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Abstract—Graph embedding has become an increasingly im-
portant technique for analyzing graph-structured data. By rep-
resenting nodes in a graph as vectors in a low-dimensional space,
graph embedding enables efficient graph processing and analysis
tasks like node classification, link prediction, and visualization.
In this paper, we propose a novel force-directed graph embedding
method that utilizes the steady acceleration Kinetic formula
to embed nodes in a way that preserves graph topology and
structural features. Our method simulates a set of customized
attractive and repulsive forces between all node pairs with
respect to their hop distance. These forces are then used in
Newton’s second law to obtain the acceleration of each node.
The method is intuitive, parallelizable, and highly scalable. We
evaluate our method on several graph analysis tasks and show
that it achieves competitive performance compared to state-of-
the-art unsupervised embedding techniques.

Index Terms—Graph embedding, Force-directed, Unsuper-
vised, Dimension reduction, Data representation

I. INTRODUCTION

In graph theory, a graph is a mathematical structure that
represents relationships between objects. Objects and relation-
ships between pairs of objects are represented by a set of
vertices and edges respectively. Another conventional name
for vertex and edge is node and link which are used inter-
changeably in this paper. Graphs are the widely used data
structures for representing relationships between entities in
various domains of applications, such as social networks,
biological networks, knowledge graphs, and communication
networks. Analyzing graphs can provide valuable insights into
these domains. Nevertheless, working with graph data also
poses significant computational challenges due to its complex,
interconnected structure.

A key challenge when analyzing graphs is developing
useful vector representations of the nodes, which can enable
downstream machine learning tasks like node classification,
link prediction, and clustering [1]-[3].

Graph embedding has emerged as an effective technique
for converting graph-structured data into a form that is more
amenable to analysis and computation. The key idea is to
represent each node in the graph as a vector in a low-
dimensional space. In other words, the objective of graph
embedding on a graph with n nodes is to place each node in
a d-dimensional space, with d < n such that the placements
reflect important graph structure and connectivity information.
The embedding is constructed to preserve node proximity,
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which refers to the proximity or similarity between a pair of
nodes based on the graph structure. Nodes that are “close” in
terms of hop distance in the original graph topology should
be embedded closer together in the vector space.

Recent work has shown that low-dimensional embeddings
of nodes in large graphs can encode useful information
about network structure and node metadata [1]-[6]. The basic
methodology behind these node embedding approaches is to
use dimensionality reduction techniques tailored for graph
structures to distill high-dimensional graph information into
a dense vector representation for each node.

Graph embedding methods can be categorized into two ma-
jor sets of supervised and unsupervised embedding methods.
In unsupervised embedding, the only information available
during the embedding process is the node connectivity infor-
mation in terms of edges. In supervised embedding however,
we also may have other information such as node and edge
features.

In this work, we present a novel unsupervised graph em-
bedding method based on force-directed objective functions.
Force-directed approaches have been extensively used for
graph drawing and visualization, where node positions are
optimized to reflect graph topology. We adopt the force-
directed paradigm to learn graph embeddings that preserve
structural proximity between nodes. Our method simulates
attractive and repulsive forces between nodes to obtain a low-
dimensional embedding that maintains the graph topology,
node proximities, and graph connectivity information. We
demonstrate the effectiveness of our technique on tasks like
node classification, link prediction, and visualization on a
diverse set of graph network datasets. Our force-directed
embedding method outperforms existing unsupervised tech-
niques, highlighting the utility of physics-based simulations
for graph representation learning.

II. PREVIOUS WORKS

A variety of unsupervised graph embedding techniques have
been developed that aim to preserve graph topology in the
embedded space without relying on node attributes or labels.
We briefly review some representative methods from the major
categories discussed in the following.

Matrix factorization-based techniques like Locally Linear
Embedding (LLE) [7] and Laplacian Eigenmaps [8] aim to
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factorize a matrix representing node proximity, like the adja-
cency matrix or Laplacian matrix, to obtain the embeddings.
For example, Laplacian Eigenmaps minimize a cost function
that penalizes large distances between connected nodes in
the embedding. While these methods encode global graph
structure, the eigendecomposition becomes expensive for large
graphs.

Edge reconstruction techniques like LINE [4] and SDNE
[5] directly optimize an objective like edge reconstruction
probability or representation likelihood over the embedding
vectors. This is efficient but relies solely on direct first-order
connections between nodes.

