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Abstract—In this paper, we propose a novel method for
modeling the highway traffic using Probabilistic Petri nets
(PPNs). More specifically, the highway has been partitioned
into discrete segments and probabilistic measures are derived
based on the traffic data considering the vehicle movements.
The proposed model is validated through the study of a publicly
available dataset called Active Transportation Demand Man-
agement (ATDM) Trajectory Level Validation, which provides
the real traffic data from different driving scenarios. The
proposed method will generate graphical structures of the PPN
as well as all important attributes related to the real traffic
data. The output model can be used for path planning and
collision avoidance for highway traffic.

Index Terms— Probabilistic Petri nets, highway traffic, reach-
able markings.

I. INTRODUCTION

With the fast development of intelligent vehicle technolo-
gies, vehicles are becoming smarter with advanced sensing
and control units. Various types of techniques have been
integrated into these intelligent vehicles. In [1], a technique
was introduced for guidance control of the parallel parking,
where unskilled drivers can benefit from it in parking tasks.
In [2], the authors studied the strategies of decision-making
and driving state control of unmanned vehicles. The objec-
tives were achieved with interval type-2 fuzzy sets, fuzzy
comprehensive evaluation, and fuzzy control rules. Authors
in [3] surveyed the topics on traffic signal management and
control using Model Predictive Control (MPC) algorithms.
Driver behavior data were collected and analyzed in [4]
for the evaluation of an in-vehicle camera-based driver state
sensing system that can be an objective and reliable source
for improving driving safety.

Other than these systems, intelligent vehicles can also
provide braking assistance to ensure occupant safety. For
example, the Automatic Emergency Braking (AEB) systems,
such as Crash Imminent Braking (CIB) system and Dynamic
brake support (DBS) system, are believed to be technologies
representing the significant advances in vehicle safety. The
evaluation of the CIB system [5] showed that the system can
apply automatic braking to mitigate damages and avoid po-
tential collisions. It is proved that these systems operate very
well within a certain speed range towards pedestrians and
bicyclists, in particular, the braking behavior of pedestrian
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AEB systems was analyzed in [6]. The authors of [7] eval-
uated Road Departure Prevention systems (RDPSs), which
can potentially reduce the crash risk by issuing visual/audible
warning signals to the driver and engage automatic steering
adjustment when the vehicle is detected to deviate from the
current lane or the road edge. This system works well with
clear lane/road edge markings and/or roadside materials such
as grass.

Furthermore, a variety of algorithms and technologies that
can provide vehicles with more advanced capabilities were
developed. The authors in [8] have proposed an approach for
estimating the rotated angle of the steering wheel. A particle
filtering algorithm was used for the estimation. By applying
deep learning-based regression framework, the patterns of
normal driving and driving toward an obstacle have been
evaluated. The work in [9] focused on obtaining a control
structure that is used for stabilizing the vehicle when fac-
ing emergency scenarios. The structure prioritizes collision
avoidance among conflicting objectives, which is imple-
mented using model predictive and feedback controllers.

With the developed advanced sensing and driver-assistance
systems, it is feasible for intelligent vehicles to make deci-
sions to reduce the risk of crashes based on the traffic and
road conditions. Many researchers have been investigating
this issue from the viewpoint of traffic engineering. For
instance, the authors in [10] have proposed a method for
highway segmentation with a speed profile. With some ap-
propriate merging algorithms, these highway segments could
be used for trip planning, infrastructure management, and
other decision-making tasks. In [11], the authors discretized
the highway into overlapping areas with equal distance.
Besides, they also discretized the speed into fixed intervals.
Another approach has been proposed in [12], which is used
for optimization of the sensor placement on highway for a
better observation of traffic conditions.

The idea of road discretization is not new. However, dif-
ferent approaches have been used for different applications.
There is still much room to model and simulate the traffic
system in a more complete way. In this paper, we propose
a probabilistic Petri net model for studying the driving
behavior of vehicles on each lane of a certain highway
segment. This method is quite general and can be adopted
to different highways with different geometries and traffic
volume. In particular, the contributions of this paper are
summarized as follows.

o The highway segment is discretized into blocks that are

homogeneously distributed in terms of distance.

