j) by definition we

need to solve the following equation

HY ) =E" Y f719), (4.7)
J J
where E™ is the energy eigenvalue for state [¢") and f}' is the amplitude of the

eigenvector n'" at position j. Again, by definition we have |j) = c}\O) which gives

i [—t (cI Ci1 + clﬂcz-) + Viel cz«] ch|oy = £ " freljo). (4.8)
i,J

J
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By using the commutation relation czc = Cc c; + 0;; where ¢ = —1 for fermions
and ¢ = 1 for bosons we find ¢! 1Cit1C) 10) = 6;11,¢!0), ¢ chz T|O) = 5ucl+1|0) and

c cic;|0> = 4, ;¢110) which when we substitute into Eq. (4.8) gives

ijn [_t ( i+1 ]Cz + 04 5¢ H—l) + Viéi,jc}] |0) = Ean]O‘c;|0> (4.9)
i ;

By shifting the index of the Kronecker d-function and creation operator in the first

term we have

Dot (L =1+ £+ 1) + [VID] = B D 719, (4.10)

Once again we shift indices to arrive at

SOt + f1) + (V= EN L) =o. (4.11)
J
Because the eigenstates localized at different sites are orthogonal, this equation must

be true for every j

—t ([ + i) +(V; - BN f; = 0. (4.12)

By adding and subtracting appropriately we arrive at a central difference equation

for our eigenfunctions

T 2+
2

+ knjfj =0, (4.13)

where k,, ja* = w If Vj is constant Vj and E"—V;+2t > 0 then f}' = sin (k,z;),

where x; = ja and

2,2
Er = 2t (1 - k"; ) . (4.14)

In the continuum limit, ¢ — oo as a — 0 such that ta> — h*/2m, we have

h2k2
2m

E =

— 2. (4.15)
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This expression for the energy is only valid for £ < 1. To find an expression valid
for the entire band we return to Eq. (4.12) where our goal is to solve for E™ where
once again we consider V; = 0 Vj. We start by looking for eigenfunctions that obey
firj = fif;- Once we assume this then we know fi' =1, f_; = (f/")!, and ?—f = an f}

which tells us that fI' = e'*rd. Equation (4.12) can now be written as

E" = —t (" 4 e7') = =2t cos(av,). (4.16)

To determine what «,, is we turn back to Eq. (4.14)

2 k,2 2
_9t (1 — %) Y (1 _ "; ) = a, = kya. (4.17)

As a closely related problem we now look at what are the properties of a staggered

state which is defined by |¢") = >~ f(—1)’]5). By following the same procedure we

find the recursion relation for this state to be

t(fl+ f1) —E"f] =0. (4.18)
Where we have set V; = 0 and once again we find f7' = sin(k,j) and E™ = 2t cos(k,a)
where for this case " < 2t. The extension to higher dimensions is straight forward.
In the following sections we will solve Eq. (4.11) with two different potentials that
depend on the lattice position in a non-trivial manner. In the first section we will
return the problem of the single exciton and we will show that our results confirm
our previous results from momentum space where as the separation distance between
the layers increases the exciton wave function spreads out. In the second section we

will deal with the creation of bound states using a repulsive potential.

4.2.1 Single Exciton

That theory is worthless. It isn’t even wrong! (Wolfgang Pauli)

To address the problem of a single exciton on a lattice we will consider a square

lattice where an electron can hop from one lattice point to another. We will then have
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a second lattice positioned directly under the first, separated by a distance d, with
an attractive potential centered at the middle of the lattice. The attractive potential,

that we will use in Eq. (4.11), is the Coulomb potential given by

1

Vi —r ] + @’

where r; is the position vector of site i, r. is the position vector for the center of

‘/i:_

(4.19)

the lattice. In Fig. 4.3 we show the result of the calculation of the single exciton
for two values of the separation distance, d. Each calculation is performed on a
lattice that contains 31 x 31 lattice points. What these images show is that as the
separation distance is increased the width of the bound state wave-function increases.
This behavior was already shown in the previous chapter where the momentum space

wave-function became narrower as the distance was increased.