DeepWalk [1] and Node2vec [3] are random walk-based
methods. In random walk-based methods, a set of nodes
is sampled from the graph through randomized walks. The
random traversal is supposed to reflect the connectivity fea-
tures of the graph. The embedding of the sampled nodes is
then optimized with respect to the co-occurrence probability
of neighboring nodes in these walks. Node2vec expands on
DeepWalk and uses a different random walk strategy by having
a bias for BFS traversal over DFS. Both these works use
the skip-gram model of word2vec [9] for their optimization
objective.

Force-directed algorithms are among the most popular
methods for visualizing graph topology and symmetries
through 2-dimensional or 3-dimensional layouts. The key idea
is to model the graph as a physical system with forces between
nodes that determine their layout. Distance-based method [10]
defines an ideal distance between nodes based on graph dis-
tance to minimize the difference between the ideal and actual
distances. Electrical force models [11] use electrical repulsion
forces between nodes. These basic force-directed methods
work well for small graphs but often get trapped in local
optima for larger graphs. Multilevel approaches [12], [13] use
previous approaches while coarsening the graph recursively
and refining the layout from coarse to fine. This approach helps
avoid local minima. N-body simulations [14] use techniques
like Barnes-Hut to approximate long-range forces efficiently
which allows scaling. In [15] the graph is embedded in a high-
dimensional space and projected to 2D or 3D.

While extensively studied for visualization, force-directed
techniques have rarely been applied to graph embedding.
Rahman et al. in a recent work [16], [17] proposed Force2Vec,
which uses the spring electrical force model as a loss func-
tion. They calculate the repulsive force between all pairs of
nodes and the attractive force between only pairs of nodes
that are connected by an edge in the graph. In addition,
they use stochastic gradient descent with negative sampling
for optimization. and optimizations like batching and vector
operations to scale training.

Our force-directed embedding method is based on the
famous kinetic formula z = 1/ 2at? + vot + x¢ to calculate
the gradient for embedding at each step. The acceleration is
calculated using Newton’s 2"¢ law a = F/m by calculating
the sum of all forces induced on each node. We demonstrate
through experiments that this holistic approach outperforms

existing techniques on several graph analysis tasks.

III. THE PROPOSED METHOD
A. Background

Let G(V, E) denote a graph with V and E sets representing
its sets of n vertices and m edges respectively. The embedding
process learns the mapping function f: V — R?, d < n
which maps each element of the set V' to a d-dimensional
vector space. In other words f(u;) = z; for u; € V,z; € R,
A path from node u; to uj, ¢ # j in a graph is a sequence
of connected nodes with u; at the head of the sequence and
u; at the end. A hops-distance matrix H € ZZ3" represents
the shortest path distance length between nodes. H;; € Z>q
represents the length of the shortest path from node wu; to
u; such that each traversal from one node to the next in the
sequence counts as one hop. H;; = 0 if ¢ = j, i.e. link to self
counts as zero-hop. H;; = oo if there is no path between the
two nodes.

B. Our proposed force-directed methodology

The main premise of our methodology is to embed nodes
in the d-dimensional such that the Euclidean distance of node
pairs is proportional to their hops-distance and path count
between them. We want the nodes that have shorter hop
distances in the graph to be embedded proportionally closer in
the d-dimensional space. In addition, we want the embedding
to capture and reflect other graph structural and connectivity
information such as community, bridge, path count, etc.

The force-directed approach comes into frame when con-
sidering the kinetic equation model and Newton’s second law
as follows.

L
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F
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The equation (1) shows location = € R? of a mobile object
in a d-dimensional vector space at time ¢ with acceleration
rate ¢ € R? and initial velocity vy € R? and initial location
zo € R%. In equation (2) % is the rate of change of x at time
t and is proportional to acceleration factor a.

We wish to use dzx from equation (2) as the gradient for
embedding in a vector space in a step-wise fashion. At the
beginning of each step, all nodes are halted which makes vy =
0. In addition, we assume timesteps tg., = 1 so that we retain
an approximately steady acceleration rate during the step and
do not render the kinetic equation irrelevant.

According to Newton’s second law (4), the acceleration of
an object is directly proportional to the net force acting on the
object, and inversely proportional to the mass of the object.

In our proposed method, we assume that all nodes of a
graph are mutually exerting attractive and repulsive forces on



each other. Therefore, net force imposed on a node can be
calculated using (5). In this equation, F'(u) is the net force on
node u while Fy(u,v) and Fiep(u,v) are mutual attractive
and repulsive forces between nodes u and v.