« Driving behavior data of vehicles are classified in terms

of time. The original driving dataset is studied with a
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reasonable sampling rate.

o The Probabilistic Petri net model is developed by fitting
the driving behavior data into the discretized highway
blocks. The movement of vehicles will follow a certain
probability assigned by the model according to the
traffic data available.

II. PRELIMINARIES AND NOTATIONS

In this section, we will introduce the basic terminologies
that are used throughout this paper. More details about Petri
nets can be found in [13], [14].

A Petri net Np = (P,T,Arcs,Weights) is a graph with
directed arcs connecting from places to transitions (and
transitions to places), where P = {P},P,,...,P,} represents
the set of places (shown as empty circles) with a finite size
n, T ={t,tp,...,t, } represents the set of transitions (shown
as empty or solid bars) with a finite size m, Arcs is a set of
arcs that connect P and 7', and Weights : Arcs — {1,2,3,...}
represents the weighting function of the arcs.

Notation / is used to represent the incident matrix of the
Petri net and [ is defined as I = I° — ['", where I° is called
the output incident matrix of the Petri net and /™ is called the
input incident matrix of the Petri net. Each entry If’j"’ , which
is at the i’ row, j" column position of matrix I°“, denotes
the weight of the arc from transition ¢; to place F;; Similarly,
each element Il’;’ in matrix /™ denotes the weight of the arc
that starts at place P; and ends up at transition #;, where
i€[l, n] and j € [1, m]. Note that all weights on the arcs
should be non-negative integer numbers and the value of I{’j”’
(or I};?) is set to be zero if there is no arc connecting place P,
and transition #;. Hence, we can also use N, = (P, T,1° [
to represent a Petri net.

M : Places — ZO+ is a vector used to denote the marking,
which assigns a non-negative integer number of tokens into
each place of the Petri net. The tokens are represented as
black dots in a Petri net graph. The total number of tokens
in all places is denoted as |M| (i.e., M| =Y M(P)). A
transition ¢ is enabled when each of its input place P;, has no
less than I"(P;,,t) tokens, where I"(P;,,t) represents the arc
weight from place P, to transition 7. M|t) is used to represent
that transition ¢ is enabled at marking M. The enabled
transition ¢ can fire. When transition ¢ fires, I"*(p,t) tokens
should be removed from all of its input places, while all of
its output places should be deposited with I°/(p,t) tokens.
This process will yield a new marking, denoted by M’ that
satisfies M' = M +1(:,t), where I(:,t) denotes the column in
the incident matrix / that corresponds to transition ¢. This is
also denoted by M[r)M’, and we say marking M’ is reachable
in one single firing step from marking M via the firing of
transition . We use a vector v : transition — ZO+ to denote
the firing vector that has a non-negative integer number in
each of the entry, which represents the number of firings for
each transition ¢. The state equation M” = M +1 v is an
extension of M’ =M +1(:,t), where M" is also a reachable
marking from M in multiple firing steps.

Based on the study in [15], the probabilistic Petri nets have
the similar structures with regular Petri nets except the firing

of each transition is associated with a probability, which
captures its likelihood to occur. In particular, a probabilistic
Petri net is a five-tuple N,p = (P,T,Arcs,Weights, prob),
where P, T,Arcs, and Weights are the same as regular Petri
nets, the probability function prob is defined as prob: T —
[0, 1], which assigns each transition a number between 0 and
1 for its likelihood to occur if it is enabled.

Fig. 1 shows an example of a probabilistic Petri net
structure. Note that if all transitions share the same input
place, the sum of probabilities of all these transitions is one.
In Fig. 1, for instance, prob; + prob, + probs = 1.

P

P, P P4

Fig. 1. An example of a probabilistic Petri net.