0.50 0.50
0.40 0.40
0.30 0.30
0.20 0.20
0.10 0.10
0.00 0.00

144 145
101316 1922 55 28 31 101316 1922 55 28 31

Fig. 4.3.: Plots of the normalized and dimensionless single exciton bound state wave-
function for a lattice of 31 x 31 points where the attractive potential is located at
the center of the lattice but displaced by a distance d perpendicular to the lattice.
The left panel shows the wave-function for d = 0.5 and the right for d = 2.0. As
is expected for increasing values of d the width of the bound state wave-function

increases in a agreement with the momentum space results of the previous chapter.
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4.2.2 Repulsive Potential Bound States

A science is any discipline in which the fool of this generation can go
beyond the point reached by the genius of the last generation.
(Max Gluckman)

An interesting consequence of the presence of the lattice, or in other words the
presence of a periodic potential, is the possible existence of one or more bound states
for a repulsive potential. In Fig.4.4 we show the results of the real space lattice
calculations for a lattice of 31 x 31 points, using Eq. (4.11), for both an attractive
and repulsive on-site interaction. This type of interaction models a single lattice
point impurity and as such corresponds to the problem of a single 2D delta function
potential in the continuum limit for the attractive interaction. There is of course
no corresponding bound state for the repulsive interaction in the continuum limit
since there is no energy band to impose an upper limit on the particle energies. The
left hand panel shows the results for the attractive interaction and the right hand
side shows the results for the repulsive interaction. Both plots show a slice through
the bound state where the center position is the maximum of the state. As can be
seen when comparing the states is that the bound state of the repulsive potential
is bounded by an envelope that is identical to the bound state for the attractive

potential.
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Fig. 4.4.: Results for a real space square lattice of 31 x31 points and an attractive (left)
and repulsive (right) on-site interaction showing that the highest energy state for the
repulsive potential (right) is bounded by an envelope that is identical to the lowest
energy state for the attractive potential. For both images the interlayer tunneling is

t = —1.0 and the magnitude of the on-site interaction is |\| = 2.0.

4.3 Conclusions

The most exciting phrase to hear in science, the one that heralds new
discoveries, is not “Eureka!” (“I found it!”) but rather “hmm....that’s

funny...” Isaac Asimov
y

In this chapter we have derived the equations and discussed/presented the pro-
cedure for performing the Hartree-Fock approximation in the context of a system
consisting of two planes of graphene separated by a distance d. By using these equa-
tions we have have presented the results of calculations for a non-interacting system
with a finite but non-zero tunneling between layers. As is expected we find that the

exciton density scales proportionally to the interlayer tunneling amplitude % .
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We have also shown that the real space wave function for a single exciton spreads
out as the separation distance between the layers is increased in agreement with our
momentum space calculations.

Finally we have shown that by including a periodic potential a repulsive on-site
interaction may produce one or more bound states. This bound states has an energy
that is equal to —Fj, where Ej, is the bound state energy for the attractive potential

with the same strength.
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5. SUMMARY

If we knew what it was we were doing, it would not be called research,

would it? (Albert Einstein)

In this thesis we have presented complementary solutions to the problems of ex-
citon condensation and bound states. We began, in chapter 2, by deriving the mean-
field equations for exciton condensation in a system of two layers of quadratically
dispersing charge carriers. While doing this we noted that the iterative equation used
to determine the renormalized single particle energy is essentially the Schrodinger
equation in momentum space. We next extended the solution for the two dimen-
sional hydrogen atom to the double layer exciton problem with layer separations
greater than zero. By doing this we are able to give a quantitative measure of when
a system of excitons is dilute enough to be considered non-interacting.

