




85

For zero inter-layer tunneling the upper-right and lower-left quadrants would be

identically zero. We have also verified that the on-site exciton densities scale pro-

portionally with the tunneling amplitude. In Fig. 4.2(b) is a plot of the same density

matrix seen in profile. What we see is a relative constant density for both the electrons

in the top layer and electrons in the bottom layer. The top layer electron densities

are the higher values and the bottom layer electron densities are the lower values.

4.2 Bound States

A new scientific truth does not triumph by convincing its opponents and

making them see the light, but rather because its opponents eventually

die, and a new generation grows up that is familiar with it.

(Max Planck)

We begin with a tight binding Hamiltonian on an infinite one-dimensional (1D)

lattice given by

Ĥ =
∑
i

[
−t
(
c†ici+1 + c†i+1ci

)
+ Vic

†
ici

]
, (4.6)

where c†i (ci) are the creation and (annihilation) operators at site i and Vi is the on

site interaction. Starting with an energy eigenstate |ψn⟩ =
∑

j f
n
j |j⟩ by definition we

need to solve the following equation

Ĥ
∑
j

fn
j |j⟩ = En

∑
j

fn
j |j⟩, (4.7)

where En is the energy eigenvalue for state |ψn⟩ and fn
j is the amplitude of the

eigenvector nth at position j. Again, by definition we have |j⟩ = c†j|0⟩ which gives

∑
i,j

fn
j

[
−t
(
c†ici+1 + c†i+1ci

)
+ Vic

†
ici

]
c†j|0⟩ = En

∑
j

fn
j c

†
j|0⟩. (4.8)
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By using the commutation relation cic
†
j = ζc†jci + δi,j where ζ = −1 for fermions

and ζ = 1 for bosons we find c†ici+1c
†
j|0⟩ = δi+1,jc

†
i |0⟩, c

†
i+1cic

†
j|0⟩ = δi,jc

†
i+1|0⟩, and

c†icic
†
j|0⟩ = δi,jc

†
i |0⟩ which when we substitute into Eq. (4.8) gives

∑
i,j

fn
j

[
−t
(
δi+1,jc

†
i + δi,jc

†
i+1

)
+ Viδi,jc

†
i

]
|0⟩ = En

∑
j

fα
j c

†
j|0⟩. (4.9)

By shifting the index of the Kronecker δ-function and creation operator in the first

term we have

∑
j

[
−t
(
fn
j |j − 1⟩+ fn

j |j + 1⟩
)
+ fn

j Vj|j⟩
]
= En

∑
j

fn
j |j⟩. (4.10)

Once again we shift indices to arrive at

∑
j

[
−t
(
fn
j+1 + fn

j−1

)
+ (Vj − En)fn

j

]
|j⟩ = 0. (4.11)

Because the eigenstates localized at different sites are orthogonal, this equation must

be true for every j

−t
(
fn
j+1 + fn

j−1

)
+ (Vj − En)fn

j = 0. (4.12)

By adding and subtracting appropriately we arrive at a central difference equation

for our eigenfunctions

fn
j+1 − 2fn

j + fn
j−1

a2
+ kn,jf

n
j = 0, (4.13)

where kn,ja
2 =

2t+En−Vj

t
. If Vj is constant ∀j and En−Vj+2t ≥ 0 then fn

j = sin (knxj),

where xj = ja and

En = −2t

(
1− k2na

2

2

)
. (4.14)

In the continuum limit, t→ ∞ as a→ 0 such that ta2 → h̄2/2m, we have

E =
h̄2k2

2m
− 2t. (4.15)
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This expression for the energy is only valid for k ≪ 1. To find an expression valid

for the entire band we return to Eq. (4.12) where our goal is to solve for En where

once again we consider Vj = 0 ∀j. We start by looking for eigenfunctions that obey

fi+j = fifj. Once we assume this then we know fn
0 = 1, f−i = (fn

i )
−1, and

δfn
j

δj
= αnf

n
j

which tells us that fn
j = eiαnj. Equation (4.12) can now be written as

En = −t
(
eiαn + e−iαn

)
= −2t cos(αn). (4.16)

To determine what αn is we turn back to Eq. (4.14)

−2t

(
1− α2

n

2

)
= −2t

(
1− k2na

2

2

)
⇒ αn = kna. (4.17)

As a closely related problem we now look at what are the properties of a staggered

state which is defined by |ϕn⟩ =
∑

j f
n
j (−1)j|j⟩. By following the same procedure we

find the recursion relation for this state to be

t
(
fn
j+1 + fn

j−1

)
− Enfn

j = 0. (4.18)

Where we have set Vj = 0 and once again we find fn
j = sin(knj) and E

n = 2t cos(kna)

where for this case En ≤ 2t. The extension to higher dimensions is straight forward.