III. TRAFFIC DATA PROCESSING AND SEGMENTATION

The dataset we study is called ATDM Trajectory Level
Validation [16] by the U.S. Department of Transportation,
which provides the information of vehicles driving on local
roads and highway. It includes a variety of data attributes
such as datetime, latitude, longitude, speed, acceleration,
and lanelD.

A. Data Filtering

The data attributes needed for our analysis are latitude,
longitude, speed, lanelD, and testing datetime. Note that the
recorded data include data points for both local and highway
scenarios. Since we are only interested in the driving scenar-
ios on highway, the data points with inappropriate speed will
be removed.

Furthermore, the fast data sampling rate of the original
dataset is not suitable for our case because the short time
period will not generate much difference in vehicle position
and speed. Hence, we need to find an appropriate sampling
ratio. From the work in [11], the suggested time interval is
1 to 3 seconds. In our work, we select the lower bound of
the suggested values, which is 1 second.

B. Highway Segment Discretization

Since the original database does not provide the detail of
the driving route, road geometry, and traffic conditions, there
are two key assumptions in this study: Al) only straight
highway geometry is considered, A2) there is no heavy
traffic or congestion that will significantly affect the driver’s



intention. The reason we make these assumptions is for
our calculations. Specifically, we choose to calculate and
accumulate the traveling distance between data points with
latitudes and longitudes to estimate the length of the highway
segment. Because the time gap between two consecutive data
points is very short, the accumulated distance could represent
the length of highway segment, regardless of the highway
geometry. Under these two assumptions, it is feasible to
determine the total length of the highway. Calculating the
distance that each vehicle traveled between two data points is
straightforward. Equations (1)—(3) below show the Haversine
formulas [17], which is used to calculate the distance d with
latitude and longitude:

a:sin2(%)+cos¢1-c0s¢2-sin2(7), (1)
c=2-atan2(\/a,V'1—a), )
d=R-c, 3)

where ¢1, ¢, Ap, AL, and R represent the two latitudes,
the difference of the latitudes (in radians), the difference
of the longitude (in radians), and the radius of the earth,
respectively. Furthermore, we can find the longest data
segment from the filtered dataset. The total length of the
highway could be considered as the accumulated distance of
the longest data segment.

The average length of common compact cars in the U.S. is
from 4.3 to 4.6 meters, while the larger-sized cars could be
0.2 to 0.5 meters longer. Hence, it is reasonable to make the
length of each discretized segment to be 10 meters, which
is about the length of two vehicles. The distance is practical
since it is close enough for the crash imminent braking (CIB)
system to be triggered (CIB triggering distance is from 5 to
15 meters as suggested in [5]), while still leaves room for
the following vehicles to avoid potential collision. With the
information of the total length of the highway of interest and
the length of proposed discretized segment, it is not difficult
to create the discretized model.

Definition 1 A real number is assigned to each transition
that represents its Reward, denoted by r.

The Reward is used to represent the level of occupation of the
following place. Different from prob, Reward is a quantity
that is correlated with the emptiness of the following place,
which can be used to indicate the potential traffic safety and
more intuitive than prob. The value of Reward is calculated
from the probability prob that one vehicle moving from one
block to another, as shown in Equation (4) below:

r = —logjo(prob). 4

The method to obtain the prob values for all transitions in
the Petri net is through the prepared dataset. It is not difficult
to know which place that each data point belongs to since we
have calculated the accumulated distance. Therefore, we have

the distributions of the whole dataset for all places. Then, the
prob values are calculated with the Monte Carlo method.
Starting from one certain place, excluding the ones with zero
probability, we can have the set of places that the token
would be transited to. By doing some preliminary statistical
analysis, the probabilities of transiting to these output places
can be easily obtained.