In the following sections we turned to considering exciton condensation in double
layer graphene. Our goal here was to better understand the role that electron-electron
screening plays in suppressing the condensate. The literature contains calculations
that have been performed in the absence of screening that indicate that excitons
in graphene could condense at room temperature. At the same time there are cal-
culations that show that under certain assumptions the effects of screening should
suppress the condensate critical temperature to mK. As a result of these assumptions
the condensate is shown to be exponential suppressed by the number of species of
electrons in the system. By using the mean-field equations, in the context of the ran-
dom phase approximation, we have shown that while the condensate is suppressed
by increasing the number of species of electrons the suppression is not exponential in

nature.
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In chapter 3 we presented the procedure for using momentum space to solve the
Schrodinger equation with potentials that are not typically included in quantum me-
chanics courses. In addition to increasing the class of potentials that are solvable,
this procedure also avoids the problems of stability that are present in trying to dis-
cretize the equation in real space. Finally we presented demonstrations of how to use
this method with the mathematics program Mathematica as well as we have devel-
oped a modular program that attempts to expose students to programming while at
the same time removing the technical numerical details that are not essential to the
understanding of the underlying physics.

Finally in the last chapter we once again return the problems of exciton conden-
sation and bound states but this time we solve the equations in real space. In the
first section we develop the equations and procedures to perform the Hartree-Fock
approximation for double layer graphene. As a first step we have shown the results
of the calculations of a non-interacting system with a finite non-zero tunneling be-
tween the layers. As is expected, we find that our solutions show that the on-site
exciton density scales proportionally with the interlayer tunneling amplitude. Future
work will include the interactions within each layer as well as between the layers.
We then turned to the single exciton case. In agreement with the momentum space
calculations, presented in Chapter 2, we find that the bound state wave function
spreads out as the distance between the layers is increased. In the last section we
show that when the physical system contains a periodic potential, then there is a
one-to-one correspondence between the bound states for an attractive and repulsive

on-site interaction.



LIST OF REFERENCES



1]

[10]

[11]

[12]

94

LIST OF REFERENCES

S. N. Bose, “Plancks Gesetz und Lichtquantenhypothese,” Z. Phys., vol. 26,
1924.

A. Einstein, “Quantentheorie des einatomigen idealen gases,” Sitzungsberichte
der Preussischen Akademie der Wissenschaften, vol. 1, 1925.

M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman, and E. A.
Cornell, “Observation of Bose-Einstein Condensation in a Dilute Atomic Vapor,”
Science, vol. 269, no. 5221, pp. 198-201, 1995.

K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee,
D. M. Kurn, and W. Ketterle, “Bose-Einstein Condensation in a Gas of Sodium
Atoms,” Phys. Rev. Lett., vol. 75, no. 22, pp. 3969-3973, 1995.

C. C. Bradley, C. A. Sackett, and R. G. Hulet, “Bose-Einstein Condensation of
Lithium: Observation of Limited Condensate Number,” Phys. Rev. Lett., vol. T8,
no. 6, pp. 985-989, 1997.

D. G. Fried, T. C. Killian, L. Willmann, D. Landhuis, S. C. Moss, D. Kleppner,
and T. J. Greytak, “Bose-Einstein Condensation of Atomic Hydrogen,” Phys.
Rev. Lett., vol. 81, no. 18, pp. 3811-3814, 1998.

M. R. Andrews, D. M. Kurn, H. J. Miesner, D. S. Durfee, C. G. Townsend, S. In-
ouye, and W. Ketterle, “Propagation of Sound in a Bose-Einstein Condensate,”
Phys. Rev. Lett., vol. 79, no. 4, pp. 553-556, 1997.

H. J. Miesner, D. M. Stamper-Kurn, M. R. Andrews, D. S. Durfee, S. Inouye,
and W. Ketterle, “Bosonic Stimulation in the Formation of a Bose-Einstein Con-
densate,” Science, vol. 279, no. 5353, pp. 1005-1007, 1998.

D. M. Stamper-Kurn, A. P. Chikkatur, A. Gorlitz, S. Inouye, S. Gupta, D. E.
Pritchard, and W. Ketterle, “Excitation of Phonons in a Bose-Einstein Con-
densate by Light Scattering,” Phys. Rev. Lett., vol. 83, no. 15, pp. 2876-2879,
1999.