In the following sections we will solve Eq. (4.11) with two different potentials that

depend on the lattice position in a non-trivial manner. In the first section we will

return the problem of the single exciton and we will show that our results confirm

our previous results from momentum space where as the separation distance between

the layers increases the exciton wave function spreads out. In the second section we

will deal with the creation of bound states using a repulsive potential.

4.2.1 Single Exciton

That theory is worthless. It isn’t even wrong! (Wolfgang Pauli)

To address the problem of a single exciton on a lattice we will consider a square

lattice where an electron can hop from one lattice point to another. We will then have
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a second lattice positioned directly under the first, separated by a distance d, with

an attractive potential centered at the middle of the lattice. The attractive potential,

that we will use in Eq. (4.11), is the Coulomb potential given by

Vi = − 1√
|ri − rc|+ d2

, (4.19)

where ri is the position vector of site i, rc is the position vector for the center of

the lattice. In Fig. 4.3 we show the result of the calculation of the single exciton

for two values of the separation distance, d. Each calculation is performed on a

lattice that contains 31 × 31 lattice points. What these images show is that as the

separation distance is increased the width of the bound state wave-function increases.

This behavior was already shown in the previous chapter where the momentum space

wave-function became narrower as the distance was increased.
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Fig. 4.3.: Plots of the normalized and dimensionless single exciton bound state wave-

function for a lattice of 31 × 31 points where the attractive potential is located at

the center of the lattice but displaced by a distance d perpendicular to the lattice.

The left panel shows the wave-function for d = 0.5 and the right for d = 2.0. As

is expected for increasing values of d the width of the bound state wave-function

increases in a agreement with the momentum space results of the previous chapter.
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4.2.2 Repulsive Potential Bound States

A science is any discipline in which the fool of this generation can go

beyond the point reached by the genius of the last generation.

(Max Gluckman)

An interesting consequence of the presence of the lattice, or in other words the

presence of a periodic potential, is the possible existence of one or more bound states

for a repulsive potential. In Fig. 4.4 we show the results of the real space lattice

calculations for a lattice of 31 × 31 points, using Eq. (4.11), for both an attractive

and repulsive on-site interaction. This type of interaction models a single lattice

point impurity and as such corresponds to the problem of a single 2D delta function

potential in the continuum limit for the attractive interaction. There is of course

no corresponding bound state for the repulsive interaction in the continuum limit

since there is no energy band to impose an upper limit on the particle energies. The

left hand panel shows the results for the attractive interaction and the right hand

side shows the results for the repulsive interaction. Both plots show a slice through

the bound state where the center position is the maximum of the state. As can be

seen when comparing the states is that the bound state of the repulsive potential

is bounded by an envelope that is identical to the bound state for the attractive

potential.
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Fig. 4.4.: Results for a real space square lattice of 31×31 points and an attractive (left)

and repulsive (right) on-site interaction showing that the highest energy state for the

repulsive potential (right) is bounded by an envelope that is identical to the lowest

energy state for the attractive potential. For both images the interlayer tunneling is

t = −1.0 and the magnitude of the on-site interaction is |λ| = 2.0.

4.3 Conclusions

The most exciting phrase to hear in science, the one that heralds new

discoveries, is not “Eureka!” (“I found it!”) but rather “hmm....that’s

funny...” (Isaac Asimov)

In this chapter we have derived the equations and discussed/presented the pro-

cedure for performing the Hartree-Fock approximation in the context of a system

consisting of two planes of graphene separated by a distance d. By using these equa-

tions we have have presented the results of calculations for a non-interacting system

with a finite but non-zero tunneling between layers. As is expected we find that the

exciton density scales proportionally to the interlayer tunneling amplitude t⊥.



91

We have also shown that the real space wave function for a single exciton spreads

out as the separation distance between the layers is increased in agreement with our

momentum space calculations.