F(“’) = Fattr(u> + Frepl(u) (@)

We wish larger Euclidean distance between two embeddings
to reduce the repulsive force and increase the attraction while
larger distances have the opposite effect. In addition, we wish
to have similar levels of attraction between node pairs of hops-
distance groups. We use (6) and (7) equations for attractive
and repulsive force models respectively. In these equations
|zuwll = ||zo — 2u]| is the Euclidean distance between the
embeddings of two nodes u and v, h,,, is their hops-distance
and 0 < a < 1. V is the set of all nodes while N(h) is the set
of neighbors of w at h-hops distance. unit,, = sz;’” is the
unit vector along which the tension between u and v produces
a force.
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All in all, by replacing (5) the gradient equation derived
in (3) we arrive at equation (8). In this equation, dz, is the
gradient of embedding of node w. For mass of node v we let
m,, = degu. The intuition behind this is that the embedding of
a node with more edges should be discounted on its gradient,
increasing its inertia to alteration.

dz, = ®)

C. Avoiding local optima

A force-directed system may converge to a local optimum
point. To circumvent the local optima we adopt a random
drop strategy. For each calculated gradient, we randomly pick
some dimensions with 0.5 probability and zero them out. This
strategy enhances the embedding results as shown later in this
manuscript.

D. The algorithm

The algorithm 1 shows the procedure of our force-directed
embedding. The algorithm starts by initializing random em-
bedding vectors for each node. It then starts a loop where
it calculates the net force imposed on each node to obtain its
embedding gradient. Finally, it applies a random drop function
on the gradients and updates the corresponding embedding
vectors. The loop stops when the force-directed system enters
an equilibrium state where the sum of the magnitude of net
forces on all nodes reaches a minimum level. The two inner
loops can be parallelized using vector operations.

Algorithm 1 Force-directed Graph Embedding
1: Randomly initialize all z,, u € V
2: while Y\ [|[F(u)|| > e do

3: for all u € 1{ )do > Calculate the gradients first
_ F(u

> Update embeddings
+ =RandomDrop(dz,)
end for

4
5

6: for all w € V do
7

8

9: end while

E. Algorithm complexity

In this algorithm, forces between each pair of nodes are to
be calculated. Therefore, the time complexity of this algorithm
is O(n?). But since this algorithm is parallelizeable, it is
possible to do a tradeoff between time and space complextity
by using batching techniques.

IV. EVALUATION RESULTS

In this section, we discuss the evaluation results of our
force-directed methodology and compare it against the best
available methods prior to this work. All the evaluations
and comparisons are performed on 128-dimensional graph
embeddings generated by the target methods. Two major
graph tasks for evaluating the quality of a graph embedding
are node classification and link predictions. They are thor-
oughly discussed in their corresponding sections. In these
evaluations we used RandomForestClassifier, the ran-
dom forest implementation from Scikit-learn package [18],
[19] version 1.2.2. Along with the default parameters of
RandomForestClassifier, we used 2% as the minimum
fraction of samples for tree node splitting. The rationale behind
using random forest was its being one of the best-performing
algorithms in classification.

The implementation of this work and the evaluation method-
ology discussed in this section can be accessed at https:
//github.com/HessamLa/forcedirected.

A. Datasets and baseline methods

The following graph datasets were used for evaluating
various embedding methods.

o Cora [20]; This dataset consists of 2708 scientific publi-
cations, each classified into one of seven classes. Every
pair of citing and cited publications in this dataset is a
link which accounts for 5429 citations.

o CiteSeer [20]; This dataset contains 3312 scientific pub-
lications, each classified into one of six topics. The
publications have 4732 citations between them, forming
a citation network.

e Pub-Med [21]; The Pubmed Diabetes dataset contains
19717 scientific publications related to diabetes, sourced
from the PubMed database. These publications are cat-
egorized into one of three classes. Its citation network
consists of 44338 citation links.
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o Ego-Facebook [22]; This is a Facebook friends network
collected from a survey participants, representing ego-
networks centered around individual users. 10 users pro-
vided access to their friend connections on Facebook,
and manually labeled groups of friends into “circles” or
communities. In total, the Ego-Facebook dataset com-
prises 4039 nodes representing friends, connected by
88234 links, and organized into 193 ground-truth circles
labeled by the ego users. On average, each ego network
has around 400 friends, divided into 19 circles of 22
friends each. The circles capture social contexts such
as university friends, relatives, sports teams, etc. By
capturing full ego-networks with ground truth community
assignments, the Ego-Facebook dataset enables analysis
of community detection and graph mining algorithms,
providing a benchmark for methods aiming to identify
overlapping and hierarchical circles in social networks
centered around individuals.