S. L. Cornish and D. Cassettari, “Recent progress in Bose-Einstein condensation
experiments,” Phil. Trans. R. Soc. Lond. A, vol. 361, pp. 26992713, 2003.

E. A. Donley, N. R. Claussen, S. L. Cornish, J. L. Roberts, E. A. Cornell, and
C. E. Wieman, “Dynamics of collapsing and exploding Bose-Einstein conden-
sates,” Nature, vol. 412, pp. 295-299, 2001.

K. E. Strecker, G. B. Patridge, A. G. Truscott, and R. G. Hulet, “Formation
and Propagation of Matter Wave Soliton Trains,” Nature, vol. 417, pp. 150—
153, 2002.



[13]

[14]

[25]
[26]
[27]

28]

[29]

95

L. Khaykovich, F. Schreck, G. Ferrari, T. Bourdel, J. Cubizolles, L. D. Carr,
Y. Castin, and C. Salomon, “Formation of a Matter-Wave Bright Soliton,” Sci-
ence, vol. 296, no. 5571, pp. 1290-1293, 2002.

L. Deng, E. W. Hagley, J. Wen, M. Trippenbach, Y. Band, P. S. Julienne, J. E.
Simsarian, K. Helmerson, S. L. Rolston, and W. D. Phillips, “Four-wave mixing
with matter waves,” Nature, vol. 398, pp. 218-220, 1999.

J. Stenger, S. Inouye, A. P. Chikkatur, D. M. Stamper-Kurn, D. E. Pritchard,
and W. Ketterle, “Bragg Spectroscopy of a Bose-Einstein Condensate,” Phys.
Rev. Lett., vol. 82, no. 23, pp. 4569-4573, 1999.

P. W. Phillips, Advanced solid state physics. Boulder, CO: Westview Press, 2003.

W. Ketterle, D. S. Durfee, and D. M. Stamper-Kurn, “Making, probing and
understanding Bose-Einstein condensates,” in Proceedings of the International
School of Physics (M. Inguscio, S. Stringari, and C. E. Wieman, eds.), (Amster-
dam), pp. 67-176, IOS Press, 1999.

W. Y. Liang, “Excitons,” Phys. Educ., vol. 5, no. 4, pp. 226-228, 1970.

J. Frankel, “On the Transformation of light into Heat in Solids. i,” Phy. Rewv.,
vol. 37, no. 1, 1931.

W. Kohn, Advanced Solid State Physics. New York, NY: Academic, 1957.

L. J. Sham and T. M. Rice, “Many-Particle Derivation of the Effective-Mass
Equation for the Wannier Exciton,” Phys. Rev., vol. 144, no. 2, pp. 708-714,
1966.

R. S. Knox, Theory of Excitons. New York, NY: Academic Press, 1963.

K. Matsuda, T. Saiki, S. Nomura, M. Mihara, Y. Aoyagi, S. Nair, and T. Tak-
agahara, “Near-Field Optical Mapping of Exciton Wave Function in a GaAs
Quantum Dot,” Phys. Rev. Lett., vol. 91, no. 17, p. 177401, 2003.

A. A. High, E. E. Novitskaya, L. V. Butov, M. Hanson, and A. C. Gossard,
“Control of Exciton Fluxes in an Excitonic Integrated Circuit,” Science, vol. 321,
no. 5886, pp. 229-231, 2008.

S. J. Moss and A. Ledwith, The Chemistry of the Semiconductor Industry. New
York, NY: Chapman and Hall, 1987.

Benjah-bmm?27,  “http://en.wikipedia.org/wiki/file:gallium-arsenide-unit-cell-
3d-balls.png,” 2007.

Inductiveload, “http://en.wikipedia.org/wiki/file:brillouin_zone_(1st, fcc).svg,”
2008.

S. Adachi, “GaAs, AlAs, and AlxGal-xAs@QB: Material parameters for use in
research and device applications,” J. Appl. Phys, vol. 58, no. 3, pp. R1-R30,
1985.