Finally we have shown that by including a periodic potential a repulsive on-site

interaction may produce one or more bound states. This bound states has an energy

that is equal to −Eb where Eb is the bound state energy for the attractive potential

with the same strength.
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5. SUMMARY

If we knew what it was we were doing, it would not be called research,

would it? (Albert Einstein)

In this thesis we have presented complementary solutions to the problems of ex-

citon condensation and bound states. We began, in chapter 2, by deriving the mean-

field equations for exciton condensation in a system of two layers of quadratically

dispersing charge carriers. While doing this we noted that the iterative equation used

to determine the renormalized single particle energy is essentially the Schrödinger

equation in momentum space. We next extended the solution for the two dimen-

sional hydrogen atom to the double layer exciton problem with layer separations

greater than zero. By doing this we are able to give a quantitative measure of when

a system of excitons is dilute enough to be considered non-interacting.

In the following sections we turned to considering exciton condensation in double

layer graphene. Our goal here was to better understand the role that electron-electron

screening plays in suppressing the condensate. The literature contains calculations

that have been performed in the absence of screening that indicate that excitons

in graphene could condense at room temperature. At the same time there are cal-

culations that show that under certain assumptions the effects of screening should

suppress the condensate critical temperature to mK. As a result of these assumptions

the condensate is shown to be exponential suppressed by the number of species of

electrons in the system. By using the mean-field equations, in the context of the ran-

dom phase approximation, we have shown that while the condensate is suppressed

by increasing the number of species of electrons the suppression is not exponential in

nature.
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In chapter 3 we presented the procedure for using momentum space to solve the

Schrödinger equation with potentials that are not typically included in quantum me-

chanics courses. In addition to increasing the class of potentials that are solvable,

this procedure also avoids the problems of stability that are present in trying to dis-

cretize the equation in real space. Finally we presented demonstrations of how to use

this method with the mathematics program Mathematica as well as we have devel-

oped a modular program that attempts to expose students to programming while at

the same time removing the technical numerical details that are not essential to the

understanding of the underlying physics.

Finally in the last chapter we once again return the problems of exciton conden-

sation and bound states but this time we solve the equations in real space. In the

first section we develop the equations and procedures to perform the Hartree-Fock

approximation for double layer graphene. As a first step we have shown the results

of the calculations of a non-interacting system with a finite non-zero tunneling be-

tween the layers. As is expected, we find that our solutions show that the on-site

exciton density scales proportionally with the interlayer tunneling amplitude. Future

work will include the interactions within each layer as well as between the layers.

We then turned to the single exciton case. In agreement with the momentum space

calculations, presented in Chapter 2, we find that the bound state wave function

spreads out as the distance between the layers is increased. In the last section we

show that when the physical system contains a periodic potential, then there is a

one-to-one correspondence between the bound states for an attractive and repulsive

on-site interaction.
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A. APPENDIX

The graphical user interface that was developed for all the calculations for the problem

of exciton condensation in momentum space that were presented in this thesis is shown

in Fig.A.1.

Fig. A.1.: Image of the graphical user interface used for the calculations of exciton

condensation in momentum space. The interface provides a way to change between

linear and quadratic dispersions, the type of stacking for the linear case, and several

potentials to account for the effects of screening.
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The interface allows for the user to change a fair number of parameters and to

graphically explore the results before exporting for use in plotting programs such as

GnuPlot. The application itself is a Silverlight web browser plugin which allows for

it to be used cross-platform on both Windows and Mac machines and the underlying

code used for the calculations is written in C#.

Some of the major parameters that the user is able to adjust are changing from

calculations for the quadratically dispersing case, which is applicable to double quan-

tum wells, to the linearly dispersing case for graphene. For the linearly dispersing

case the user is also able to specify the type of stacking where the choices are either

Bernal or hexagonal. In addition to these specifications the user is also able to choose

the type of in-plane and interlayer interaction and a length parameter associated with

that interaction so that the calculation can be performed for the bare Coulomb as well

as screened potentials. In Fig.A.1 the output on the right shows the self-consistent

exciton energy gap ∆k, quasiparticle energy Ek, the Wannier exciton wavefunction

ψk = ∆k/Ek and the single particle energy ξk. As was mentioned in the Introduc-

tion, the use of an interface allows the calculations to be performed by a user who

is not yet ready to understand how to derive the equations and implement them in

code but is nevertheless capable of understanding and analyzing the solutions. Full

help documentation is included with the source code and executable contained in the

accompanying media.
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B. APPENDIX

In this appendix we show a program written for the purpose of involving students in

the development of modules to solve the momentum space Schrödinger equation for

a given potential through discretization. The underlying language of the program is

C# and the interface is created using Windows Presentation Foundation. Shown in

Fig. B.1 is the code, written in C#, with a single line highlighted by a yellow arrow.

Fig. B.1.: Figure showing the single line of code required to implement a module

to calculate the eigenvalues and eigenvectors for the Schrödinger equation for a one

dimensional δ-function written in C#.