o Wiki!; This data is generated from scraping Wikipedia
pages. It consists of 2405 Wikipedia pages and 17981
hyperlink redirections between them. The pages are ex-
clusively classified into 19 categories.

e CORA-Full [23]; This dataset (named CORA in the
original paper) is a citation network containing 19793
scientific publications classified into 70 different classes.
Each publication is represented as a 0/1-valued word
vector indicating the absence/presence of 1433 unique
dictionary words extracted from the paper abstracts. In
total, the dataset contains 65311 links representing cita-
tions between the publications. The rich feature represen-
tation coupled with the citation linkage structure makes
CORA well-suited for analyzing representation learning
techniques on node classification tasks.

All of the above graphs were used for the link prediction
task. For node classification however, node labels are required.
Therefore, the Ego-Facebook graph did not contain node
labeling and was not used for node classification.

We compare our embedding method against LINE, Deep-
Walk, Node2vec and GraphSAGE methods in terms of ac-
curacy and macro F-1 scores of link prediction and node
classification tasks.

B. Link Prediction

The objective of link prediction is to predict if a link exists
between two given nodes. Here, embeddings of two nodes are
passed to the predictor and a boolean output is obtained which
indicates exsitence or non-existence of a link between the two
input embeddings.

For the link prediction task in this evaluation, the negative
sampling technique is used. 80% of the available node pairs
are used for training and 20% for testing. For each (method,
dataset) pair the evaluation is performed 7 times and the
average is reported here. Tables I and II show the accuracy and
macro F-1 score of the link prediction task with random forest.

Uhttps://github.com/thunlp/MMDW/ accessed on July 28.2023
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Our Force-Directed method outperformed the best available
unsupervised embedding methods while maintaining a low
standard deviation for the 7 evaluation runs.

C. Node classification task

The objective of node classification is to classify a node
label. For this task, the classifier was trained on 80% of the
nodes and tested on the remaining 20%. We did 7 runs of
evaluation for this task and reported the average in tables III
and IV for accuracy and macro F-1 scores respectively. As
shown here Our method outperformed others on all datasets.

D. Embedding progression

The Force-Directed embedding starts from randomly gen-
erated embeddings in the vector space. As the algorithm
progresses, the Euclidean distance between node pairs em-
beddings for each group of h-hops distant nodes gradually
converge to a point where on average, they reflect hops
distance between pairs with negligible standard deviation.

Figure 3 shows the progression of Euclidean distances when
using the Force-Directed method for generating embeddings
for the Pub-Med graph. In this figure, “hops(n)” indicates the
set of node pairs at n-hop distance. For example, “hopsl”
is the set of node pairs that are immediate neighbors, while
“hops7” indicates the set of pairs that are 7 hops away. The
maximum distance on this graph is 18 hops. This figure shows
that nodes in closer vicinity, i.e. in the same cluster, quickly
converge to stable distances. However, Euclidean distances of
further node pairs take more iterations to converge, indicating
that clusters take more time to converge to stable distances.
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TABLE I

ACCURACY PERCENTAGE OF GRAPH EMBEDDING ALGORITHMS IN LINK PREDICTION TASK USING RANDOM FOREST CLASSIFIER

Embedding Dataset
Method citeseer cora corafull ego-facebook pubmed wiki
Force-Directed | 93.51+£0.38%  93.62+£0.57%  91.15+0.30%  94.324+0.10%  92.474+0.30%  90.5610.26%
DeepWalk 93.35£0.86%  88.15+0.56%  83.22+0.45%  88.86£0.10%  86.411+0.46%  84.97+0.50%
Node2Vec 92.9240.53%  89.424+0.60%  87.20+0.29%  87.03£0.11%  86.184+0.24%  84.491+0.29%
GraphSage 69.36+1.04%  63.44+0.77%  63.16£0.18%  71.80£0.26%  68.67+0.20%  69.551+0.70%
LINE 78.00£0.64%  74.57+1.19%  72.52+0.33%  86.33£0.13%  80.354+0.32%  77.94+0.57%
TABLE II