W. Kohn and L. J. Sham, “Self-consistent equations including exchange and
correlation effects,” Phys. Rev., vol. 140, no. 4A, pp. A1133-A1138, 1965.



[30]
[31]
32]

[33]

[34]
[35]
[36]

[37]

96

M. Schluter and L. J. Sham, “Density functional theory,” Phys. Today, vol. 35,
no. 2, pp. 36-43, 1982.

R. O. Jones and O. Gunnarsson, “The density functional formalism, its applica-
tions and prospects,” Rev. Mod. Phys., vol. 61, no. 3, pp. 689-746, 1989.

J. W. Negele and H. Orland, Quantum Many-Particle Systems. Westview Press,
1998.

P. B. Littlewood and X. Zhu, “Possibilities for exciton condensation in semi-
conductor quantum-well structures,” Phy. Scrip., vol. 56, no. T68, pp. 5667,
1996.

C. H. Zhang and Y. N. Joglekar, “Exciton condensation of massless fermions in
graphene,” Phys. Rev. B, vol. 77, no. 23, p. 233405, 2008.

X. L. Yang, M. Lieber, and F. T. Chan, “The Runge-Lenz vector for the two
dimensional hydrogen atom,” Am. J. Phys., vol. 59, pp. 231-232, 1991.

L. D. Landau and E. Lifshitz, Quantum Mechanics. New York, NY: Pergamon,
1981.

W. A. Karr, C. R. Jamell, and Y. N. Joglekar, “Numerical approach to the
Schrodinger equation in momentum space,” Am. J. Phys., vol. 78, no. 4, pp. 407—
411, 2010.

H. Petroski, The Pencil: A History of Design and Circumstance. New York, NY:
Knopf, 1989.

P. R. Wallace, “The Band Theory of Graphite,” Phy. Rev., vol. 71, no. 9, pp. 622—
634, 1947.

A. K. Geim and P. Kim, “Carbon Wonderland,” Scientific American, April 2008.

K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos,
I. V. Grigorieva, and A. A. Firsov, “Electric field effect in atomically thin carbon
films,” Science, vol. 306, no. 5296, pp. 666—669, 2004.

N. D. Mermin, “Crystalline Order in Two Dimensions,” Phy. Rev., vol. 176,
no. 1, pp. 250-254, 1968.

R. E. Peierls Helv. Phys. Acta, vol. 7, no. 81, 1923.

L. D. Landau, “Theory of phase transformation. 1,” Phys. Z. Sowjet, vol. 11,
no. 26, 1937.

A. K. Geim and A. H. MacDonald, “Graphene: Exploring carbon flatland,”
Physics Today, vol. 60, no. 35, pp. 35-41, 2007.

G. W. Semenoff, “Condensed-Matter Simulation of a Three-Dimensional
Anomaly,” Phys. Rev. Lett., vol. 53, no. 26, pp. 24492452, 1984.

P. Avouris, Z. Chen, and V. Perebeinos, “Carbon-based electronics,” Nature
Nanotechnology, vol. 2, pp. 605-615, 2007.



[48]
[49]
[50]
[51]

[52]

W

ot
e~

= o o or
(S48

(@1
~ =, = &

[63]
[64]
[65]
[66]

[67]

97

A. H. C. Neto, F. Guinea, and N. M. R. Peres, “Drawing conclusions from
graphene,” Phys. World, vol. 19, no. 53, pp. 33-37, 2006.

M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, “Chiral tunnelling and the
Klein paradox in graphene,” Nature Physics, vol. 2, pp. 620—625, 2006.

H. Min, R. Bistritzer, J. Su, and A. H. MacDonald, “Room-temperature super-
fluidity in graphene bilayers,” Phys. Rev. B, vol. 78, no. 12, p. 121401, 2008.

M. J. Gilbert and J. Shumway, “Probing quantum coherent states in bilayer
graphene,” Journal of Computational Electronics, vol. 8, no. 2, pp. 51-59, 2009.