Example 1 Consider a highway segment with three lanes
shown in Fig. 2. This highway segment can be discretized
to generate the Probabilistic Petri net. As shown in the right
figure in Fig. 2, each partitioned region is treated as a place in
the Petri net. Vehicles driving on the highway is considered
to as the token movement. Transitions ¢, f;, and 3 are used
to connect places. We assume that there are two data points
in place P;; and one data point in place Pj3. Therefore,
the probability values satisfy prob; = prob, = 0.5 since two
tokens in Pj; are transited to Py and P3, respectively. On
the other hand, the probability probs is equal to 1 since the
only token in Py3 is transited to P3;. Calculating the r values
using Equation (4), we can obtain the resulting probabilistic
Petri net shown in Fig. 3.

In Fig. 3, the places that have not involved in the transition
firings are not shown in order to simplify the structure. We
can see that P»; places and P3; obtained one token each from
the two tokens in place Pj;. Hence, the probabilities of #; and
tp are both 0.5. Similarly, since the only token in P;3 has
been transited to P3;, the probability of #3 is 1. The reward
values are also listed as r; = r, = 0.301 and r3 = 0. Since
prob € [0, 1], —logio(prob) is always non-negative and is
monotone decreasing as the value prob increases. Hence, it
is equivalent to find the smallest prob value or to obtain the
largest r value. The corresponding incident matrix / of the
Petri net in Fig. 3 is shown in Equation (5) below:

Py -1 -1 0
Pi3 0 0 -1

P3; 0 0 1
P 0 1

Note that the constructed Petri net in Fig. 3 has transitions
with a single input and a single output, which indicates that
each column of incident matrix / has at most two non-zero
entries with values £1. The columns might also contain only
zeros when there exists self-loops.

I'V. DRIVING DATA FITTING

After obtaining the Petri net with reward values, it is
feasible to fit the driving data in the database to the model.
Note that we consider only the highway scenarios, there are
one constraint for the token moving: The tokens on all lanes
have to move synchronously. Since the Petri net model is
used to simulate the highway traffic and the vehicles cannot
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Fig. 3. The probabilistic Petri net obtained from Fig. 2.

stop on the highway, the tokens representing vehicles that
are regulated to move synchronously. In order to achieve
the constraint in Petri net, the tokens will be transited in
sequence, which means only when all tokens are transited
once, the newly generated marking is considered as a reach-
able marking.

We use Fig. 2 to illustrate this idea. Initially, we can see
that two lanes have vehicles. Since the vehicles should move
synchronously, in one phase, we need to move the vehicle
in place Py to place P» or P3; and move Pj3 to place P3y,
according to the possible transition relationship.

Known the idea above, now we represent the constraint
into the state equation of Petri net in Equation (6) below:

Mj=M+1I-v, i,j=0,1,2,.. (6)

Expanding Equation (6) into the matrix form, we have
Equation (7) below:

L
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An example for highway segment discretization.
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Applying the constraint to the Petri net in Example 1, the

firing vector v should always have two non-zero entries to

represent the synchronously moving traffic on the two lanes,
which means:

m
Z Vindex = 2. (8)
index=1
The non-zero vj,4., pairs can be determined from M;,
which can be shown in Example 2.

Example 2 For the Petri net in Example 1, consider the
initial marking Mp shown in Equation (9) below:

1

0
My=1| 1 |. 9

0
By inspecting the constructed incident matrix shown in
Equation 5, we can find the negative entries in rows corre-
sponding to places P;; and Pi3. For Pjj, negative entries are
in columns 1 and 2. For P;3, negative entry is in column 3.

Hence, transitions 71, f;,, and 73 can fire. The corresponding
firing vector and reward values are given by:

1
v=1| 0
1

, r=—log%1 =0.301, (10)

or

, r=—log%1 =0.301. 11)

Therefore, the calculated set of markings M; include:



Py 0 Pi 0
Py 0 P> 0

M= Py 1|, or M= P31 (12)
Py 1 Py

The calculated markings can be used as the markings for
further calculations. By doing the iterative calculations, all
reachable markings that represent the traffic environment can
be obtained. They are stored in different layers based on the
time instants of their firings from the initial marking M.