MACRO F1-SCORE OF GRAPH EMBEDDING ALGORITHMS IN LINK PREDICTION TASK USING RANDOM FOREST CLASSIFIER

Embedding Dataset
Method citeseer cora corafull ego-facebook pubmed wiki
Force-Directed | 0.93+0.003  0.93+0.005  0.91+0.003 0.94+0.001 0.92+0.003  0.90-£0.002
DeepWalk 0.93£0.008  0.88+£0.005  0.83£0.004 0.88+0.001 0.86+0.004  0.8440.005
Node2Vec 0.92£0.005  0.89£0.006  0.8740.003 0.86+0.001 0.86+0.002  0.84:0.002
GraphSage 0.69£0.010  0.63£0.007  0.63£0.001 0.71£0.002 0.68+0.002  0.68-+£0.006
LINE 0.76£0.007  0.73£0.013  0.7140.003 0.86+0.001 0.80£0.003  0.7740.005
TABLE III

ACCURACY PERCENTAGE OF GRAPH EMBEDDING ALGORITHMS IN NODE CLASSIFICATION TASK USING RANDOM FOREST CLASSIFIER

Embedding Dataset
method citeseer cora corafull pubmed wiki
Force-Directed | 68.64+1.49%  82.34+1.38%  52.41+1.02%  81.30+0.68%  65.87+1.41%
DeepWalk 66.92+1.57%  81.57+1.65%  50.43+0.62%  79.10£0.61%  65.34+1.71%
Node2Vec 65.07+£2.36%  77.62+£2.16%  42.72+£0.64%  77.93£0.53%  59.4242.08%
GraphSAGE 22.37+1.18%  31.28+1.28%  4.584+0.34%  40.26+£0.32%  16.98+1.51%
LINE 32.28+1.30%  41.77£1.60%  18.61+£0.43%  53.20£0.81%  51.114+2.10%
TABLE IV

MACRO F1-SCORE OF GRAPH EMBEDDING ALGORITHMS IN NODE CLASSIFICATION TASK USING RANDOM FOREST CLASSIFIER

Embedding Dataset
method citeseer cora corafull pubmed wiki
Force-Directed | 0.62£0.011  0.81+0.018  0.34+£0.013  0.79+0.008  0.50-+0.026
DeepWalk 0.594+0.012  0.80+£0.018  0.344+0.006  0.76+0.006  0.4640.018
Node2Vec 0.574+0.022  0.76£0.027  0.244+0.006  0.75+£0.004  0.3940.016
GraphSage 0.144+0.011  0.06£0.002  0.00+0.001  0.29+0.002  0.0340.004
LINE 0.2540.012  0.26+0.016  0.0840.003  0.39+0.004  0.354-0.010

This observation is pointed out in the Qualitative analysis
subsection.

E. Qualitative analysis

Figure 4 shows the 2D representation of Ego-Facebook
network embeddings generated by the three best-performing
methods, Force-Directed, DeepWalk, and Node2vec. For pro-
ducing a 2D visualization of the embeddings, the 128-
dimensional embeddings are reduced to 2-dimensional using
PCA. In these graphs, nodes with higher degrees have brighter
colors and are depicted larger. As seen in these graphs, while
all methods are performing rather well in keeping clusters
of interconnected nodes together, Force-Directed embedding
output does an even better job of producing a more pronounced
distance between clusters by distancing less interconnected
clusters. In addition, node types in terms of their structural role

such as hub, connector, and peripheral nodes. Hub nodes have
a high degree and are connected to many other nodes in the
network. They act as highly connected centers for information
spread. Connector nodes link hubs from different communities,
helping spread information between clusters. Peripheral nodes
are at the edges of a cluster with fewer connections than inner
members.

V. CONCLUSION

We presented a novel graph embedding technique using a
force-directed approach that simulates physics-based forces
between nodes to obtain embeddings preserving graph topol-
ogy and connectivity patterns. Our intuitive method demon-
strated strong performance on tasks like node classification and
link prediction compared to existing unsupervised techniques.
Important future work includes optimizing the complexity of
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Fig. 4. Visual comparison of embedding of Ego-Facebook graph network using Node2vec (left), Force-Directed (center) and DeepWalk (right) methods.

Brighter color and larger size of a node indicates its larger degree.

the algorithm and scaling the embedding method to massive
graphs with billions of edges. A niche on researching optimal
force functions with Force-Directed embedding method is
foreseeable.
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