M. Y. Kharitonov and K. B. Efetov, “Electron screening and excitonic condensa-
tion in double-layer graphene systems,” Phys. Rev. B, vol. 78, no. 24, p. 241401,
2008.

L. H. Thomas in Proc. Cambridge Philos. Soc., vol. 23, 1927.
E. Fermi Z. Phys., vol. 48, no. 73, 1928.
J. K. Lindhard Dan. Vidensk. Selsk. Mat.-Fys. Medd., vol. 28, no. 8, 1954.

H. A. Kramers, “La diffusion de la lumiere par les atomes,” in Atti Cong. Intern.
Fisica, vol. 2, 1927.

R. de L. Kronig, “On the theory of the dispersion of X-rays.,” J. Opt. Soc. Am.,
vol. 12, 1926.

H. Friedel Adv. Phys., vol. 3, 1954.

W. Kohn and J. M. Luttinger, “New Mechanism for Superconductivity,” Phys.
Rev. Lett., vol. 15, no. 12, pp. 524-526, 1965.

D. J. Griffiths, Introduction to Quantum Mechanics. Englewood Cliffs, NJ: Pren-
tice Hall, 2004.

E. Merzbacher, Quantum Mechanics. Hoboken, NJ: John Wiley & Sons, 1998.

E. Kreyszig, Advanced Engineering Mathematics. Hoboken, NJ: John Wiley &
Sons, 2006.

P. Dennery and A. Krzywicki, Mathematics for Physicists. Mineola, NY: Dover,
1995.

P. C. Chow, “Computer solutions to the Schrodinger equation,” Am. J. Phys.,
vol. 40, no. 5, pp. 730-734, 1972.

R. H. Landau, M. J. Paez, and C. C. Bordeianu, A Survey of Computational
Physics. Princeton, NJ: Princeton University Press, 2008.

2

E. C. Titchmarsh, “Some eigenfunction expansion formulae,” Proc. London

Math. Soc., vol. 11, pp. 159-168, 1960.
J. J. Sakurai, Modern Quantum Mechanics. Reading, MA: Addison-Wesley, 1995.



98

[68] A. Goldberg, H. M. Schey, and J. L. Schwartz, “One-dimensional scattering in
configuration space and momentum space,” Am. J. Phys., vol. 36, no. 5, pp. 454—
455, 1968.

[69] M. Lieber, “Quantum mechanics in momentum space: An illustration,” Am. J.
Phys., vol. 43, no. 6, pp. 486-491, 1975.

[70] L. D. Landau and E. M. Lifshitz, Quantum Mechanics(Non-Relatavistic Theory).
Burlington, MA: Butterworth-Heinemann, 2005.

[71] J. F. Perez and F. A. B. Coutinho, “Schrodinger equation in two dimensions for
zero range potential and a uniform magentic field: An exactly solvable model,”
Am. J. Phys., vol. 59, pp. 52-54, 1991.

[72] S. Nyeo, “Regularization methods for delta-function potential in two-dimensional
quantum mechanics,” Am. J. Phys., vol. 68, no. 6, pp. 571-575, 2000.

(73] J. W. Huang and A. Kozycki, “Hydrogen atom in two dimensions,” Am. J. Phys.,
vol. 47, no. 11, pp. 1005-1006, 1979.

[74] L. E. Blumenson, “A derivation of n-dimensional spherical coordinates,” Am.
Math. Monthly, vol. 67, no. 1, pp. 63-66, 1960.



APPENDICES



A. APPENDIX

99

The graphical user interface that was developed for all the calculations for the problem

of exciton condensation in momentum space that were presented in this thesis is shown

in Fig. A.1.
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Fig. A.1.: Image of the graphical user interface used for the calculations of exciton
condensation in momentum space. The interface provides a way to change between
linear and quadratic dispersions, the type of stacking for the linear case, and several

potentials to account for the effects of screening.
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The interface allows for the user to change a fair number of parameters and to
graphically explore the results before exporting for use in plotting programs such as
GnuPlot. The application itself is a Silverlight web browser plugin which allows for
it to be used cross-platform on both Windows and Mac machines and the underlying
code used for the calculations is written in C#.