V. DATA FITTING RESULTS

In this section, we use the method proposed above to dis-
cretize the highway segment and model the driving behavior
in the dataset. In order to simplify the calculations, We use
data from the first three lanes of the dataset. We apply the
data filtering and highway discretizing method introduced in
Section III so that we can obtain the features of the filtered
database and discretized highway, summarized in Table I
below.

TABLE I
FEATURES OF THE FILTERED DATABASE AND DISCRETIZED HIGHWAY.

Features of the dataset Value
#Filtered data segments 1,660
#Data points 24,600

Time gap (s) 1
Features of the highway Value
Total length (m) 1,261.3

Length of each block (m) 10

#Lanes 3

#Blocks 381

Note that each filtered data segment is treated as a separate
driving circuit in our study. The number of blocks will be
equal to the number of places in the Petri net model that we
are developing. Furthermore, by fitting the data points into
discretized blocks, we can obtain the values of the reward
of each transition. In the end, there are 314 places and 818
transitions in this Petri net model since some places without
any connections to others have been removed. Because of
the size limitation, Fig. 4 shows only the first three layers of
the generated Petri net. The reward values of corresponding
transitions are provided in Table II.

Once the Petri net has been generated, we can obtain its
reachable markings, as illustrated in Section III and Section
IV. The total number of reachable markings is 1,984 with
49 layers. Because of the space limitations, we only list the
number of markings in each layer in Table III. Note that each
of these markings can be generated from different paths with
different probabilities and different reward values. All these
feasible paths need to be explored to deal with path planning
problems using the Petri net model.

TABLE I
REWARD VALUES OF TRANSITIONS IN FIG. 4.

Transition | Reward Transition | Reward
173 0.1146 1455 5.7944
174 4.0540 1456 8.6018
175 6.2416 1457 9.6018
176 8.4115 1516 0.5595
fh1o 0.0439 1517 1.6938
1120 7.2288 1518 9.3376
121 5.4215 1519 9.3376
156 2.2305 1520 9.3376
He7 0.3831 1571 8.3376
168 7.2192 1702 4.1293
1169 6.2192 1703 3.5443
106 7.7649 1704 0.2713
107 1.0784 1705 5.1293
1208 0.9705 1729 0
1209 6.7649 1752 3.7004
210 8.7649 1753 0.2410
tam 0.0240 trs4 4.7004
1423 6.5580 1755 4.7004
1424 8.1430 1773 4.3923
1425 8.7279 1774 0.5850
1454 0.0319 1775 1.8074

TABLE III

THE NUMBER OF REACHABLE MARKINGS IN EACH LAYER.

Layer | Number || Layer | Number
1 1 26 44
2 16 27 48
3 69 28 44
4 76 29 44
5 70 30 44
6 66 31 32
7 68 32 24
8 72 33 36
9 66 34 28

10 63 35 28
11 66 36 28
12 62 37 24
13 62 38 20
14 63 39 12
15 63 40 16
16 54 41 16
17 55 42 8
18 56 43 12
19 44 44 12
20 60 45 12
21 68 46 12
22 60 47 4
23 60 48 4
24 48 49 4
25 40

VI. CONCLUSIONS

In this paper, we proposed a method to discretize the high-
way segment and model driving behaviors with probabilistic
Petri nets. This method discretized the highway into many
blocks. By fitting real-time traffic data, a probabilistic Petri
net structure was developed, with places representing blocks
on the highway, transitions representing driving behavior,
and tokens representing vehicle movement. Reward values
are associated to each transition based on the probability of
each transition firing. After Petri net model is developed,
the reachable markings can be obtained. The calculation is
a bit different from the traditional Petri net concept because
we require the tokens move synchronously to model traffic
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Fig. 4. Part of the Petri net generated from the discretized highway.

situation in a more realistic way. This work can be extended
in several ways. The developed model can be used to
investigate path planning algorithms for collision avoidance
on highway. It is also interesting to explore more traffic
datasets to make the model more realistic.
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