102

The highlighted line is the single line of numerical code that is required in order to

change the calculation from one potential to another. In this example the code results

in the calculations being performed for a one dimensional δ-function. The process for

creating a new module would be to first start with the provided module template and

then add a name and description for the new module followed by then editing the

highlighted line. In addition to allowing the user to determine the form of the matrix

to be used during calculations there is a mechanism provided for the user to analyze,

through code, the results of the calculation. In order for any numerical calculation to

be of any use there must be a way to input parameters and to visualize the results.

Figure B.2 shows the home screen for a physics simulation program that we have

developed.

Fig. B.2.: Home screen of the physics simulation program that we have developed. In

this image we see the module interface, located approximately center screen, as well

as the screen selection buttons located at the bottom of the screen.
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Situated approximately at the center of the image is the module interface. This is

where we are able to specify potential that we will use in our calculations by choosing

one of the loaded modules in the drop-down menu. Below the drop-down menu is

the area for the input of parameters. For our current discussion this includes the

ultraviolet cutoff, Uc, the momentum space point spacing, ∆u, the strength of the

potential, λ, and the characteristic length, l, which is optional depending on the

type of potential specified. In addition to being able to input one value for these

parameters the user is also able to indicate a minimum, maximum, and increment

value for any or all of them which will result in the program automatically looping

to perform the calculation for the desired values.

The following two figures show the output of our demonstration program for a

one dimensional δ-function with Uc = 10,∆u = 0.05, λ1 = 1, and a = 1. FigureB.3

shows the eigenvalues screen where we see, as before, that the positive energy states

form a quadratic band as they should. Next we see in Fig. B.4(a) the image of the

bound state eigenfunction for the one dimensional δ-function which is analogous to the

bound state shown in Fig. 3.2. And finally Fig. B.4(b) shows that the eigenfunction

belonging to a positive energy eigenvalue is localized in momentum space which is in

agreement with Fig. 3.2.

In the beginning we mentioned that it is possible for the creator of a module to

implement code that would perform data analysis on the data after the calculations

were completed. Figure B.5 shows the result of just such a data analysis code. To

create this image the parameters that were used were Uc = 10,∆u = 0.05, and a = 1,

which are the same as before except that in place of a single value for the strength

we use 0 ≤ λ ≤ 10 with an increment of ∆λ = 1. This results in the code be run

ten times after which the data analysis code looks through the results and selects the

bound state eigenvalues so that their magnitude can be plotted against the strength

of the δ-function which is in agreement with Fig. 3.1.

Full help documentation is included with the source code and executable contained

in the accompanying media.
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Fig. B.3.: Image showing the eigenvalues for a one dimensional δ-function with Uc =

10,∆u = 0.05, λ1 = 1, and a = 1 parameters. As we have seen before we note that the

positive energy eigenvalues form a quadratically dispersing band which is indicative

of a free particle.
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(a)

(b)

Fig. B.4.: Images showing the eigenfunction associated with the negative eigenvalue

(a) and a positive eigenvalue (b) for a one dimensional δ-function with parameters

Uc = 10,∆u = 0.05, λ1 = 1, and a = 1.
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Fig. B.5.: Image showing the bound state energy, |Eb| ∼ λ2, as a function of λ for

0 ≤ λ ≤ 10 with an increment of ∆λ = 1 for a one dimensional δ-function with

Uc = 10,∆u = 0.05, and a = 1. The figure is a plot of the bound state energy as a

function of the strength which is in agreement with Fig. 3.1
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C. APPENDIX

The graphical user interface that was developed for the problem of exciton conden-

sation in graphene double-layer systems in real space is shown in Fig. C.1.

Fig. C.1.: Image of the graphical user interface used for the calculations of exciton

condensation in real space.

The interface allows for the user to change a fair number of parameters and export

the results for use in plotting programs such as GnuPlot. The application itself is a
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Silverlight web browser plugin which allows for it to be used cross-platform on both

Windows and Mac machines.

Some of parameters that the user is able to adjust are the number of rows and

columns in a graphene layer, the chemical potentials in each layer and the type of in-

plane and interlayer interactions. The code outputs the self-consistent density matrix,

ραβij , the electron density, ne =
1
N

∑
i ρ

TT
ii , the hole density, ne =

1
N

∑
i ρ

BB
ii , and the

on-site exciton order parameter ρTB
ii . Full help documentation is included with the

source code and executable contained in the accompanying media.
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