Some of the major parameters that the user is able to adjust are changing from
calculations for the quadratically dispersing case, which is applicable to double quan-
tum wells, to the linearly dispersing case for graphene. For the linearly dispersing
case the user is also able to specify the type of stacking where the choices are either
Bernal or hexagonal. In addition to these specifications the user is also able to choose
the type of in-plane and interlayer interaction and a length parameter associated with
that interaction so that the calculation can be performed for the bare Coulomb as well
as screened potentials. In Fig. A.1 the output on the right shows the self-consistent
exciton energy gap Ak, quasiparticle energy Fjy, the Wannier exciton wavefunction
e = Ax/Ex and the single particle energy &. As was mentioned in the Introduc-
tion, the use of an interface allows the calculations to be performed by a user who
is not yet ready to understand how to derive the equations and implement them in
code but is nevertheless capable of understanding and analyzing the solutions. Full
help documentation is included with the source code and executable contained in the

accompanying media.
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In this appendix we show a program written for the purpose of involving students in

the development of modules to solve the momentum space Schrodinger equation for

a given potential through discretization. The underlying language of the program is

C# and the interface is created using Windows Presentation Foundation. Shown in

Fig. B.1 is the code, written in C#, with a single line highlighted by a yellow arrow.

Inamespace PhysSimDemoModules

{

public class OneDimensionDelta
PhysSimDemoAPI.ModuleInterface, ICloneable

#region ModuleInterface Members

public string Description { get; private set; }
public string Name { get; private set; }

public string MatrixType { get; private set; }

public double[] Value(int row, int ceol,
MomentumSchrodingerSeriesParameters parameters)

{
double

double
double
double

cutoff = parameters.Cutoff;
length = parameters.lLength;
spacing = parameters.Spacing;
strength = parameters.Strength;

new double[] { (row == col ?

return
Math.Pow(row * spacing, 2) : ©) - spacing *
strength * length / Math.PI, © };

5

public List<ChartData> AddChart(FinalvaluesAndVectors

ValuesAndVectors, Parameters param)|...

#endregion

[ICloneable

“ewbc“ﬂ

Fig. B.1.: Figure showing the single line of code required to implement a module

to calculate the eigenvalues and eigenvectors for the Schrodinger equation for a one

dimensional J-function written in C+#.
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The highlighted line is the single line of numerical code that is required in order to
change the calculation from one potential to another. In this example the code results
in the calculations being performed for a one dimensional )-function. The process for
creating a new module would be to first start with the provided module template and
then add a name and description for the new module followed by then editing the
highlighted line. In addition to allowing the user to determine the form of the matrix
to be used during calculations there is a mechanism provided for the user to analyze,
through code, the results of the calculation. In order for any numerical calculation to
be of any use there must be a way to input parameters and to visualize the results.
Figure B.2 shows the home screen for a physics simulation program that we have

developed.

005 1005 |1

Fig. B.2.: Home screen of the physics simulation program that we have developed. In
this image we see the module interface, located approximately center screen, as well

as the screen selection buttons located at the bottom of the screen.
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Situated approximately at the center of the image is the module interface. This is
where we are able to specify potential that we will use in our calculations by choosing
one of the loaded modules in the drop-down menu. Below the drop-down menu is
the area for the input of parameters. For our current discussion this includes the
ultraviolet cutoff, U., the momentum space point spacing, A,, the strength of the
potential, A, and the characteristic length, [, which is optional depending on the
type of potential specified. In addition to being able to input one value for these
parameters the user is also able to indicate a minimum, maximum, and increment
value for any or all of them which will result in the program automatically looping
to perform the calculation for the desired values.

The following two figures show the output of our demonstration program for a
one dimensional -function with U, = 10, Au = 0.05,\; = 1, and ¢ = 1. Figure B.3
shows the eigenvalues screen where we see, as before, that the positive energy states
form a quadratic band as they should. Next we see in Fig. B.4(a) the image of the
bound state eigenfunction for the one dimensional d-function which is analogous to the
bound state shown in Fig.3.2. And finally Fig. B.4(b) shows that the eigenfunction
belonging to a positive energy eigenvalue is localized in momentum space which is in
agreement with Fig. 3.2.

In the beginning we mentioned that it is possible for the creator of a module to
implement code that would perform data analysis on the data after the calculations
were completed. Figure B.5 shows the result of just such a data analysis code. To
create this image the parameters that were used were U. = 10, Au = 0.05, and a = 1,
which are the same as before except that in place of a single value for the strength
we use 0 < A < 10 with an increment of A\ = 1. This results in the code be run
ten times after which the data analysis code looks through the results and selects the
bound state eigenvalues so that their magnitude can be plotted against the strength
of the d-function which is in agreement with Fig. 3.1.

Full help documentation is included with the source code and executable contained

in the accompanying media.
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SRestUce 0= 005Antanl
Wimag U= 100u=005A=1a=1

Fig. B.3.: Image showing the eigenvalues for a one dimensional J-function with U, =
10, Au = 0.05, \; = 1, and @ = 1 parameters. As we have seen before we note that the
positive energy eigenvalues form a quadratically dispersing band which is indicative

of a free particle.
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WRestUcs 108w =005A=lanl
WimogUce 108uw005Anlanl

WReat Uc s 0w = 005A=tanl
WimagiUc s 108w 005Aw law

(b)
Fig. B.4.: Images showing the eigenfunction associated with the negative eigenvalue

(a) and a positive eigenvalue (b) for a one dimensional J-function with parameters

U.=10,Au=0.05,\; =1, and a = 1.
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Fig. B.5.: Image showing the bound state energy, |Ey| ~ A%, as a function of \ for

0 < XA < 10 with an increment of A\ = 1 for a one dimensional d-function with
U. = 10,Au = 0.05, and a = 1. The figure is a plot of the bound state energy as a

function of the strength which is in agreement with Fig. 3.1
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C. APPENDIX

The graphical user interface that was developed for the problem of exciton conden-

sation in graphene double-layer systems in real space is shown in Fig. C.1.

(& Geometry Printing Final ’ Log I Parameters l Storage ‘
Rows Columns Separation Densities .
5 5 (] Double |1.00 Initial Final
= Electrons [ | [ |
(& Many Body Holes [
MuTop  Mu Bottom Excitons D D
/||v] Balanced -0.50
LJO.SO . Matrices
@ Interaction Iiiﬁal T‘al
Type Length  Strength | [Hamiltonian [ | [ ]
[CJon |Yukawa v [[1.00 | 1.00 Densiy L U
= Occupation [ | [ ]
(@ Miscellaneous
Print Hopping  Max. Rec. Tolerance
E6 -1.00 |5 I — ‘ 3

)
AVAV,

0 / /A\ M Electron Density
60+ < Y // X M Hole Density
~) \" e
' Y A M Exciton D
i 4&‘ Vo s\l
v ' “ ""
' \' “' M Mu Bottom
/ M Density Difference

20+ ¢ ;
M Eigenvalue Difference

Fig. C.1.: Image of the graphical user interface used for the calculations of exciton

condensation in real space.

The interface allows for the user to change a fair number of parameters and export

the results for use in plotting programs such as GnuPlot. The application itself is a
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Silverlight web browser plugin which allows for it to be used cross-platform on both
Windows and Mac machines.

Some of parameters that the user is able to adjust are the number of rows and
columns in a graphene layer, the chemical potentials in each layer and the type of in-
plane and interlayer interactions. The code outputs the self-consistent density matrix,
pf‘jﬁ , the electron density, n. = + >, pi”, the hole density, n. = + >_, p5?, and the
on-site exciton order parameter pL”. Full help documentation is included with the

source code and executable contained in the accompanying media.
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